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PREFACE, 


'F any excuse be needed for adding to the list—already long— 
of text-books dealing with engineering science, the author 
would urge that in teaching experience he has found considerable 
difficulty in finding a book to recommend to his students which 
covered a sufficiently wide ground, and which was, at the same 
time, of reasonable price, and written so as to be sound as 
regards the theory, and yet sufficiently practical and free from 
advanced mathematics to make it of use to the greater number 
of draughtsmen and engineers. 

The size of this book makes many of the figures of little or no 
use for scaling from in the graphical construction. The author 
wishes to impress on students the absolute necessity of drawing 
the various figures to a good scale; to read the book without 
going through the construction is practically useless except for 
revision purposes. The author also wishes to recommend his 
readers to read through the worked examples, which are rather 
a feature of the book. Many points are explained in such 
examples which are not dealt with elsewhere. 

The present text-book, like many of its predecessors, is based 
on the lecture-notes used by the author in his classes, and these 
in their turn were largely obtained from notes taken in Professor 
Karl Pearson’s Graphics lectures at University College, London, 
and from examples in actual practice. Although a mathematical 
treatment of many of the problems has been given, the book is 
written largely from the graphical standpoint. This does not 
mean that all the problems are solved on the drawing-board; in 
many cases the graphical construction for a general problem has 
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been given, and by reasoning from such construction formule 
have been deduced for the special cases. This will be found to 
be especially the case in Chapters VIII. and IX., where all the 
ordinary formule for deflections and fixed and continuous beams 
are deduced from the graphical constructions. There seems to 
the author to be a greater value in this method of treatment than 
in many mere graphical artifices for making calculations, because 
the reasoning powers are developed just (or nearly just) as well as 
in the methods involving the calculus. Moreover, in spite of the 
large number of books written to make the calculus simple for 
engineers, engineers somehow have not yet learnt to reason in its 
terms, so that many of them have to turn to the graphical aspect. 

The book contains some matter which the author does not 
believe to be in English text-books in common use. Among 
this mention might be made of the French or St. Venant method 
of dealing with combined bending and shear strains; the general 
theory of curved beams and of non-symmetrical beams; the 
strength of heterogeneous structures such as reinforced concrete: 
a special effort has been made to make the chapter on struts and 
columns clear, difficulty being commonly experienced in this 
subject. 

Although the author hopes that the book will be especially 
useful for students reading for the Assoc. M. Inst. C.E, examina- 
tion and University degree examinations in Engineering, he has 
attempted to present the subject in sufficiently practical form for it 
to be of assistance to all engineers and draughtsmen engaged in 
constructional work, and has included a number of working 
drawings. : 

The author desires to express his gratitude and thanks to 
Professors Karl Pearson, F.R.S., and J. D. Cormack, B.Sc., for 
valuable help and kindness throughout the author’s career, and to 
Mr. W. J. Lineham, B.Sc., M.I.C.E., for his generous help in the 
production of the book. He desires also to thank the many firms 
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that have helped him by supplying information and illustrations, 
and also the editors of Lngineering, The Engineering Review, and 
The Builders’ Journal, for permission to reproduce the illustra- 
tions with their respective names appended, and in some cases 
for the description relative thereto. 

Most of the calculations in the book have been made only to 
the same degree of accuracy as that of which graphical con- 
structions are capable—viz., about one per cent. 

The author will be grateful for the notification of clerical and 
other errors that may be found in the book. 


EWART S. ANDREWS. 


Goldsmiths College, New Cross, S.E. 
October 1908. 


PREFACE: TO. THE. THIRD EDITION. 


N publishing a third edition of this book, the author desires 
to thank those of his readers who have made suggestions 
for further developments, and have notified printers’ errors and 
other discrepancies which occurred in the book as originally 
published. Although there are some branches of the subject 
which deserve fuller treatment, it is thought that the book in its 
present form goes far enough for many readers, and in order to 
preserve the original pagination, the additional matter that has 
been considered necessary has been added in the form of an 
Appendix ; perhaps the most important addition is the note on 
Stanton’s experiments on wind pressure. Considerable addition 
has been made to the exercises at the end of the book. The 
notation in the chapter on Reinforced Concrete has been made 
to agree with that proposed by the Concrete Institute. The 
author hopes to deal with some further aspects of the subject in 
a separate volume which is now in preparation. 


EWART S. ANDREWS. 


Goldsmiths College, New Cross, SE, 
September, 1912, 
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NOTE.—Portions marked with an asterisk may be omitted 
on the first reading. 


CHARTER. A: 
STRAIN, STRESS, AND ELASTICITY. 


Strain may be defined as the change in shape or form of a 
body caused by the application of external forces. k 

Stress may be defined as the force between the molecules 
of a body brought into play by the strain. 

An elastic body is one in which for a given strain there 
is always induced a definite stress, the stress and strain being 
independent of the duration of the external force causing them, 
and disappearing when such force is removed. A body in which 
the strain does not disappear when the force is removed is said 
to have a permanent set, and such body is called a plastic body. 

When an elastic body is in equilibrium, the resultant of all 
the stresses over any given section of the body must neutralise 
all the external forces acting over that section. When the 
external forces are applied, the body becomes in a state of 
strain, and such strain increases until the stresses induced by 
it are sufficient to neutralise the external forces, 

For a substance to be useful as a material of construction, it 
must be elastic within the limits of the strain to which it will be 
subjected. Most solid materials are elastic to some extent, and 
after a certain strain is exceeded they become plastic. 

Hooke’s Law-—enunciated by Hooke in 1676—states that 
in an elastic body the s¢vazn 7s proportional to the stress. ‘Yhus 
according to this law, if it take a certain weight to stretch a rod 
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a given amount, it will take twice that weight to stretch the rod 
twice that amount; if a certain weight is required to make a 
beam deflect to a given extent, it will take twice that weight to 
deflect the beam to twice that extent. 

Kinds of Strain and Stress.—Strains may be divided 
into three kinds, viz., (1) an extension ; (2) a compression ; (3) a 
slide. Corresponding to these strains we have (1) /enszle stress ; 
(2) compressive stress; (3) shear stress. 


l am 
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Rwet under shear strain 
Fig. 1.—Kinds of Strain. 


A body that is subjected to only one of these, is said to be in 
astate of sémp/e strain, while if it is subjected to more than one, 
it is said to be in a state of complex strain. 

Examples of simple strains are to be found in the cases of 
a tie bar; a column with a central load; a rivet. The best 
example of a body under complex strain is that of a beam 
in which, as we shall show later, there exist all the kinds of 
strain. 

{nrEeNSsITY OF StREss.—Imagine a small area a situated at a 
point X in the cross section of a body under strain, then if S is 


Various Kinds of Stratn. z 
the resultant of all the molecular forces across the small area, 
Se ; , ; 

- is called the zzéensity of stress at the point X. In the case of 
a 


bodies under complex strain, the intensity of stress will be 
different at different points of the cross section, while in a body 
subjected.to a simple strain, the stress will be the same over each; 
point of the cross section, so that in this case if A is the area 
of the whole cross section and P is the whole force acting over 
: : “ : P 
the cross section, the intensity of stress will be equal to A In. 
future, unless it is stated to the contrary, we shall use the word 
‘stress’ to mean the ‘intensity of stress.’ 


UniraL Srrain.—The unital strain is the strain per unit 
length of the material. In the case of extension and com- 
pression, the total strain is proportional to the original length of 
the body. Thus, a rod 2 ft. long will stretch twice as much as: 
a rod 1 ft: long for the same load. In Fig. 1, if 7 is the 
unstrained length of the rods under tension and compression 


and « the extension or compression, the unital strain is T 


In the case of slide strain, the angle but not the length of 
the body is altered, and this angle 3 is a measure of the unital! 
strain. If the angle is small, as it always will be in practice with 


5 . . : x 
materials of construction, then it will be nearly equal to P where- 


« and / are the quantities shown on the figure. 


Poisson’s Ratio—Transverse Strain.—When a body 
is extended or compressed, there is a transverse strain tending 
to prevent change of volume of the body. The amount of trans- 
verse strain bears a certain ratio to the longitudinal strain. 

transverse strain 
longitudinal strain 
most materials, and is called Potsson’s ratio. 

According to one school of elasticians, the value of this ratio » 
should be }, but experimental evidence does not quite support 
this view, although it is very nearly true for some materials. The- 
ratio is very difficult to measure directly, its value being best: 





This ratio = =7 varies from 4 to } for 
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obtained by working backwards from the elastic moduli in shear 
and tension in the manner which will be explained later. 

Stress-strain Diagrams.—If a material be tested in 
tension or compression, and the strain at each stress be measured, 
and such strains be plotted on a diagram against the stresses, a 
diagram called the s¢vess-strvain diagram is obtained. If a material 
obeys Hooke’s Law, such diagram will be a straight line. For 
most metals, the stress-strain diagram will be a straight line until 
a certain point is reached, called the e/astic Mimit, after which-the 
strain increases more quickly than the stress, until a point called 
the yield point is reached, when there is a sudden comparatively 
large increase in strain. After the yield point is reached, the 
metal becomes in a plastic state, and the strains go on increasing 
rapidly until fracture occurs. 

Fig. 2 shows the stress-strain diagram for a tension specimen 
of mild steel, such as is suitable for structural work. 

The portion a B of the diagram is a straight line, and repre- 
sents the period over which the material obeys Hooke’s Law. At 
the point c, the yield point is reached, and the strain then 
increases to such an extent that the first portion of the diagram is 
re-drawn to a considerably smaller scale, such portion being shown 
as AB,C,. The strain then increases in the form shown until the 
point p is reached, the curve between c, and p being approxi- 
mately a parabola. When the point p is reached, the maximum 
stress has been reached, and the specimen begins to pull out and 
thin down at one section, and if the stress is sustained, fracture 
will then occur. ‘The portion p E, shown dotted, represents 
increase of strain with apparent diminution of stress. This dimi- 
nution is only apparent because the area of the specimen beyond 
the point rapidly gets smaller, so that the oad may be decreased, 
and still keep the stress the same. In practice, it is very difficult 
to diminish the load so as to keep pace with the decrease in area, 
so that this last portion of the curve is very seldom accurate, and 
has, moreover, little practical importance. 

‘The specimen draws down at the point of fracture in the 
manner shown in the diagram. Before the test, it is customary 
to make centre-punch marks at equal distances apart along the 
length of the specimen. The distance apart of these points after 
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Fig. 2.—Stress-strain Diagrams. 
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fracture of the specimen indicates the distribution of the elonga- 
tion at different points along the length. Four such marks, 
a, 6, c,d, are shown on the figure. The greatest extension occurs 
at the point of fracture, so that on a specimen of short length, 
the percentage total extension will be greater than on a longer 
specimen. For full information on the effect of length of the 
specimen upon the extension, the reader is referred to a paper 
iby Professor Unwin, in Vol. CLV., Proc. Inst. CL. 

For structural work it is usually specified that the steel shall 
‘have an ultimate or maximum tensile strength of 28 to 32 tons 
per square inch, and a 20% elongation on a length of 8 ins. The 
reason for specifying a definite elongation is to ensure that the 
‘steel shall have sufficient ductility. A ductile steel is, as a 
rule, not brittle, although in exceptional cases a steel which 
has answered the ordinary tests as to ductility has been known 
to fracture as if it were quite brittle. For this reason, impact 
testing has of recent years been used by some authorities, and 
such method appears to give very good results. 

The stress-strain diagrams in compression and shear for mild 
steel are very similar to that for tension. In compression it is 
difficult to get the whole diagram, because failure occurs by 
buckling, except on very short lengths, where it is very difficult 
to measure the strains, and in shear the test has to be made by 
torsion, because it is almost impossible to eliminate the bending 
effect. Now, in torsion, the shear stress is not uniform, so that 
the metal at the exterior of the round bar reaches its yield point 
before the material in the centre, and this has the effect of raising 
the apparent yield point. We shall see later that the same occurs 
in testing for compression or tension by means of beams. 

The importance of the elastic limit has been overlooked 
to a great extent by designers of engineering structures; but 
inasmuch as the theory, on which most of the formule for 
obtaining the strength of beams are based, assumes that the 
stress is proportional to the strain, it must be remembered that 
our calculations are true only so long as Hooke’s Law is true, 
so that the elastic limit of the material is a very important 
quantity. We shall deal further with this question in discussing 
working stresses (Chap II.). 


Diagrams for Cast Lron and other Materials. vs 


CONFUSION BETWEEN Exastic Limit anp YIELD Point.— 
In commercial testing, it 1s quite common to use no accurate 
means for measuring the strains (instruments for such measure- 
ments are called extensometers, but the description of such 
instruments and of the testing-machines is beyond the scope of 
the present book*). The load on the steelyard of the machine 
is run out until the steelyard suddenly drops down on to its stops. 
‘This ‘steelyard-drop’ happens when the yield point is reached, 
but many people call this the elastic limit. As will be seen from 
the diagram, Fig. 2, there is no appreciable error made by this 
confusion in tension testing, but in cross bending the difference is 
much more marked, and gives rise to confused ideas. We shall 
deal further with this point as regards beams in Chap. VI., p. 175. 

Stress-strain Diagrams for Cast Iron.—Cast iron as a 
material of construction has gone practically out of use except 
for compression members or struts. The strength of cast iron 
varies largely with the composition, and the strength in tension is 
considerably less than that in compression. Tig. 2 shows the 
stress-strain diagrams for both tension and compression. — It will 
be seen that in tension the strain is never really proportional to 
the stress, while in compression the stress and strain are 
approximately proportional up to a stress of about 8 tons per 
square inch. In the figure the compression curve is not completed, 
owing to buckling setting in. It is on account of the fact that 
the strain is not proportional to the stress that there is a con- 
siderable difference between the actual and calculated strengths 
of cast-iron beams. 

Other Materials.—Tiper.—There are several difficulties 
attendant upon the accurate testing of timber, owing to the effect 
of dampness and the homogeneity of the material. It may be 
taken that the stress-strain diagrams are approximately straight for 
a portion, but then curve off in a similar manner to the com- 
pression curve for cast iron. 

CEMENT AND CONCRETE, — The stress-strain diagram for 
cement and concrete in compression is never exactly straight, so 


* For further information the reader may consult Unwin’s Zesténg of 
Materials of Construction ; Popplewell’s Materials of Construction ; Lineham’s 
Mechanical Engineering ; Morley’s Strength of Materials. 
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that there is no elastic limit, the exact curve depending on the 
composition and on the time after setting. 

The curve shown in Fig. 3 is almost exactly a parabola. ‘This 
curve is for a 1~3~6 concrete, go days old, which was tested by 
Mr. R. H. Slocum, of the University of Illinois. Some authorities 
assume that the curve is a parabola, but in practice it is seldom 
that the curve comes so near to a parabola as the above. The 
stress-strain curve is, however, nearly always of a similar shape, 
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Fig. 3.—Stress-strain Diagram for Concrete in Conupression. 


the ‘strains increasing more quickly than the stresses. It is 
extremely important to remember that with cement and concrete 
the relations between stress and strain vary largely with the 
quality and proportions of ingredients, and cannot be taken as 
almost constant as in the case of steel. In tension a somewhat 
similar curve is obtained, but as cement and concrete are 
practically never used in tension, much less work has been done 
on its tensile strength, which appears to be very variable. 
Brickwork, Sronr, &c.— The stress-strain diagrams for 
brickwork and stone are curved, but not so much as shown for 
concrete., There is no definite clastic limit, and the curve 
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depends largely on whether the materials are set in mortar, as in 
this case the properties of the latter will affect the shape of the 
curve. For further information on this subject the reader is 
referred to Johnson’s Materials of Construction (Wiley & Sons, 
New York), and to a paper by W. C. Popplewell, in Vol. CLXL., 
Proc: LUStC Le. 

The Elastic Constants or Moduli.—If a material is 
truly elastic, ze., if the strain is proportional to the stress, then 
it follows that the intensity of stress is always a certain number 
4 intensity of stress 
k unital strain 
is constant. Now this stress-strain ratio is called a modulus. 
That for tension and compression is generally known as Young’s 
modulus, and is given the letter E; that for shear is called the 
shear, or rigidity modulus (G). There is an additional modulus 
called the du/k or volume modulus (K), which represents the ratio 
between the intensity of pressure or tension and the unital 
change in volume on a cube of material subjected to pressure or 
tension on all faces. 

Young’s modulus is the one which we shall be most concerned 
with in the design of structures. Suppose a tension member (a 
“ie as it is called) or a compression member (a s¢rwf), of length 7 
and cross-sectional area A is subjected to a pull or thrust P, 
and that the extension or compression is x, Fig. 1. Then the 
: . ites i ce 
intensity of stress is m and the unital strain is j 


a eye sca ereisgen | 
Young’s modulus = E = eG aoe i 


of times the unital strain, or that the ratio 


NUMERICAL EXAMPLE.—A mitld-steel tie bar, 12 tns. long and of 
14 dus, diameter, ts subjected to a pull of 18 tons. Lf the extension ts 
‘0094 77., find Young's modulus. 


Area of section of 14 ins. diam. = 1°767 sq. ins. 
: 18 
str ESC eaIN lire =O! 3 per sq. in. 
Stress per sq. i767 10°19 tons per sq. 1n 
; phot SOOO Myr I” 
Unital strain = ceonhe a 000783 
Io'19 


.. Young’smodulus = = 13,000 tons per sq. in. 


000783 
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The value of Young’s modulus can be found from the stress- 
strain diagram. ‘Thus, in that for mild steel, Fig. 2, 


E = 


ela 


Now in the relation E = a if the strain is equal (HO) 18 AAs 
strain 

if the bar is pulled to twice its original length, we have that 
E = stress, and this accounts for the definition of Young’s 
modulus that some writers have given, viz.: Young’s modulus is 
the stress that is necessary to pull a bar to twice its original 
length. Some students find this definition more clear than the 
one previously given, but it must be remembered that no material 
-of construction will pull out to twice its original length without 
fracture. 

Youna’s Moputus ror CONCRETE AND SIMILAR SUBSTANCES. 
—If Young’s modulus is a constant, it can be found for strains 
and stresses below the elastic limit only, and, strictly speaking, 
there is no modulus for substances such as concrete, where the 
‘strain is not proportional to the stress. As we shall see later in 
Chap. XV., the value.of Young’s modulus is a very important 
quantity in the design of reinforced concrete. From Fig. 3 it is 
‘clear that since the strain increases more quickly than the stress 
im concrete, the value of the ratio — will be greater for small 


a 








‘stresses than for large stresses, and so, before the value of this 
ratio is of any real use to us, we must know the value of the stress 
at which the ratio is calculated. One can hardly lay too great 
‘stress On the importance of having exact ideas on the principles 
which form the foundations on which the theory of structures is 
built, and with concrete it is practically useless to speak of the 
‘compressive strength and Young’s modulus unless the composition 
of the concrete and the stress at which the modulus is calculated 
are known. ‘ 

Relation between Elastic Constants.—For an elastic 
material there will be certain relations between the elastic 
moduli E,G, K, and Poisson’s ratio '. ‘These relations can be 


n 
found as follows : 


Relation between Elastic Constants. Il 


To first find a relation between E and K consider a cube of 
unit side subjected to a pull 7, Fig. 4 (a). 

Let the elongation along the axis be a, and let the transverse 
contraction be 4. 


I 


ll 


‘Vhen original volume of cube 
strained volume of cube = (1 + a) (1 — 6)? 

=1-26++a-2ab0+ al 
= I + a — 26 (nearly) 

because as the strains are very small their product may be 

neglected. 

.. Increase in volume (i+ a@ = 26) = 
= (a — 26) 


ll 


Now apply a pull to each side of the cube. There will now 
‘be three pulls, each producing an increase of volume equal nearly 
to (a — 20). 


.. Total increase in volume is nearly equal to 3 (a — 26) 


20 
= Za({1I - — 
a 
transverse strain 


b 
BINGO We see oe ee — =7 
a longitudinal strain 





.. Increase in volume = 3a (1 —2 n) 


., Since original volume = 1 


increase in volume 
original volume 





= volume unital strain = 3a (1-27) 


intensity of pull _ va 


Now K = : : 
unital strain 3@ (1-27) 





tensile intensity of stress 
pace ub eee Oh ON ee Young’s modulus 
a 


“unital tensile strain 





Now find the relation between ¥ and G as follows :— 
Suppose that two shearing forces of intensity / are applied to 
the faces of a unit cube ABCD, Fig. 4 (4). Now consider the 
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equilibrium of the portion a pc, Fig. 4 (c). To balance the forces f 
there must be a force pulling /; across the diagonal a c, and the 
Value of f, must be ,/2 x7. Now the area over which this force 
acts will be ./2 since the cube is of unit side, so that there will 


Jat 


be a tensile stress of =f. Similarly considering the portion 





2 
BC D, Fig. 4 (d) there must be a compressing force /, across the 
: vot 
diagonal B p, and the compressive stress will be = se =f 
2 


Therefore we see that: Zivo shear stresses on planes at right angles 
to each other are equivalent to tensile and compressive stresses of 
intensity equal to that of the shear stress at right angles to each 
other, and at an angle of 45° to the shear stresses. 


Now the cube will be deformed to the shape 4, 2,¢,D,, Fig. 4 (e). 


The unital shear strain is measured by the angle of distortion 
2. Since the strains are very smail, this is practically equal to 
2BB,  2BB, 


Dee ae (Since BiCy— 1) = 4 BB. 
2 Z 





Let the unital strain due to the tension along the diagonal p p 
be a. Then there will also be a strain along this diagonal due to 
the transverse strain from the compression stress in a c. This will 
be equal to xa. .*. Total unital tensile strain along diagonal 
= a(rt+n). Then BB, = unital strain along diagonal x 48D, 
since BB, is equal to DD, 

ia 


BB, = @(1+n) x $BD = (1 +7). 


Because the strains are in reality very sap BB,B, is very 
nearly a right-angled triangle. 

. BB, = 2 x BBy 
aa eal 
V2 4 
But inensity of tensile stress 

unital tensile strain 


ll 


or BBy 


intensity of shear stress 
can sit) ear stress vA 
unital shear strain 4 BB, 
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Since we have proved that the tensile stress in the diagonal is. 
equal in intensity to the shear stress. 


Therefore f = aE = G x 4BB, 


Boe ABs 2 ee en) 
; a iGo ata ae 
: == 121 (A Bh) saeolastet eee (2) 
Now we have already shown in (1) that: 
2 S15 +3) (Te-am ar ageaaideaec nets (3). 
From (2) » = ees I 
2G 
I E 
Fr = = - +> 
rom (3) » 5 aK 
Dy ha ar 2 Pa 
2G 2 6K 
=(6+=) 208 
ANG) BK 2 
I I 3 
Sp Se 
Ge vik E 
eee Mega apeeiealie ded V5 
or E G K (4) 


This expresses the relation between the constants in its 
simplest form. 

It will be noted that if » = 4, as some authorities state, then, 
o= 2‘5; this may be taken as true if the value of G for the 


z 
material is not known. 

* Complex Stress.—Principat SrRessES.—It has been 
shown that when a body is under a complex system of stresses, 
such stresses will be the same as those due to the combination of 
three simple tensile or compressive stresses in planes at right 
angles to each other. Such simple stresses are called the principal 


SEESSES. 


Principal Stresses. To: 


Consider the case of a block of material subjected to pulls 
P and Q, Fig. 5, in two directions at right angles, and let the pull 
per square inch of the sectional area in each direction be p and g 
respectively. 

Consider the stresses on a plane a B inclined at an angle 6 to. 
the force P. : 

The stress A can be resolved perpendicularly and along A B, 
zé., normally and tangentially to a zk. 


P 





Fig. 5.—Principal Stresses. 


Now consider 1 sq. in. of area perpendicular to ~. © The 


: . T. 
corresponding area along A B will be eur 


Now the component of # perpendicular to a 8 will be # sin 8, 
and the component along a B will be # cos 0, but stress = com- 
ponent of force + area. 





.. Normal component of stress f across A B = f sin 0 + 





sin 6: 
= p sin? 0 
tangential component of stress f along 4 B = fp cos @ + ane) 
= p sin 0 cos 8 


Now considering stress g, its tangential component to a 8B will 


16 The Theory and Design of Structures. 


be opposite in direction to that of f, and since in this case the area 
I 
5 = | 
sin (go - @) cos 0 
ponents of g are respectively g cos @ and g sin @, the normal 
component of stress will be g cos? 6, and the tangential com- 
ponent of stress will be — g sin @ cos @, since in this case the 
tangential components are not in the same direction. 


and the normal and tangential com- 





. Total normal component = f, = f sin? 0 + ¢ cos? @...(1) 
Total tangential component = f, = (f- 4g) sin 0 cos @ ...(2) 


Now the resultant of the stresses 7, and f, which we will call 7, 
will be given by a «. 
Oss yf fe +f? 
= J(p sin? 0 + g cos? 0)? - + (p- gy? sin? 6 cos? 0 





= \/p2 (sin 0 + sin? 0 cos? 0) + g? (cos? sin? 6 + cos! 0) 
+ 2 pq (cos? @ sin? 0 — cos? @ sin? 0) 
= \/p? sin? 0 0 (cos? 0 + sin2 6) Je g? cos? (sin? O+ 
cos? @) + 0 
(Nip? snes 4g? COS? Os cade Sadat coe scee kee (3) 
because cos? 6 + sin? 0 = 1. 
The inclination a of this stress is given by— 
Sat p sin? 6 + g cos? 6 
If (p-g) sin @ cos 6 
_Ap tan? 6 + 9 
(p-@) tan 0 
If ¢ is the angle between ac and the direction of p 
Then @ = (a-6) 
tang = tan (a-6) = 


tana = 


_ tan a — tan @) 
1 + tana. tan @ 








LEN BES EY, 
eG So)tan 0 
2 
ea eae . fan 0 


oe —@g) tan 6 


The Ellipse of Stress. v7 


ptanP6+9 - (¢—g) tan? 
(p—¢) tan 6 + tan 0 (ptan?@ + @) 
yea es tan) g 


ptan (1 + tan?6 ~ ptand 


The Ellipse of Stress.—Draw circles of radius 0 x and 


0 Y, Fig. 6, equal to g and / respectively, and let o R be drawn at 
angle @ to o y. 


Draw a radius o F to the larger circle at right angles too R 
and cutting the smaller circle in gr. 


Draw F # at right angles to o y, and 8G at right angles to F H, 
and join 0 6G. 
Now.0 H = OF cos (go-6) = fpsin 6 
and GH = EK = O8£sin (90-0) = g cos 0 


. 0G = Non? + HG? = J/pf2 sin? 6 + g? cos? 0 





.. by equation (3) oc = f 


HG cos 6 
Now tanHoc = — = % = f cog = tan @ 


OH psind gf 


.. [HOG = 9 and, sincea = 6+ 9, /GOR =a 





Now the locus of the point G is an ellipse of major axis 2p 
and minor axis 2g, and such ellipse is called the Lillipse of 
Stress. 

We see, therefore, that by drawing a line o F from the centre. 
©, at right angles to a given direction to the outer circle, ana 
drawing F H horizontal to meet the ellipse of stress in c, then o G 
gives the resultant stress on a plane in the given direction, and 
the angle GOR = a gives the angle between such resultant stress 
and the plane. 


NUMERICAL EXAMPLE.—Suppose a square bar of 2 ins. side and 

4 ins. long ts subjected to pulls of 10 and 12 tons respectively in 

axtal and transverse directions. Kind the resultant stress on a plane 
ic 
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Let PN, Fig. 7 (4), represent a portion of the plane on which 
ithe stresses fand s act. 

Let one of the planes of principal stress be represented by 
‘pM, and let this principal stress be ~. Then along mn there 
acts a shear stress also of intensity s. 

Then the resolved portions of the forces due to # and to the 
-stresses fand s must be equal in the directions PN and MN. 

Therefore we have 


f-PN + SoMN = ~.PM COSVO © y.0.. (1) 
also 5. PN Sips aye Sol Ol Meee. n8ed (2) 
MN 
¢. From (1) f+ ee Os p cos 0 
te, f cos 0+s5 sin 6 = peos 0 
Si ( ie COSHO wears SID OUs icatisce sn ossaneg (3) 
E PN bs 
From (2) See p sin 6 
COS Ome eS Une Olena teats elec mGe (4) 
Dividing (3) and (4) we have 
I 
s p 
P(p-f) = # 
PE PIS =O 
y= Teo e + 4S 
op =£ (rt fr + 48) PERL Ostenah Soe (5) 


The minus sign corresponds to the second principal stress, 
‘which will be in compression ; as we are concerned only with the 
maximum stress, we will take the positive value, viz. : 


p= At eT nae + +) Rae Mancicne tag Whee (6) 


‘The direction of the plane at which this stress occurs is given 
by 6, ‘This is found as follows : 
From (3) p cos 6-/f cos @ = s sin 6 
From (4) pf sin @ = 5s cos 6 
s cos 0 
oe Sta 
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Pe Sa COSEEG a i 
, er I CORY ante Siar esd N. (7) 
S$ (cos? 9— sin? 6) = fsin @ cos g 
S$ cos 2 6 fe 
2 
o tam 20 = 
Fetes (8) 


This will give two values of 6, go° apart, and so gives the 
inclination of both planes of principal stress. 

MaximuM SHEAR STREss.— Returning to the consideration of 
the principal stresses g and g, we saw that the tangential com- 
ponent on a plane at angle @ to p was given by (p—g@) sin @ 
cos §, (See p. 16, equation (2)). Now this will be a maximum. 

sin 20 





when sin # cos @ is a maximum, #e., when is a Maximum 
e 


or when 6=45°. ‘Therefore we see that the maximum shear’ 
stress occurs at 45° to the principal stresses, and is equal to Ce 
2 


In the problem that we are considering, we have proved that 


, =f (: ay nee + 7) and that g -£(: = We a =) 


2 F 
tt Lae 
Maximum shear stress = Le + i Jas oddSos bos Seo (9) 
or = Jf eat onledooseucnerrse (ro) 


The latter form is more convenient because in the case whem 
JF = 0, the former gives an indeterminate result. 


NUMERICAL EXAMPLE.—-d sfee/ bolt, 1 in. in diameter, is subjected 
fo a direct pull of 3000 1b. and to a shearing force of i ton. Find the 
maximum tensile and shearing stresses in lbs. per square inch, and the 
inclinations of the directions of the stresses to the longitudinal axts of 
the bolt. (B.Sc. Lond. 1907.) 

. 3000 2 
Inthis case: f = ses 3080 
area of 1 in. bolt “7854 
= 3819 lb. per sq. in. 
2240 : 
s= aie 2852 lb. per sq. in. 


7854 
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a (+ fat) 
= 319 (1+ + /r 


— 2 ( 


Maximum tensile stress = 7p 


lI 






= 5342 lb. per square inch. 


Inclination of principal plane to plane perpendicular to axis is 
given, by 





Bi Sigil 2 EZ OO 2 
tan 20 = i = “3819 
= 1494 
29 = 56 12’ nearly 
OTe OO 
Inclination to longitudinal axis = 90 — 27° 36’ 
= Ole2A, 
Maximum shear stress = le + 2 


Il 


2552 1xXuule2on 
= 3428 lb. per square inch. 


This stress will occur at 45° to the direction of principal stress, 
Z.c.,at 61° 24’— 45°°= 16° 24’ with longitudinal axis, 


or else at 90° to this, zc. at 73° 6’ with longitudinal axis. 


* Maximum Strain compared with Maximum Stress. 
—in questions involving complex stresses it is necessary to re- 
member that the maximum strain does not occur on the same plane 
as the maximum stress. There is some considerable divergence 
among elasticians (a term suggested by Professor Karl Pearson, 
F.R.S.) as to whether the ultimate criterion of safety in a structure 
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depends on the tensile or compressive stress exceeding a certain 
value, or the shear stress exceeding a certain yalue, or on the 
strain exceeding a certain value. 

We have considered the cases of maximum. tensile or com- 
pressive and ed stresses. We will now consider the question 
of maximum strain 

Suppose a rectangular block ABCD receive two tensile 
strains at right angles and a slide strain in the same plane. 

Under the combined strain the block assumes the. position 


pein e tbo pa lee a ea ag ee 


| - 
at 
Une | 
/ es t 
/ zon 
La 


! | 
fee 
me 
ee 
| ! 











t 
/ 
ve y 
A aC B B; B 
Fig. 8.—Combined Strains. 
A Dy C0, Then, if AB=4,BC=y,and ac =z, and a, y, 7, 
are the strained lengths, eta [Dy ADs = B 
+ Cheer se 
Unital strain in direction « = s, = —! 
Ge 
Saree iid ; 
” ” DOM EVO Sa 
y 
sa hee ten Usk 
” ” Boia waaay pe cm 
We have x, = x oh ae Sula Sioistacteemeca ey SANE (1) 
Beal i hae ) 
Ta AON Cahir eG eae aH Me ference Ch) 
ie fe (acts 2usvat nse) 
yp ¥ 
pa (ans bets Oa) or wc a paeaaaoe Us) 
Since squares of strains may Sern eglected. 
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Now 7? = ac,? = AB? + ¢,B,? 
= (AB, + B,)B)* + AD,? 
= (AB; + D,D)? + ap? 
Now apy = a, = x (1 + 5,) 
ADH GL Ae sy 
D, Dd, = 3, B= py + sy) = By 


since /} is small and therefore )3 x sy is of second order and 
therefore negligible. 


n= {a (1 Saints py}? ie ly (t+ yi 
= 2 (r+25) + 20vB +72 (1 +2 OF) an), 
neglecting all second powers of strains, 
but 7 = «2 + ¥2 
CR Nicaea fat ere TIVE Atos deer) eran DES nen ata (6) 


2) rom (4) 


(2 (Gis Boa 7) Aba Ge Saab AIP Sos ohne 


oN BUND ee 
cee | mc Secs Gt agains ean, (oath (7) 


Expressing this in terms of the angle @ we get 


59 = 5x COS? 0 + sy sin? 6 + sin 6-cos O ...4.....(8) 





Our next problem is to find the value of 6, for which the 


resultant unital strain sg is a maximum. 
: d s6 
This occurs wnen —— = 0 
Ca) 


z.é., when 


Sx «2 Cos 9 (—sin 0) + 5, 2 sin 8cos 8 + 8 (cos cos 0 + sin 8[ ~sin 6]) =o 


Zé.,when -- s, sin 20 + sy sin2@ + /3cos20=0 
sin 20 (s, — Sy) = cos 20 
B 
One tin ey (yf ne 
ree), 


This gives two values of @ at right angles, and so we see that the 
directions of maximum strain are at right angles. 

Now consider equation (8), reuniting and putting 1 = cos? 6 
+ sin? 6, we get 


sO (cos? 6 + sin? @) = s, cos? 6 + sy sin? @ + ( sin 6 cos O. 
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Dividing by cos? 6, we get 
5g (t + tan? 0) = s, + sy tan? 6 + B tan 6 
or tan? 6 (sy — sg) + tan 0 + sy — 5g = 0 
—~ pt Pe Fl ay = 
Zé, tand = — Bee wid — Ee Pe) 
For this to be real, 
2 must not be < 4 (sy — 50) (Sx — 59) 
Now as sg increases, 4 (s, — 5) (Sx — 5g) will increase,. 
since the latter expression is equal to 4 (sg — sx) (sg — sy) 
.. The greatest value sg can have is such as to make 
B® = 4 (Sy ~' 59) (Se — So) 
i 


Zé. S97 — 59 (Sx + Sy) + Sx Sy — pie ° 
Sy its, E ge = SP POS ace cae (10) 





2.6. $9 = 





Now consider the case for which we have already worked) 
out the principal. stress, viz., the combined stress due to a 
tensile or compressive stress f and a shear stress s. (Note.—This. 
Shear s¢vess s must not be confused with the strais s,, &c.)) 
In this case if s, = strain due to stress f, the only strain in 
direction y is the transverse strain due to 5,, f.e., Sy — n Sx 
(negative because the transverse strain is compressive). 

Considering only the positive value in equation (10) 

(n= We Ss oa 
oy 59 = A 
Ni Go SS L and 6 = 
= E G 
Also sg = A where /, is the equivalent stress due to 
13 ! 


considering the maximum strain, E and G being the Young’s and 


shear moduli. wh here 
p ANCES i PT ce 2 s° 
al bea: (r+ 0)? + Ge 


TORT ae ge 3 Ee 
Sead 


mn a { Cee er we (x + 1») + fe ee 


26 The Theory and Design of Structures. 


E 
Joptihy ry sea ((ae, SB gp) 


G 
nie a (1,= a) @ + a) a ar a} an) 


5 [ ? 
Now » is very nearly i for steel. 


taking this value, we get 


me :+#) SOA Sie yer a VeRO a NTE TE (12) 


Comparing this with the corresponding equation (6) (page 20), 
from considering the stress we see clearly the difference between 
the results from the two points of view. 


NUMERICAL EXAMPLE.—Consider the same problem as worked on 


D2. 


In that case f = 3819 Ib. per square inch. 
Ss = 2852 ,, ” ” 


_ 3819 (3 4X 2852" 
A=? (+: he 38197 


Es 
4 
3819 (3,3 / 323 
=> $43 ,/ 





et 
3819 
= == (75 +, 2/246) 
"38 
bapa 1 2°996 


= 5722 lb. per square inch. 
To get the inclination at which the maximum strain occurs 
return to equation (9) by which 


B 
tan 2 @ = we Sy 
In this case we get 
s Ss 
Ueho) 2h I) & = oer ae 
Sx (I + 7) GER ng ACT) 
E 


$0 2(1 +) 25 
WEE ap il) EGE 
This 1s the same as in the case considering the principal stress, 
and so @ has the value as given before. 
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In this method of allowing for complex stresses, which method 
the author has given at considerable length because it is not 
referred to at all in most text-books, , is the simple tensile stress 
which will produce the same strain as the maximum strain in the 
material, and so may be looked upon as the stress which is 
equivalent to the given combined stresses. 

This method of maximum strain, which we may call the 
St. Venant, or French method, in contradistinction to the 
maximum stress. or Rankine method, is comparatively little 
known in England, but the leading authorities on the theory of 
elasticity strongly advocate its use. 

In recent years some careful experimental work has been 
done on the subject, in turn, by Messrs. Hancock, Scoble, 
C. A. M. Smith and Turner,* and the general result of these 
experiments is strongly in favour of the maximum shear stress or 
‘Guest theory’ as the criterion upon which to make calculations 
for complex stresses. It follows easily from this theory that the 
working stress in pure shear should be one-half that in pure 
tension ; this will be seen by putting s=o in equation (fo), p. 2r. 
This is an extremely important point, which practical designers do 
not appear yet to have noticed. Either our shear stress should be 
reduced or the tensile stresses increased. 


Resilience.—The work done per unit volume of a material 
in producing strain is called rves¢/vence. Consider the case of a 
body subjected to a simple tensile straim. In going from the 
point ato the point B, Fig. 9, very near to it, the average stress 
acting is f Therefore, if A B = x, the work done by the force 
J in straining the material from the point a to the point x will 
be equal tof x x. Now, if x is the increase in unital strain and 
f is the intensity of stress, the volume of material acted upon is 
unity. Now, a B is assumed to be very small, and f x x is 
equal to the area of the shaded portion of the stress-strain 
curve. 

Therefore, the resilience is equal to the area of the stress- 


Strain curve up to the point M, 


* For a description of the above-mentioned experiments, see Augincering, 
August and November, 1909. 
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7.e., resilience = area of A PM X 


I 
Thon’ 1951 








NONE eee ce Young’s modulus = EB 
E 
f? 
resili i iYoyn = 5 
resilience in tensio rar 
52 
SVD a LS eee 
similarly in shear the resilience Bae 


where s is the shear stress. 


Slress 





4 
Strain. 


Fig. 9.—Resilience. 


Repetition or Variation of Stresses.—In the desigm 
of structures, we very often have to deal with cases in which the- 
stresses vary in amount from one time to another; such cases. 
occur in. the design of structures which have to resist wind- 
pressures and those which are subjected to rolling loads. In 
recent years, a large amount of investigation has been carried out 
on the strength of materials which are subjected to alternating 
stresses. ‘The stress required to cause rupture in a material 
which is gradually increasingly stressed is called the static 
breaking stress, and’ is the stress obtained in the ordinary testing. 
machines. 

Fairbairn discovered in connection with some tests on wrought- 
iron girders, that a girder can be ruptured by repeatedly applying, 
a load equal to about one-half of the static breaking load. 


Repetition or Variation of Stresses. 29 


The first exhaustive investigation on the subject was conducted 
by Wohler on behalf of the Prussian Ministry of Commerce, and 
was published in 1870. Wohler’s experiments extended over a 
period of twelve years, and had results which at the time were 
very startling, and the importance of which has only in com- 
paratively recent years been appreciated by engineers. 

The general result of these and subsequent experiments is to 
show that the stress necessary to rupture a material when such 
‘stress is repeated a very large number of times is considerably less 
than the static stress. 

In Wohler’s experiments, which were carried out in tension, 
bending and torsion, some of the variations were from zero to a 
maximum in tension or compression and some were for a complete 
reversal of stress. 

Full accounts of the experiments will be found in Unwin’s 
Testing of the Materials of Construction. We will take some 
examples of his results :— 


For Krupp’s Axle Steel : 


Statical breaking stress = 52 tons per sq. in. 
Breaking stress from zero to maximum = 26°5 ,, 4, 5, 
fOr Keyersed stresses) = T4O5),,° by 45, 


th) o? 


For Wrought Iron: 
Statical breaking stress = 22°8 tons per sq. in. 
Breaking stress from zero to maximum 2 
for reversed stresses = 


It 


5) ” ” ” 


2° 
6 99 Eb) 


Cour 


” ” ” 


In the first case the vange of stress is In One case 26°5 and in 
the case of reversal is — 14'05 to + 14'05, #¢., 28°1, whereas the 
corresponding figures in the second case are 15'25 and 17:2. 

Sir Benjamin Baker carried out similar experiments in this 
country and obtained similar results. 

For mild steel of static strength from 26°8 to 28°6 tons per 
square inch, he obtained a breaking stress of 11°6 tons per square - 
inch for a reversal of stress. 

Bauschinger carried out a large number of experiments on the 
same lines as those of Wohler, and extended them to a larger 
number of materials. 
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For Bessemer_Steel his results were : 
Static breaking stress = 28°6 tons per sq. in 
Breaking stress from zero to maximum SR et ee aad A 
5 +5 for reversal stresses SEBS enna as 


With regard to these breaking stresses for variations of stress, 
it should be remembered that these are the least stresses for 
which the specimen would break after a very large number of 
repetitions, 

In carrying out tests of this kind a number of specimens are 
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Fig. 10.—Repetitions of Stress. 


taken, and the range or amount of variation of stress is altered for 
different specimens or sets of specimens, and when the range 
comes below a certain value the specimen will not break within 
the time over which the experiment lasts. The results are ex- 
pressed on a diagram in which the range of stress is plotted 
against the number of repetitions required to cause fracture ; or, 
in the case of variations from zero to a maximum or of complete 
reversal of stress, the limit of stress is plotted against the number 
of repetitions. Such a curve is shown in Fig. ro. From such 
curves the apparent stress, at which an infinite number of repe- 
titions could be made with fracture, is obtained, and this is taken 
as the least breaking stress. The word ‘apparent’ is used 
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because no record appears to exist of a number of repetitions 
more than about fifty millions, and it has been suggested that 
perhaps lower stresses still would be obtained if the repetitions 
were extended still more. 

Bauschinger suggested that there was some relation between 
the range of stress which a material would stand and the elastic 
limit. This elastic limit was what he called the ‘natural elastic 
limit,’ z.2., that obtained after the material has been subjected to 
variations of stress, as it is known that stressing a body beyond 
cercain values alters its elastic limit. 

Dr. Stanton and. Mr. Bairstow have published in Vol. CLXVI. 
of Proc. Inst. C.£. an important paper on the subject, giving 
the results of experiments conducted at the National Physical 
Laboratory. 

They used a machine in which the specimen formed part of 
the piston-rod in a steam-engine mechanism ; the specimen thus 
was subjected to reversals of direct stress, and a variation in the 
limiting stresses was obtained by varying the plate dimensions 
of the medieeeny 

This research has some important results, the principal ones 
of which are : 


(a) An alteration of the rate of repetition from 60 to 800 per 
minute has no marked effect on the results obtained. 

(6) The range of stress which moderately high-carbon steels 
can stand is comparatively greater than that for low- 
carbon steel and wrought iron. This confirms Wohler’s 
opinion. 

(c) The limiting stress which iron and steel can bear de- 
pends on the range of stress, and is almost independent 
of the actual values. 


Although the authors agree that more work must be done 
before a definite statement can be made, their experiments go to 
Support Bauschinger’s theory as to the elastic limits. 

They also found that the resistance of materials to reversals of 
Stress is less when there is an abrupt change of section than when 
Such change is gradual. 

In these tests no number of repetitions greater than three 
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millions appear to have been made, and this appears to us to be a 
pity, as further information in this direction is urgently needed.* 

Cast Iron.—Very little work appears to have been done on 
repetitions of stress for cast iron, but from a small number of 
experiments by the author in reversal by bending the same general 
result was obtained, the limiting breaking stress in this case 
being nearly one-quarter of the static stress. 

Unwin’s Formula.— Unwin has given a formula frony 
which the equivalent static stress for a given range of stress 
‘can be found. 

This formula is :— 


acinar EPA 


where f. 1s the greatest stress that can be applied for an in- 
definite period for a range of stress 7; f, is the static breaking 
stress of the material, and 7 is a constant depending on the 
nature of the material. 

For mild steel we may take 7 = 1°5. 

Now if the variation is from zero to f. then r = f. 


By ere 
Solving this equation we get. = °6. For complete reversal 


T= eal a fe) ear Biter 
he = fer Nf = 3th 
Or, fe = i Ss 

(For the application of the repetition of stresses to the deter- 
mination of working stresses, see Chap. IL., p. 45.) 

Stresses and Strains due to Sudden or Dynamic 
Loading.—TIf a load is applied suddenly to a structure, vibration 
will ensue, and the strain—and thus the stress—-will reach twice 
the value which would occur if the load were gradually applied. 

This will be made clear from considering a diagram, Fig, rr (1), 
where the force is plotted against the strain. - We have seen that, 
with gradual loading of an elastic body, the curve representing 
the relation between the strain and the load in direct stress 
is represented by a straight line ap, the area below the line 


Nin 


* See also Appendix, page 561. 
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giving the work done up to a given point. Now let ac repre- 
sent a force P; then when the strain gets to the point B, the 
work done by the force will be equal to the area of the rectangle | 
A BEG, whereas the work done in straining the material is only 
equal to the area of the triangle a B £, so that there is an amount 
of work equal to the area of the triangle a EG still available for 
causing increased strain. The strain therefore increases until the 
area of the triangle E F D is equal to that of the triangle arc. It 





Fig. 11.—Sudden or pines Loading. 


is clear that Ac = 2A, or that the strain—and thus the stress— 
7s:twice that tn the case of gradual loading. 

If a force is suddenly reversed from — P to + P, then the total 
strain and stress will be the same as that due to a sudden load of 
2 P, and again when the strain reaches the point 8, Fig. rx (2), 
there will be an amount of work represented by the area of the 
triangle a & G still available for. causing strain, which therefore 
continues to the point c. Thus the maximum tensile strain will 
be equal to HL. If the loading were gradual the strain would be 
HK, and as HL = 3HK, we see that a load suddenly reversed 

D 
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causes three times the strain and stress which occur tf such reversal 
takes place slowly. 

In each of these cases the additional strain or stress which 
occurs is equal to the amount of variation. Such additional stress 
has been called the dynamic increment, and we therefore see that 
the equivalent gradual stress due to a sudden or dynamic stress fy 
which varies by an amount v is given by fy + v. 

Relation between Repetition of Stress and Sudden 
Loading.—The similarity between the results of experiments on 
the variation of stresses and the reasoning just given with regard 
to sudden loading has led many authorities to think that Wohler’s 
experiments were really experiments on sudden loading. ‘The 
alternative point of view is that the two questions are distinct, and 
that therefore separate allowance should be made for each in the 
design of structures. é 

One of the first difficulties to overcome in reconciling the 
questions is that strain is not proportional to stress beyond the 
elastic limit, and that, therefore, beyond this point twice the 
strain would not cause twice the stress (see Fig. 2). There is, 
however, a second observed phenomenon to bring into the argu- 
ment. It is known that if a material is strained beyond the 
elastic limit, the elastic limit will be found to have been raised on 
a subsequent testing ; therefore, if this action goes on indefinitely 
with each repetition of stress, the elastic limit will ultimately 
become so high that the dynamic argument will apply up to the 
breaking point. 

Although there are still many points which require to be 
decided in this controversy, for practical reasons we prefer to 
allow for one or the other, but not both, in the design of struc- 
tures. The reason for this is as follows :—Suppose that the safe 
working stress for mild steel for a constant and gradual load is 
7°5 tons per square inch. Then on the dynamic theory the safe 
stress for a reversing and sudden load is one-third of this, 7.e., 2:5 
tons per square inch. If we now make a separate allowance for 


“oe 5 . I 
the repetition of stresses, our working stress would be — x 2°5, or 
3 


‘8 ton per square inch. As there is no question of /mpact in this, 
this seems an absurdly low working stress. 
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Strain and Stress due to Impact.—Suppose a weight W 
falls from a height / on to a structure and let the deformation or 
strain in the direction of # be x, Fig. r2. Then the work done 
by the weight is equal to W(Z+.). Now this work is absorbed 
in straining the structure. Consider first the case in which the 
resulting strain is within the elastic limit. The work done in 
such case is equal to the volume multiplied by the resilience. 





S/rain. 


Fig. 12. Fig. 13. 


We have shown that in tension or compression the resilience is. 


2 : b 
equal to S and therefore in this case we get W (/ + x) = 
2 


volume x f? st = Then if x is negligible compared with /&- 
2 


2E 
Wf 
we have Wxh= Nie 
2i 
ne: 2E WA 
or f= ve a 
If the weight strikes with a velocity 2, 
eee 
28 


2E We? EW 
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We will consider resilience in bending when dealing with the 
bending of beams. 

SrraIn BEvoND Exastic Limrr.—If the strain is beyond the 
elastic limit, it follows, from the reasoning given on p. 27, that 
the work done per unit volume in straining is equal to the area 
below the stress-strain curve. If this area is R, Fig. 13, then we 


have R = Wor we 


2¢ 
From this the stress can be found. 


NUMERICAL EXAMPLE.—A bar of $-inch diameter stretches § inch 
under a steady load of 1 ton. What stress would be produced in the 
bar by a weight of 150 lb. which falls through 3 inches before com- 
mencing to stretch the rod—the rod being initially unstressed and the 
value of E taken as 30 x 10°lb. per square inch. (B.Sc. Lond. 1906.) 


Area of bar 3” diam. = ‘196 sq. in. 


: I ; 
*. Stress under load of one ton = =106 tons per sq. in. 


eS) 
7.6 Ib. per sq. in. 
Stress _ 2240 


*, Strain = - E “196 x 30 X 108 





Now 2” = strain x original length 
1 . 6 
Gast 5 196 X 30 x IO 
MO uicinaliencths INS SO) 208 MOY 
Strain 2240 x 8 
. Volume = length x area of section. 


196 x “196 X 30 x 108 
8 x 2240 








= 64°33 cub. ins. 
‘Work done by ae Ib. in falling 3 inches = 3 x 150 = 450 in. lb 


64.33 4.33 x f? 


ae 450 


E 
ses Ve goo E 
64°33 
Bes a goo x 30 x 108 


64°33 
= 20,480 lb. per sq. in. Ans.* 
eee 





* This problem could be solved if E were not given ; it would be found 
to cancel out. 
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Temperature Stresses.— Suppose a bar of length 7 is 
heated ¢°F. and a is coefficient of expansion. Then, unless 
prevented, the length of the bar will become Z (1 + a), #e., the 
increase in length will be a #2. 

If the bar is rigidly fixed so that this expansion cannot take 
place, then there will be in the bar a strain equal to a ¢/, and the 
atl 
wa 

This strain will produce a compressive stress of az x E, where 
E is Young’s modulus. 

Now for mild steel a = ‘oooc0657 per degree Fahrenheit, and 
E = 13,000 tons per square inch. 


unital strain will be =at 


.. The stress per ° F = ‘00000657 x 13,000 
= ‘0854 tons per square inch. 


Taking a range of temperature of 120° F., the stress due to 
temperature = 120 x ‘0854 = 10°25 tons per square inch. 
This is more than the safe stress for mild steel, so that the 
importance of designing structures so that the expansion may take 
becomes quite evident. 

* Heterogeneous Bars under Direct Stress.---Ifa bar, 
composed of two different materials—such as steel and conercte, or 
steel and copper—firmly connected to each other, be subjected to 
a pull or a thrust, the two materials must be s/vaimed by equal 
amounts, and since the values of Young’s modulus for the two 
materials are different the s¢vesses in the two materials will be 
different. 

Suppose one material has a cross-sectional area A and Young’s 
modulus E, the resulting stress being /; and let the corresponding 
quantities for the other material be Aj, E,,/,. 

Then, if under a pull or thrust P the unital strain is «, we have— 


a E fejateetee)alaleret$:slerslesetererel cravereiciele suonlGo) 
x = _ ofan ejale \stsreta\aYonelsiessloreilsYe.ce¥alavevaroaels (2) 
anG abe" AGT sche CAL ia omchnncnemeerene nes (3) 


Afand A, /f, being the loads carried by each of the materials. 


38 The Theory and Design of Structures. 


Exons (aD) rains (2)) ja Be ae 


P = g(a +=) Ss ae aneease (4) 





Fig. 14. 


Now if a new bar is taken wholly of the first material of such 
area A, that the stress under a load P is the same as that in the 
compound bar, we have 


12) 
aie ro 
OLDS — wal (: + a) fio sebe wiciee sneneten (6) 


This quantity A, may be called the eguivalent area of homo- 
geneous material and the consideration of this problem has become 
in recent years much more important on account of the progress 
made in reinforced concrete construction. We will deal further 
with this application in Chap. XV. Returning to the general 
problem we see that 





P ( 
Sj PA \tttterscereeesnees: 7) 
EA 
ae (: i E, = 
The load carried by the first material then comes equal to— 
2 
Hp Fae alah oi Ey Ay Poe ccc ecscecees esses sccrccsres (8) 
ep nes . 
and that carried by the second comes equal to—- 
1p 
Ki A, al E MA Uinaianpmiseke sind ateieieistsyrie;Kaai)ajarwielayeraterats te (9) 


E, Ay 
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Since these are not the same, there will be an adhesive force 
tending to make one material move relatively to the other. 
This will be equal tofA — f, A, 
JP P 
ideo Ay 1a A ee 
EA E, Ay 


P-EA PoE, A, 
+ 





EA+E,;Ar EA eG 


P (EA — E, Ay) 
EA + 5A, 





For examples on this see the chapter on Reinforced Concrete. 


A table is appended giving the elastic properties of a number 
of materials of construction. In the use of such table it must be 
remembered that for many substances the properties vary 
according to the exact composition, and these figures should be 
used only if an actual test of the given material is impossible. It 
should also be remembered that, according to the French school 
of elasticians, the theoretical shear strength of a material is four- 
fifths of its tensile or compressive strength. 
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CHAPTER II. 


PRINCIPLES OF DESIGN; WORKING STRESSES, &c.; 
WIND PRESSURE. 


Scientific Aspect of Design.— An engineer has been 
tersely described by a somewhat characteristic American as ‘a 
man who can do for one dollar what a fool can do for two.’ 
Although from an zsthetic standpoint this seems to be a some- 
what too mundane description of the engineer’s vocation, we 
must not forget that the most scientific construction is the one 
which best fulfils the conditions for the least cost. We seem to 
get into the habit, when looking with wonder on the wonderful 
structures of bygone ages, of thinking that such structures could 
not be built nowadays; but if this is true, is not the reason 
merely because we cannot afford them, and not that our hands 
have lost their cunning ? 

There is in reality no conflict between theory and practice in 
designing; each has its own place, and each is dependent on the 
other. The theory of structures will tell us what is the best 
design as far as the economical arrangement of material goes. 
The best-designed structure is one which would be about to 
collapse at all sections at the same time; or, in other words, the 
various parts are so designed that the stresses in them are equal. 
This is all that the theory sets out to do. Practice, on the other 
hand, determines whether the theoretical design is in reality the 
cheapest in the end. Questions of workmanship, cost of erection 
and upkeep have to be considered, and it is only by balancing 
these with the theory that the really scientific design is obtained. 

In dealing with the theoretical side of design we must never 
forget that, if we are to be guided by theory at all, we should see 
that we use the best theory. The disdain for theory that ultra- 
practical men often possess is largely due to the fact that their 
theoretical knowledge is not sufficiently comprehensive; they 
have not realised the conditions which have to be fulfilled before 
a certain theory is applicable, and so they probably use some 
formula for a case for which it was never intended, 
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Another point to be remembered is that practical rules for use 
in design are not necessarily sound because the structures 
resulting therefrom satisfactorily fulfil their function. Such rules 
may make the structure much heavier, and therefore much more 
costly, than necessary. Our aim in the theoretical investigations 
‘should be to eliminate as many uncertainties as possible, and not 
to be merely content in erecting something which will stand, 

Commercial Aspect of Design:—If the word ‘scientific’ 
is used in its best sense, the commercial aspect differs very 
‘slightly from the scientific aspect. There are certain points, 
however, that we would like to deal with which point to .the 
necessity of considering the merely commercial aspects. Firstly, 
there is the question of the sizes of sections adopted. Care 
should be taken that as much as possible is used of the same 
section, and that such section should be easily obtainable. The 
cost ofa given structure may be increased largely because a section 
is specified which has to be rolled specially—although sections 
figure in makers’ catalogues they are not always readily obtainable. 
In riveted work, too, much additional cost is often involved by an 
unnecessarily irregular pitch of the rivets, and fancy forms of 
cleated connections are often shown which have no advantage over 
the simple forms. We will deal with these points in greater 
detail in considering the separate designs in subsequent chapters. 

The designer should avoid curved lines wherever possible in 
his design. It costs a lot to cut plates to a curye, and there is 
generally no reason for them. Some might urge that curved 
forms are more pleasing to the eye, and some go as far as to put 
cast-iron rosettes on the plates of plate-girders. But it is better 
to agree that no steel structure is artistically beautiful, and that to 
attempt to decorate it by curved gusset plates and rosettes is to 
make it really more ugly, because it has cost more and is still an 
eye-sore to the artist. There is, also, a theoretical objection to 
curved members, viz., that the loading on such bars is eccentric, 
and stresses are therefore much increased. 

Where practice necessitates our putting theory aside some- 
what, we should always keep this in mind in our calculations. For 
instance, theoretically the centre-line of the rivets in a T section 
should coincide with the centroid line of the section. In practice 
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this is impossible, as the head of the rivet could not then be 
‘closed. But we must remember in designing structures using 
such sections as the ties or struts that the load is eccentric and 
‘that ‘due allowance must be made for this. 

Working Stresses and Factor of Safety.—The ques- 
tion of the working stresses to adopt in practice is of the utmost 
importance, and if our design is to be of any real value we must 
have clear ideas as to such working stresses. 

In dealing with working stresses we often speak of the factor 
of safety. This may be defined as the factor by which the 
working stresses may be multiplied to give stresses which will 
result in failure. ‘This phrase is.one which is often used glibly 
without any real meaning; and it has been suggested that in 
many cases it would be better called the factor of ignorance. If 
we design a structure with a factor of safety of four, say, we 
certainly do not as a rule mean that the structure could bear four 
times the load without failure. ‘This is because there are certain 
‘contingencies that we do not allow for in our design. Our aim 
should be, however, to make our calculations so that the factor 
-of safety has as exact a meaning as possible. This can be done 
‘only by choosing our working stresses skilfully and by making 
allowance for as many points as possible. For steel-work it is 
‘common to adopt as a working stress in tension, one-quarter of 
the breaking stress in tension and to say therefore that the factor 
of safety is 4. Many designers forget, however, to make the due 
-allowance for live or variable loads. ‘The basing of the factor of 
safety on the breaking stress is also open to a very serious 
objection, viz.: that the e/astic limit of the material is the 
point which really determines the safety of the structure. If the 
‘stresses are above the elastic limit, failure is almost certain to 
‘ensue, especially in the case of compression members or struts. 
Professor Arnold has recently drawn fresh attention to the 
importance of this point. It would, therefore, be better to base 
the working stresses on the elastic limit and specify for a definite 
minimum value of such limit in the steel. The point commonly 
‘urged against this method of procedure—viz., that the elastic 
‘limit is a much more variable quantity than the breaking stress— 
‘seems ito us to be one in favour of its adoption. It is certain 
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that stresses beyond the elastic limit are very dangerous for any 
structure, and if this quantity is a variable one we ought to know 
it for the material that we are using, and base our working stresses 
on it accordingly. We would suggest that the dead-load or static 
working stress should be taken as one-half of the true elastic limit. 

The following tables of stresses may be used for obtaining the 
working stresses for dead Joads in design :-— 











Working Stress in Tons. 
.. Dimensions of 
Material. | ‘ 
| | Stresses. 
Tension, | Compression. Shear, 
ssn ced Se Se ie ee OS - senahe 
Mild steel Bices | eugomirh 6 5 tons per sq. in. 
| 
Wrought iron 5 4 4 » ” 
Cast iron 4 4 3 op ) 
Oak an ik 16 Trae 5 _cwt. per sq. in, 
(across grain) | 
Pine, yellow 3 (ere Seal »» ” 
| (across grain) | 
: 600 =| 60 Ib. per sq. in. 
Cement concrete) Ge (bending) 
Dis 204 ia Il 500 | | ” ” 
i | (clirect) 
Granite ... seu ee | Bo aa tons per sq. ft. 
} 
Sandstone 1 | Bg 
Yorkstone J | ) 2 
Limestone vee fo Toa Son » » 
k 5 | | 
Brickwork in | 
cement mortar P 8 == PS) ” 
Save (adhesion) 
» Inlime mortar} +4 Orc ailhabi teat doa » ” 
(adhesion) | 








Allowance for ‘ Live’ Loads or Variable Loads.— 
There are two principal methods of allowing for live loads which 
are in effect the same. ; 


(a) EquivaLent Drap-Ltoap Merrsop.—According to this 
method the static stresses are used and the loads are increased 


5 dais 
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to give the equivalent dead load. ‘The ways for allowing this, 
Eee (rt). equivalent dead load = dead + 2 live load. 
‘This may be called the dynamic formula. 


(2) equivalent dead load 


9 45 p72 
N+ AJP 4 (w - *) 
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= We = 


Where 7 is the variation of load, and w is maximum load, x 
being a constant which. may be taken as 1°5 for steel. This 
formula is deduced from Unwin’s formula for Wohler’s experiments. 

For steel we get ; 
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15 * + Nee P+ 4 (wo = “) 
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When the variation is from zero to a maximum, we have 


Aaah Then w. = 2°1 w. 


(3) equivalent dead load = maximum load + variation. 


(2) VartaBLE WorKING Stress MeErHop.—According to 
this method the working stress is varied according to the relative 
amounts of live and dead loads. 

The common ways of allowing for this are : 

(1) Launhardt-Weyrauch method. 
minimum load 
5 (: ars ) 


mT o s = - 
Working stress = | 2 xX maximum load 


/ being the static or dead-load working stress. 
(2) Dynamic method. 5 


Working stress = live load >“ Deing as before. 


1 + total load 


Take as a simple numerical example the case of a member of 
a -roof truss in which the dead load is a tension of 5 tons, and the 
wind on one side causes a tension of 2 tons and on the other side 
a compression of 1 ton. The various methods give the following 


results :— 


46 The Theory and Design of Structures. 


(a) (1) Equivalent dead load = 5 + 2 x 2 = g tons. 





5 


rs x34 0/2795 x9 +4(7-3) 


(2) ” ” = —-— t ra2e 
= 8-2 tons. 
(3) ” ” = 7 + 3 = ro tons. 
: f j 
(6) (1) Working stress = ae (: i +) 
Oe 
x ie 
(2) ” ” = erp a= da 
1 oh 9 


7 
Assuming the material to be mild steel. 
(6) (1) comes working stress = 6 tons per square inch. 
(2) ” ” = 54 » hee 
Taking the material as mild steel, the requisite number of 
square inches in the sectional area of the tie, are— 





(a) («) ae = 128 square inch. 
8-2 
SF eraallaaat es whens ” 
(2) 7 7 
10 
(Nora to Sean eas 
(6) (2) Bias I'°l7 
6 ” ” 
7 
aaa iced AUTO Cree ) 
(2) 54 . 3 , 
If consideration of variation of stresses be neglected altogether, 
ae ‘ 
we should have—area = S ce ing 1 square inch, 


WIND PRESSURE. 

From the very nature of the subject, the pressure due to the 
wind is one of the most troublesome factors to allow for in the 
Theory of Structures. Until the Tay Bridge disaster in 1879, 
comparatively little attention was given to the subject by engineers, 
and although since that date much valuable information has been 
collected, we still know comparatively little of the action of wind 
on structures in the neighbourhood of other structures. The 
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pressure due to wind has been measured experimentally in three 
principal ways. 

(1) By calculating the pressure necessary to overturn railway 
vehicles which have been overturned by the wind, The maximum 


deducing the pressure therefrom. Smeaton’s formula, published 
in 1759, is that p = ‘oo5 V” where V is the velocity in miles per 
hour, and / the pressure in pounds per square foot. This 
formula is now considered as giving results too high, and from 
the experiments at the National Physical Laboratory (Vol. CLV 1s 
Proc. Inst. C.£.) the formula has been deduced as p = ‘0027 V2. 

(3) By measuring the pressure on plates exposed to the wind. A 
large number of exceedingly valuable experiments of this kind 
were made by the late Sir B. Baker prior to the erection of the Forth 
Bridge, and records have been kept up since that date. ‘The fol- 
lowing figures, taken from an excellent paper by Mr. Adam Hunter, 
A.M.1L.C.E. (Vol. XVIL, 4, Jour. Junior Inst. of Engineers), show 
the maximum results of some of these experiments. 






























































Pressure in pounds per square foot. 

Yes, | Date fRevolvin| Santt | tage |'Gringe | Right, | Oat 

gauge. gauge. gauge. of large Se 
gauge. 
15 sq. ft. | 1°5 sq. ft. | 300 sq. ft. | 1°5 sq. ft. 

1884 | Oct.27 | 29 23 18 == aS S.W. 
5 See) 26 29 10) SAO eae ee S.W. 
1885 | Mar. 20 | 30 25 17 Saad re W. 
ey Dee. 4| 25 Ai) 19 Ra = W. 
1886 | Mar. 31 | 26 31 19) | 2855.) 22-0 | Siw. 
1887 | Feb. 4 26 41 LU Stir = S.W. 
1888 | Jan. 5 27 16 7 as a sylde 
‘5 Nov. 17 | 35 41 27 sa cai Ww. 
TASSEXO) [es rp NAS 7/ 34 12 = aS Salve 
1890 | Jan.19 | 27 28 16 = es S.W. 
A a me 26 28 15 == = W. 

9 Pee or ane Te | 285 lee |W Say 
Average ...... | 27°6 | 29° | 1679 | — oe —- 
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Since the erection of the bridge, records have been kept on 
small gauges 1°5 square feet in area placed at different heights 
above high-water level. The following figures show the maximum 
pressures recorded, the two readings at 214 ft. being at the 
respective ends of the bridge. 




















Pressure in pounds per sq. foot at various heights. 
Year Date. = = 
50 ft. 163 ft. ard ft. || 2x4ift- 378 ft. 
is ~ = | ae ta aha 
IQOL Jan. 26 — 15 25 — 65 
Nov. 23 — 50 55 55 60 
1902 Wecwus —_ 27°5 31 34 18 
1903 Jan. to 15 20 25 27°5 60 
” » $f ae. 19°5 29 26 65 
) Mar. 18 20 20 25 29 31 
4 ban eet 10 20 20 Ben 54 
1904 ye Aw) — 20 32 27 52 
99 Dec. 29 — 22°5 22°5 B2c5 — 
1905 Jan. 20 — 21 30 23 — 
3 Mar. 18 — 32°5 32°5 42 60 
i Feb. 28 10 22 20 20 38 
1906 Jan. 26 15 — — —. 59 
8 ne ie Io 20 23°5 25 30 
bs Feb. 8 sie) TS, 25 25 55 
JEN EVENS Re osga0nc 13:0 230 28'0 30'0 50'0 

















The following points may be inferred from these experiments 

in which the gauges were placed vertically. 

(t) The pressure of wind increases with the height from the 
ground. ‘This may be explained as being due to a drag- 
ging or frictional effect which the ground has on the wind. 

(2) The pressure on small surfaces is considerably greater than 
that on larger surfaces, the wind acting in local gusts. In 
the above experiments the revolving gauge always faced 
the direction of the wind, and the fixed gauges faced By. 
and W. We may infer from the above that the average 
pressure on a large area is about two-thirds that obtained 
from anemometer records in the neighbourhood. 
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(3) The pressure on a small area surrounded by a larger area 
is somewhat, but not much, smaller than that on a small 
area alone, so that the effect of the edges is not very 
appreciable. 

Inasmuch as larger pressures than 30 lb. per square foot on 

a large area occur very seldom, Mr. Hunter, in the above paper, 
suggests that a pressure of 30 lb. per square foot in sufficient to 
design for in practice. 

This seems to be a very reasonable suggestion, provided that 
the wind pressure is treated as a “ve load in calculating. the 
stresses. 

Various authorities and regulations adopt pressures of 40, 50, 
and 56 lb. per square foot, and when the higher figures are 
adopted the wind pressure may be taken as if it were a dead load. 

DirEcTION or WIND PRESSURE AND PRESSURES ON INCLINED 
Surraces.—The pressure due to the wind is always taken as 
acting perpendicularly to the surface on which it acts. 

When the surface is inclined to the vertical, the wind pressure 
is obtained in terms of the pressure on a vertical surface. Let @ 
be the inclination of the surface to the horizontal, and Py the 
pressure on a vertical surface.- 

Then according to the formula based on Hutton’s experiments 

Pg = Py sim 654 cos@/— 

According to Duchemin’s formula 


2 sin 6 
Paes —— 
8 1 + sin? 0 





A very simple rule suggested by Prof. Karl Pearson is to take 
P, as 50 lb. per square foot and Pg as as many Ib. per square foot 
as there are degrees inclination in 6, up to the value @ = 50° and 
take the value 50 for all values beyond. ; 
This rule may be put in more general terms as follows ; 


Pe = rae up to @ = 50°, beyond which Pg = P, 





Although more complicated than the accuracy of any experi- 
ments on wind pressure would seem to justify, Hutton’s formula 
has been adopted most generally, and so we give the following 

4 
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table for use therewith. The co-efficients in this table are those 
by which P, should be multiplied to give Pg. 
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| eet ner || 2e) Banoo ense (Ke lh, Woh || KOE |), ye) 
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WIND PRESSURE ON COLUMNS AND CHIMNEYS.—-The total 
wind pressure, which may be taken as acting at the centroid, on 
chimneys and columns of square section may be taken as P, x A, 
where A is the area of the vertical cross section. 


For round sections Pressure = ‘5 P,. A 
», hexagonal ,, 4) = 165) Py 
», octagonal ,, i; = 5 Py. A 


Boarp or TRADE RECOMMENDATIONS FOR WIND PRESSURE 
ON RAILWAY STRUCTURES. 


Extract from the Report, dated May, 1881, of the Committee 
appointed by the Board of Trade to consider the Question 
of Wind Pressure on Railway Structures. 


‘We are of opinion that the following rules will sufficiently 
meet the cases referred to:— _ 

‘(x) That for railway bridges and viaducts a maximum wind 
pressure of 56 lb. per square foot should be assumed for the 
purpose of calculation. f 

‘(2) That where the bridge or viaduct is formed of close gir- 
ders, and the tops of such girders are as high or higher than the 
top of a train passing over the bridge, the total wind pressure 
upon such bridge or viaduct should be ascertained by applying 
the full pressure of 56 lb. per square foot to the entire vertical 
surface of one main girder only. But if the top of a train passing 
over the bridge is higher than the tops of the main girders, the 
total wind pressure upon such bridge or viaduct should be 
ascertained by applying the full pressure of 56 lb. per square foot 
to the entire vertical surface from the bottom of the main girders 
io the top of the train passing over the bridge. 

(3) That where the bridge or viaduct is of the lattice form or 


ergo 3 : span 
* This is the common pitch for roof trusses, height = P 


% 
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of open construction, the wind pressure upon the outer or wind- 
ward girder should be ascertained by applying the full pressure of 
56 lb. per square foot, as if the girder were a close girder, from 
the level of the rails to the top of a train passing over such bridge 
or viaduct, and by applying in addition the full pressure of 56 lb. 
per square foot to the ascertained vertical area of surface 6f the 
ironwork of the same girder situated below the level of the rails 
or above the top of a train passing over such bridge or viaduct. 
The wind pressure upon the inner or leeward girder or girders 
should be ascertained by applying a pressure per square foot to 
the ascertained vertical area of surface of the ironwork of one 
girder only situated below the level of the rails or above the top of 
a train passing over the said bridge or viaduct, according to the 
following scale, viz. :— 

‘(a) If the surface area of the open spaces does not exceed 
two-thirds of the whole area included within the outline of the 
girder, the pressure should be taken at 28 Ib. per sq. ft. 

‘ (6) If the surface area of the open spaces lies between two-thirds 
and three-fourths of the whole area included within the outline of 
the girder, the pressure should be taken at 42 lb. per sq. ft. 

‘(c) If the surface area of the open spaces be greater than three- 
fourths of the whole area included within the outline of the girder, 
the pressure should be taken at the full pressure of 56 Ib. per sq. ft. 

‘(4) That the-pressure upon arches and the piers of bridges 
and viaducts should be ascertained as nearly as possible in con- 
formity with the rules above stated. 

‘(5) That in order to ensure a proper margin of safety for 
bridges and viaducts in respect of the strains caused by wind 
pressure, they should be made of sufficient strength to withstand 
a strain of four times the amount due to the pressure calculated 
by the foregoing rules. And that, for cases where the tendency 
of the wind to overturn structures is counteracted by grayity 
alone, a factor of safety of two will be sufficient.’ 





The above notes on wind pressure should give sufficient infor- 
Mation to enable the reader to see what pressure per square foot 
to adopt for the pressure of wind in design. We will deal with 
the manner in which the stresses due to wind pressure are calcu- 
lated in later portions of this book, and in particular the stresses 
in roof trusses due to wind will be dealt with at considerable 
length in the chapter on Framed Structures. 

See Appendix, page 561, for Stanton’s experiments on wind 
pressure. 


CHAPTER II. 
FORCES, AREAS, AND MOMENTS. 


Graphical Consideration of Resultant of Force 
System.—Forces are rotor quantities, ze. they can be repre- 
sented in magnitude, direction, and position by straight 
lines, and so the magnitude and direction, but not necessarily the 
position, of a number of forces is given by the law of vector 
addition, viz.:—The resultant or sum of a number of vector 
quantities (¢.e., those having magnitude and direction but not 





Vector Figure 


Fig. 15.—Vector Polygon Construction. 


position) is obtained by placing them end to end, preserving 
_their directions and a continuous sense of their arrow-heads. The 
final step from the beginning of the first vector to the end of the 
last is termed the vector sum. 

In. dealing with vector quantities we. shall find it very con- 
venient to use Bow’s notation, z.e., to number or letter the 
spaces between the vectors, denoting any particular vector by the 
spaces between which they lie. Suppose for example o, 1; 1, 2; 
2, 3; 3) 4 (Fig. 15) represent a number of forces in one plane. 
To some convenient scale, draw 0, 1 on a vector figure to repre- 
sent the force 0, 1 in magnitude and direction; then from rt draw 
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1, 2 to represent the force 1, 2 in magnitude and direction, and so 
on until the last force 4, 5 is reached. Then the line joining the 
first point in the vector figure to the last point, z.e., 0, 5, will give 
the magnitude and direction of the resultant of the forces, and 
the line 0, 5 is called the closing line of the vector polygon. 
Now if the given forces are in equilibrium they can of course 
have no resultant, and so the first and last points of the vector 
polygon of a number of forces in equilibrium must coincide. 

In dealing with problems in which we wish to find the re- 
sultant of a number of forces, we usually require to know the 
position as well as the magnitude and direction of the resultant; 


° 





Vector Polygon 


Fig. 16.—Link and Vector Polygon Construction. 


and unless all the forces pass through the same point, in which 
case the resultant will also pass through that point, some separate 
construction must be used. Such construction is known as the 
link and vector polygon construction, and is as follows :— 
Let 0, 1; 1,2 (Fig. 16), and so on, be a number of forces not 
necessarily parallel nor concurrent. To some suitable scale set 
down on a vector figure 0, 1, 2, and so on, then as before the 
closing line 0, 5 gives the magnitude and direction of the re- 
sultant.) Now take any point or pole P at any convenient position 
on the paper and join P,o; P,1; and so on. Then draw any- 
where across the line of action of the first force a line a, £ 
parallel to p,o and cutting the line of action of the force in a; 
across space 1 draw a, @ parallel to P, 1; across space 2 4 d 
parallel to p, 3, and so on until the last line or link parallel to p, 5 


54 The Theory and Design of Structures. 


is reached. Produce this last link to meet the first link in /, then 
the resultant R will pass through the point f, and the figure a, 4, 
6, a, é, fis called the Zink polvgon, or by some writers the funicular 
polygon. 

Proor.—By the law of vector addition, the force o, 1 on the 
vector figure is equivalent to forces oP, P1 acting in fa and ab; 
the force 1, 2 is equivalent to forces 1 Pp, P 2 acting in 6a and bc, 
and so on, the last force 4,5 being equivalent to forces 4P, P5 
acting in de and fe. It will be seen that with the exception 
of the forces down fa and fe all these forces neutralise each other, 
and so the resultant of the whole system of forces. is the same as 
that of fa and fe, and therefore acts at the point of intersection / 
of these forces 

This construction will fail if the first and last links are parallel, 
and if this happens, either (a) p has been chosen on the line 0, 5 
or (6) the vector polygon closes (0 and 5 coincide), in which case 
the forces are in equilibrium or else reduce to a couple. 

We shall have constant application of this link and vector 
polygon when we come later to consider bending moments and 
stress diagrams for wind pressure, &c., but the student should 
make himself familiar with the construction at this stage by trying 
some examples on the drawing-board. 

Resultant of Forces by Trigonometrical Resolu- 
tion.—If a force F, act at an angle 6, to any reference line 0 x, 





Fig. 17. 


Fig. 17, then the components of the force in this direction and 
at right angles to it are given by : 


Soe eCOSNGy 
Vie = Be Sing; 


Now suppose there are a number of forces F,, Torii evel eee 
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F,, acting at angles 6,, 65, 4, .... 9,, then the total component in 
the direction 0 X is given by— 
X = Fy cos 0; + F,cos6, +... . F, cos 6). 


This is written for convenience— 
D 
X= S| BECOSIO) eric temn cee OU nl: (1) 
1 


And similarly the al component at rigl as Cee ee 
a y the tot I t ght angles to o y is given 


Y =F, sin 6, + 1,/sin. 6,  . 2. Basin 6, 
n J 
Pee Ng Pe (RMS TILA) on lees acdisescuicatos. cates wisctater em eiae 2 
; : ( Nike ee clack wictiae shoals sat heme Be mT eo (2) 


Z 





Fig. 17a.—Resolution of a Force in Three Directions. 


Then if the magnitude of the resultant is R and the inclination to 
the direction 0 x is a, we have from equations (1) and (2)— 


R= xX? 4 ¥?. 
Y 

tana = Xx 

If all the forces are not concurrent, then as before some 
additional means must be used to obtain the position of this 
resultant; in this case this is effected by the Principle of 
Moments, which we will consider later. 

Resolution of a Force in Three Directions, not 


Concurrent.—A force F can be resolved in three directions, 
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ABC, as follows. Produce one of the lines, say a, to meet the line 
of action of the force at a, Fig. 17a, and produce the other two 
directionsSto meet at 6; set out a length o, 1 to represent the 
force F and draw 1, 2; ©, 2 parallel respectively to the direction 
, and the line a, 4; and then draw o, 3 parallel to one of the 
other directions, say c, and 2, 3 parallel to the remaining direction 
p, and 1, 2; 2,33; and 3,0 then give the resolved portions in the 
three required directions. 

The Determination of Areas.— (a) MarHEMATicaL 
Meruop.—If F (x 0) ,represents a function of « and the graph 











Fig. 18.—Sum Curve Construction. 


of the function be drawn, then the area between graph and the 
axis of w is given by the expression: 


A = [P@ex 


In practice, in the determination of areas, this method may 
become practically unworkable if the equation of the curve cannot 
be simply expressed or if the integration cannot be performed. 
As these conditions often occur we have to rely.on the plani- 
meter or on the following 

(2) GrapHIcAL MrrHop.—lIf a curve be plotted on a hori- 
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zontal base and a new curve be drawn, such that its ordinate 
at any point represents the area of the given curve up to that 
point, the new curve is called the Sum curve or Integral 
curve of the given curve, which is called the Primitive curve. 
The sum curve can be obtained graphically as follows: Let 
ACD, Fig. 18, be any primitive curve on a straight base a B. 
Divide a B into any number of parts, not necessarily equal (but 
for convenience \of working they are generally taken as equal). 
These so-called base elements should be taken so small that the 
portion of the curve above them may be taken as a straight line. 
About 1 cm. or “4 in. will usually be a “suitable size and in most 
cases a smaller element rz will come at the end. Find the mid- 
points, Tl 2G &c., of each of the base elements and let the 
verticals arowen these mid-points meet the curve in 1a, 2a, 3a, 
&c. Now project the points on to a vertical line az, Oite ob- 
taining the points 10, 26, 36, &c., and join such points to a pole p 
on A B produced and at some convenient distance p from A. 
Across space 1 then draw A d@ parallel to p 14; de across space 2 
parallel to p 2d, and so on, until the point zis reached. ‘Then 
the curve Ade....7 is the sum curve of the given curve, and to 
some scale B 7 represents the area of the whole curve. 
Proor.—Consider one of the elements, say 4, and draw fo 


horizontally. 
Now Af, g, 2 is ‘similar to the A p, 4d, a 





_ £0 _ 40,8 
een Om 
but pA = pand 40, A = 4, 4a 
FeO TAG area of element 4 of curve 
. £0 = D = ? a 
al area of element 3 of curve 
Similarly fg = —— a tee a and so on 


‘. Ordinate through g = go + fg +--+ 
area of first four elements of curve 


Ow p 


The curve Ade.... 1s the sum curve required. 
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Then if px be measured on the vertical scale and / be 
measured on the horizontal scale, the area of the whole curve will 
be equal to pf x Bux. 

It is obviously advisable to make # some convenient round 
number of units. 

The sum curve obtained by this method may have the same 
operation performed on it, and thus the second sum curve of the 
primitive curve is obtained, and so on. 

If the operation be performed on a rectangle, the sum curve 
will obviously come a sloping straight line, and if the sum curve 


Fig. 19. 


of a sloping straight line be drawn, it will be found to be a 
parabola. In the case in which it is required to apply this con— 
struction to a curve which is not on a straight base, the curve is 
first brought to a straight base as follows : 

Suppose ac Bd, Fig. 19, is a closed curve. Draw verticals 
through a B to meet a horizontal base a’ B!. Divide the curve 
into a number of segments by vertical lines at short distances 
apart, and set up from the base a B lengths a,, 4,, &c., equal to. 
the vertical portions a, 0, &c., on the curve. Joining up the 
points thus obtained we get the corresponding curve a’¢, 8’, on 
a straight base. 

(c) Sutpson’s Rute.—Divide the base into an even number 
of equal parts (each equal to c) and measure all the corre- 
sponding ordinates. 


Moments. ey 


Then area of curve is equal to: 
{ twice sum of four times sum of sum of first) 
J 


I 
3 fC (even ordinates odd ordinates and last ordinates 
(2) Parmontier’s Rute. — Divide up base and measure 
ordinates as above, then area of curve is equal to: 


2c x Sumofodd _ © { ( second first ) y ( Ie Bete) Ne 
! 


ordinates 6 i ordinate —_ ordinate ordinate ordinate 


Moments.—First Momen’s. 
(oe (J) | 
The product of a see - by its distance 7 from a given 
sae wl 
? [ force | 
point or axis is called the fivs¢ moment of the - Lee | about the 
| cole 
given point or‘axis, or commonly simply the moment. 

In the case of a force, the moment measures the tendency of 
the force to turn about the given point or axis, and according 
as such turning would take place in one direction or the other 
we get positive and negative moments, the clockwise direction 
being usually taken as positive and the anti-clockwise direction as 
negative. Now if a rigid body is in equilibrium under a given 
system of forces, it can have no tendency to turn about any point 
or axis, and so we get the following fundamental rule :— 

The algebraic sum of the moments of a system of forces on aw 
rigid body in equilibrium about any point or axis ts sero. 

The following elementary numerical examples will show two. 
applications of this theorem to the theory of structures : several 
further examples will occur in the course of the book, and those 
new to the subject should work the examples given at the end of 
the book. 

_ EXampLe 1.—4 freely supported beam of 20 ft. span carries loads 
of § ton, & ton, 1 ton, and 2 tons at distances apart as shown in Fig. 20.. 
Determine the reactions Ry and Ry at the ends. 

. Now the beam is in equilibrium under the loads and reactions, and 
therefore the vector sum of the forces is zero. In the case of parallel 
forces the vector sum is equal to the algebraic sum. 

.. We have Ra + Rg = 3 + { + 1 + 2 = 3°75 tons. 


\ 
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To determine Ry, take moments round B, thus eliminating the 
moment of Rp. 
We then have— 


Moment of W, = 17 X 4 = 850 ft. tons. 
” » We=13X t= 325 5 9 
” ” W; SE Oe caer WOO CE icy) 
” ” Wy = 14 x12) — 8100) 55.) 55 


Total moment of weights = 26°75 ,,_,, 


‘This is the anti-clockwise moment, and must be equal to the clockwise 


moment Ra xX 20. 
.. We have 20 Ra = 26°75, 





Ra = = = 1°337 tons. 
Jes/saqy 34 
De Rss A ay 
= 2°AI tons. 


As a check to the accuracy of the calculations Rp 
could be found by taking moments about A. 





Fig. 20. Fig. 21. 


EXAMPLE 2.—A wall 18 ins. thick and 8 feet high weighs 10 tons. 
lind what pressure, due to the wind acting at the centre of the wall, 
would be necessary to overturn the wall. 

Taking moments round the point B, Fig. 21, the clockwise moment 
due to the wind is equal to P x @, while the anti-clockwise moment 
due to the weight of the wall is W x «2. When the wall is just about 
to overturn, these will be equal. 


eC aN ae 





10 X 9 
P= 
. 12 
jee Cows ies 1875 tons. 
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GRAPHICAL DETERMINATION OF THE First Momenr OF A 
Number or Forces apout A GIvEN Point.—This we obtain by 
means of the link and vector polygon construction (see Fig. 16). 

‘Suppose the moment of the given force system is required 
about the point @. Through Q draw a line parallel to the 
resultant R to cut the first and last links produced in % and ¢. 
Then if the point p is at perpendicular or polar distance from 
°, 5 on the vector figure, moment of force system about Q is 
equal to gh x p, eh being read on the space scale and Pf on the 
force scale. 





x J N x 
Fig. 22.—First Moment of an Area. 


Proor.—The triangles fg 7, P, 0, 5, are similar. 


Ga pes 
Sg Raat 


sen Puen. OSX 
but 0, 5 = resultant R and ¢ is distance of R from 9. 
0,5 X g = moment of force system about g. 


p x gh = moment of force system about g. 


First Moment of an Area.—Let a small element of area 
a of any figure be'situated at the point Pp, Fig. 22, and let x x be 
any straight line or axis Then if PN is drawn perpendicular to 
X X,a xX PN is the first moment of the element of area about 
the given line. Now, if the whole figure is divided up into 
elements of area such as a, and the mornents of each element be 
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taken about x x and the. whole of these moments be added 


: The first moment of the whole area is the sum of 
deiuiies such as a x PN. This is expressed symbolically as 
follows : 

First moment of whole area = 3 (a x PN). 


Now the centroid or ¢he first moment centre of an area is 
defined as the point at which the whole area can be considered 
concentrated, in order that its moment about any given line will 
be equal to the first moment of the area about the same line. 





x J N x 
Fig. 23. 


Thus if c is the centroid of the area, and c Jj is drawn 
perpendicular to x x, and the area of the whole figure is A, 
we have: 

B\ sei Guyot) 


aeh os yaatas 


This will not determine oe exact position of c, but only its 
distance from the given line x x. If the exact position of the 
centroid is required we must also take moments about some 
other line, not parallel to x x, then the distance from the two 
lines will determine its position. 

In connection with the centroid it should be noted that the 
position of the centroid depends solely on the shape of the figure, 
and not on the position of the axes about which moments are 
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‘taken. As im the case of forces, we have positive and negative 
moments in areas, the moment being positive when the given 
element of area is above or to the right of the given axis, and 
negative when it is below or to the left. 

First Moment abour LINE THROUGH CENTROID.— Now 
consider the first moment of an area about a line cc, Fig. 23, 
through the centroid. The moments of elements of area above 
the line such as that at p will be positive, and the moments of 
elements of area below the line such as that at p! will be 
negative. . 

Now in this case c J is zero, and therefore A x c J will also 


Y 


Fig. 24. 


be zero, and therefore we have the rule that the first moment of 
any area about a line through its centroid is zero. 

Pos!TION OF CENTROID WITH AXES OF SYMMETRY.—Suppose 
an area has an axis of symmetry vy y, Fig. 24. Then this line 
divides the area into .two exactly similar halves so that corre- 
sponding to each element of area at p having a positive moment 

‘about yy we have an equal element at p! having an equal 
negative moment about y y so that the total moment of the area 
about v y is zero, or y y passes through the centroid. 

If the figure has another axis of symmetry x x, the centroid 
also lies on this line, or we have the rule that the centroid of a 
figure is at the intersection of two axes of symmetry. 

_ For the determination of the position of the centroid for 
various cases, see page 81. : 


* 
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It should be noted that the centroid of an area is the same as 
the centre of gravity of a template of the same shape as the area. 

Second Moments or Moments of Inertia. — The 

( force (/) | 

product of a jim | 


volume (7) 


- by the sgware of its distance 7 from a 


[ force | 
. . “ah te mass 

given point or axis is called the second moment of the) ae,  [ 
about the given line or axis. | | 


MC 7 


volume 





Secondveid: 








Fig. 25.—Second Moment or Moment of Inertia 
of an Area. 


Now, in considering rotating bodies the second moment of 
the mass has to be considered, and this quantity has been given 
the name of the moment of inertia. In the application of the 
second moment to structural work we shall have nothing to do 
with inertia, but the term moment of inertia has been generally 
adopted, and so we shall use it; but we must remember} that it is 
really a borrowed term and quite an unsuitable one. 

APPLICATION TO AREAS.—If an element of area a is situated 
at the point p, Fig. 25, and p N is drawn perpendicular to a line 


Second Moments or Moments of Inertia. 65 


X X, then the second moment of this element of area about the 
. line x x is equal to a x PN% If, as in the case of the first 
moment, we divide the whole area up into elements and take the 
second moment of each, we see that the second moment of the 
whole area about x x is the sum of the second moments of the 
elements. The letter I is always used to denote the second 
moment, the line x x, about which the moments are taken, being 
indicated by writing it Ixy. 

Thus we see Ixy = 3 (a x PN). 

In the same way, considering the line y y, we haye : 

Iyy = D(a X PM’). 

Now suppose K is such a point that the whole area can be 

considered concentrated there so as to give the same second 


moments about X x and y y as the second moment of the area 
about these lines. 


MUnveio AN 36 1s OF ee Ie 
and PAIS KG IRe il coors 


Then the point Kk by analogy might be called the 
secondroid of the area with regard to the axes x x and y y, 
The point of importance with regard to the secondroid is that 
its position depends on the position of the lines about which 
the moments are taken, whereas the position of the centroid 
does not. 

Now, the distances of the secondroid from the lines x x and 
YY are called the second moment radii or radii of gyration about 
the given lines, and are written 2, and 4, respectively. 


.. We have— 4 
INV = ee = x(a x P N?) 
Ter 
Owe Ag). rs 
A hy? = Iyy = D(a x PM’) 











ase 
or ky = Ne x 


Now, in practice it is nearly always the second moment about 
EF 


« 
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a line through the centroid that is required, and this is obtained 
as follows : 


GIVEN THE SECOND Moment OR MoMENT OF INERTIA OF AN 
AREA ABOUT A GIVEN LINE, TO FIND It ABOUT A PARALLEL LINE 
THROUGH THE CENTROID. 

Suppose we know Ix x. 

Now, Ee = 2 (a x PN*) 

= X[a x (PS +5N)?] = B[a x (PS + d,)?] 
=e (DH te AP Sod dee) 
=D(a.Ps) +3 (a.2Ps.d,) + 3a.) 
Of the terms on the right-hand side 
(a x Ps)? = Icx (which is required). 
(ew. 2PS.dx) = 2a, Za.Ps 
= 2 d, (first moment of area about line cy Cy 
through centroid), 
2 Le XO 
=") 
2 (a.d2) =d? dea 
= d,° (area of whole figure) 
= ae UN 


, We have Ixx = Icx + A dy? 
or Igx = Tex — A ae 
Similarly Igy = yy — A dy”. 


* The Momental Ellipse or Ellipse of Inertia.—The 
principal axes of a section are defined as two axes at right angles. 
through the centroid, such that the sum of quantities such as 
a X PM, PN, or the product moment as it is called, is equal 
to zero. 

In the case of sections with an axis of symmetry, such axis 
determines one of the principal axes. 

Let x x and vy y, Fig. 26, be the principal axes of a section 
and let &, and Ay be the radii of gyration about the two axes. 
With o as centre draw an ellipse, o x being equal to 4, and o vy 
being equal to 4,. “Then this ellipse is called the momental ellipse 
or ellipse of inertia. 
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. To obtain the radius of gyration %, about a line z z passing 
through 0 at an angle @ to x x, draw %% a tangent to the ellipse 
parallel to z z, and draw 0 Q perpendicular to it, 


Then 0 0 = &, 
for Wy Sie ae 
= SC (PES aS) 
=Da(ps — wT)? 
= Za (y cos 6 — x sin @)? 
= Za.x’ sin? 6 + Lay? cos? 6 — S2xysin 6 cos 6 
= sin? 9 Ta. «7 + cos?6day? — 2 sin 0 cos O Say 





Fig. 26.—Momental Ellipse or Ellipse of Inertia, 


Now, » «y is the product moment, and as x x and y y are 
the principal axes, this is zero. 
., Ig, = sin? 0 D(a. x”) + cos? 6S (a 9”) 
Tyy sin? 0 + Ixxcos? 6 | 
AVR,’ sin? 6) + Ah? cos? @ 
hy? sin? @ + 2.2 cos? 0 


3 Nae 

he 

and therefore from the properties of the ellipsefo Q is equal 
to %,, 
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To find the principal axes in the case where there is no axis 
of symmetry, the procedure is as follows : 

(a) By graphical methods or by calculation first find the value 
of the product moment and the radii of gyration about any two 
axes through the centroid at right angles. 

Let the product moment be A Z? and the radii of gyration 
ky and ky. 

Then the angle of inclination @ of the principal axes to 2, or 
Ay are given by the relation 


Deja 
tan 216) — ioe keg 


(6) By graphical methods or by calculation find the second 
moments of the given figure about lines x x and vy y at right 
angles to each other and passing through the centroid and 
find it also about a third line zz at 45 degrees to the other two, 

Then if 0 is the inclination of the principal axes to x X and yy 
I,x+l,-2Il, 





tan 20 = [eas 
Pix he eee 
or tan 2 0 = hd — Bp 


ConpiTion rHat PRopucr Moment 1s ZERO.—It can be 
shown that the condition that the product moment about two 
lines is zero is that such lines form conjugate diameters of the 
momental ellipse. 

A numerical example on the momental ellipse will be found 
on page 165. 

Second Moments about any Two Lines through 
the Centroid at Right Angles.—A property of the second 
moments of a figure that is sometimes useful is that the sum of 
the second moments of an area, about two lines at right angles 
through the centroid, is equal to the sum of the second moments 
about any other pair of lines at right angles through the centroid. 

Second Moment or Moment of Inertia of Figure 
about an Axis perpendicular to its Plane.—The second 


* A rule that is sometimes useful in calculations for moments of Inertia is 
that: ‘The sum of the moments of Inertia about any two lines intersecting at 
right angles to each other is equal to the sum of the moments of Inertia about 
any other lines at right angles having the same intersection.’ 
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moment or moment of inertia of an area about an axis 0 perpen- 
dicular to its plane is called the polar second moment or moment 
of inertia, and is equal to Na. Pp 0%. 

Let any two axes x x and vy at right angles be drawn 
through o, and let perpendiculars PN, P M be drawn to these 
axes, Fig. 27. Then po? = pn? + NO? 

= PN? + PM? 
Sa.Po? = Sa. Pn? + Da.Pm? 
= Ikx + hy 
Therefore we have the following rule : 

The polar second monient, or moment of inertia, about an axis 

perpendicular to the plane of any area, is equal to the sums of the 


Y 





Fig. 27.—Polar Moment of Inertia. 


second moments about any two lines at right angles, drawn 
through the axis in the plane of the area. 

The Determination of Centroids, Moments of 
Inertia, and Radii of Gyration.—(a) MarHemaricat.— 
Consider the curve of a function y = F x. 

Then considering a strip of width dx parallel to the axis of «, 


Fig. 28. 
Area of curve = 7 F (x) dx 


First moment of area about oy a (GC) se % a5 


Second moment of area about 0 Y = fF (C2) Gh Sa Se oa 
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Consider for example the parabola y? = 4a, and take the 


area between the curve and the axis of x. 


Y 





Area of curve 





Now 2a? Bt = H 


2 
.. Area of curve = - 


3 
First moment about oy = favax aie axidx 
‘ ‘ -y 
1 2 6 
_ vat [xd = [ 22-228] 
0 5 0 
2 
= + ast = 2 pa 
5 5 
; é 2 pe 
., distance of centroid from oy = 2 





Determination of Centrotds. Ga 





Second moment about ov = fs ax =f: a xh dx 
B B 
: ; jee 
= 2a | xtd 6 = 2a. = xi 
(o} 7 ie} 
5 Bian 
= 4 ot pl = — BH 
7 7 
2 Be H 
Ee, 
% 2BH 
or ky = V3B 
Y res 


4 


1X 


H 
O B 
Fig. 29, 


If the second moment is required about the base x z, we 








proceed as follows : 
Igy = 


7 
Wee = Toy -A.@ 





Ty, = Ice + AG? 


eee = ee a Be 

7 75 
ee ht Sacre ae a ag - 8" 
= 52 J 55) 
== ae 
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A list of values of second moments, &c., for common figures 
will be found on page 81. 

It often happens in practice that the mathematical method is 
unworkable, in which case the following graphical methods are 
necessary. 

(6) GrapnicaL.—(1) Centroid.—Suppose we have any area 
PRQS, Fig. 30, and any two parallel lines x x and y y, at distance 
A apart. 


Draw a thin strip of the area parallel to x x and of thickness ¢ 





j [pe 
rig. 30.—Graphical Determination of Centroid 
and Moment of Inertia, &e. 


and let its centre line be p@ From one of the ends of this 


centre line, say Q, draw a perpendicular Q mM to yy and from” the 
other end draw pn perpendicular to x x. 


Join mN and let it cut P@ in Q, and produce m Q to cut 
YE sol iby 


Then the As PN Q,, MN are similar. 


PO uN eo 
"PN ML h 

PQ.PN 
, PO, = 


h 
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Multiplying through by ¢ we have : 


PQx 7X PN area of strip PQ x PN 


PQ, XxX ¢= : = ES ae 
i h h 
: , First moment of strip < ‘ox 
.”. Area of portion P Q, of strip = ————, trip about XX (1) 


Now divide the whole area up into strips and join up all the 
points corresponding to Q,, thus obtaining the “7st Moment 
Curve RQ, S. 

Then the area to the left-hand side of the first moment curve 
will be the sum of the areas of portions of strips such as PQ). 
Call this the “77st Moment Area (A,). Then we have : 

Sum of first moments of strips about x x 
IG - 
h 
First moment of whole area 
h 
.. First moment of whole area = A, 2 
First moment about x x 


or distance of centroid from x x = eae SAVE eT AR 
area of figure 
A, 


Tune ee ea (2) 


Draw any vertical line r B to cut Xx in F and yy inB and 
through F draw any inclined line, on which set out ra equal on 
some scale to A, and Fra, equal to A,, Join aB and draw a,c 
parallel to it, then the centroid lies on a line through c parallel 
to XX or YY. 


ro oe ae 
he ona 

CF A; 
ere Be 

or CF = oe 
A 


And this by relation (1) above gives the distance of the centroid 
from X X. 

(2) Second Moment.—lIf the second moment is required about 
the line x x draw Q, M, perpendicular to yy and join M, N, cutting 
PQ in Q, and let m, Q, produced cut x X in Ly. 
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Then the As PNQ,, M, NL, are similar. 


HiPsOr NT Oy 
PN Maly A 





SD ON ea ah 
A 
Multiply through by 4 then we have 


IO = 


PQ x? x PN 











PQ, X 2 = —+—— 
z h 
: area of strip PQ X PN 
3ut we have seen that PQ, x ¢ = —— = 
area of strip PQ x PN? 
mH DOkix Bas ee wat S — 
2 Pe 
; 5 second mo t of strip PQ about XN’ 
. Area of portion P Qe of strip = soone wonse a P : “+44 (3) 
yo 


Now repeat this construction for each of the strips and join up 
-ull the points corresponding to Q,, thus obtaining the second 
moment CUFVE R Qo S. 

Then the area to the left-hand side of the second moment 
-curve will be the sum of the areas of portions of strips such as 
PQ) Call this the second moment area (A,). Then we have: 


4. — Sum of second moments of strips about x x 
A, = : : 


he 
az Eas, 
7p 
on nae = A, / rettates orelicla er oletel eleva: pievels ietelaie’els\w 0) e/s'e/e ise dlelelefe (4) 


Some care is required in determining which area to read as 
A, or Ay. It does not matter whether the verticals are drawn 
downward from p or from @, but when the moments are re- 
‘quired about one of the lines, say x x, read, for the first 
moment area, the area on that side of the first moment curve 
from which the perpendiculars are drawn to x x, and in 
drawing the second moment curve draw from the first moment 
points, such as Qj, perpendiculars to the other line y y, again 
reading the area to the side from which the perpendiculars were 
drawn to XX. 
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Now, on the line Fa set out ra, equal to A, on the same 
scale to which the other areas were drawn, and join a, 8, drawing 
aD parallel to it. 

On pr describe a semicircle, and draw a line CE parallel tox x 
to meet it in PB. 

Then ck will be equal to &,, the radius of gyration about cc. 











PROOF. 
ED F ay ING, 
FB FQ, ay 
Ax Ixx : 
si POSES a nn ie 
5 Ay eigenen 5, Cig 
h 
Ne aoe Ee 
rE FC 
Iwona aiakte: 
READ 
KE 
Now rE? = FC 
Re = CE? 
PCH he 





But we have already shown that 
het pe ye 
anu Dy steae itor 


NUMERICAL EXAMPLE.—Graphical Determination of Radius of 
Gyration of Rail Section about Centroid. 


Fig. 31 shows the graphical determination of the radius of gyra- 
‘tion about the centroid parallel to the base of a British Standard 85 Ib. 
flat rail section. 

Since the section is symmetrical about a vertical centre line, the 
first and second moment curves need be drawn only for half the 
‘section, this simplifying the construction considerably. The lines XX 
and YY are taken as the horizontal lines, touching the section at top 
and bottom. 
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The areas A, A,, A, are next found by planimeter or by sum-curve 
construction. (To avoid complication of figures, the sum curves for the 
first and second moment curves are omitted.) The first and second 
moment areas are to the left of the curves. 

When multiplied by two, because only half the section was con- 
sidered, we get :— . 

A = 8°36 sq. in. A, = 4/02 sq. in. Ay = 3°05 sq. in. 


To the side of the figure a vertical F B is drawn between the x x 
and y Y lines, and the points @, a, @ obtained as shown. 


Seelion, 
Y ee oes ee Zi Y 


a —— 







Sum Curve of - 
Half Fai 


Fig. 31.—Rail Section. 


Then by joining aB and drawing @,C parallel, we get the point c,, 
CF giving the distance of the centroid from XX ; and by joining a B 
and drawing aD parallel, we get the point D. 

On DF a semi-circle is drawn, and CE is drawn horizontal to 
meet the semi-circle in E. 

Then CE = &, which on measuring will be found to be 1'91 in. 

This construction should be gone through as an exercise. 
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APPLICATION OF ABOVE METHop To Cask or RECTANGLE.— 
Let ABCD, Fig. 32, be a rectangle of base 4 and height 4, and 
take the lines x x and yy through cp and Ba respectively. Then 
the first moment curve will be the diagonal B ED, while the second 
moment curve will come a parabola BF D, so that :— 


Nig 2 

An eee 
3 
Se eee, Ooi 
3 a 


gd. — x4 _ Oh hk _ih 


ERS Wey ea 
Igo = Ixx - Ad? 

_ b kB bh. _ bhs 
3 4 12 








a If 


x D C5 aX 


Fig. 32.— Moment of Inertia of Rectangle. 


ALTERNATIVE GRAPHICAL CONSTRUCTION—Monr’s METHOD. 
—The following graphical method for obtaining the second 
moment about the centroid is in some cases more convenient in 


f 
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use than the one previously given. Divide the area, Fig. 33, up 
into a number of small strips of equal breadth, parallel to the 
direction about which moments are taken, and draw the centre 
line of each of said strips. Then if the strips are sufficiently small 
(we have only taken a few strips in the figure to avoid complica- 
tion) the lengths of these centre lines represent the areas of the 
separate strips. Now, on a vector line, to some scale, set out 
0,1, I, 2,...6,7 to represent the area of each strip, and take a pole p 








Fig. 33.—Moli’s Construction for Moment of Inertia. 


at distance = } total area 0,7 from this vector line. Then any- 
where across space o draw and produce a line @& parallel to 0,P ; 
across space 1 draw ad parallel to p 1; across space 2, &c parallel 
to P 2, and so on until the point g is reached. Then draw the 
last link g 4 parallel to the last line p 7 to meet a@/ in X. 

Then the line cc through the centroid passes through /, and 
if a is the area of the shaded area, and A is the area of the figure, 


Igg of figure = A x a. 
Proor.—Consider one of the elemental areas, say o, 1, and 
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produce a é to meet the horizontal through / in 4". Then, by the 
law of the link and vector polygon construction, treating the areas 
of the elements as forces (proved on page 6r). 

r 


oh = moment of first force about cc x ———_____ 
polar distance 


I 
=0,1 xX # x ~—————_ 

f 4 total area 
2 


= 0O1X "x5 
Area of Aah = 4014 x x 
Oy 36 ae 46 





BN, 
second moment of element about cc 
A 
: second moment of figure about cc 
., Area of shaded figure = a = — ee 





A 
#é., Aa = second moment of figure about cc. 


The proof that % determines the centroid will be found on 
page 54, where it is proved the meet of the first and last links. 
determines the resultant, and in this case the centroid is where the 
resultant of the separate areas considered as forces act. 

* Equivalent Centroid and Second Moment of 
Heterogeneous Sections.—Suppose that the cross-section of 
a beam is composed of two materials for which Young’s modulus. 
is not the same, and let Young’s modulus for one material B be: 
m times Young’s modulus for the second material C. Then in 
the case of direct stress we have seen that the material B behaves. 
as if it were replaced by m times its area of the material C. In 
the case of a beam the same relation holds, so that we may 
replace the material B by an area m times as wide, the width 
being taken parallel to the line about which moments are taken. 

Then if Ais the area of material B, and A, that of material 
C, the equivalent area of homogeneous material C is given by 

A, = A, + mA 

To obtain the distance d of the equivalent centroid from a 
line X x, take first moments of the separate areas about x x and 
let them be M and M, respectively. 
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Then equivalent first moment of the second material is : 
M, = M,+mM 


To obtain the equivalent second moment about a line x x, take 
the separate second moments about x x and let them be I and I, 
respectively, then the equivalent second moment of the second 
material is given by I, =1,+ m1 

We shall give numerical examples and further explanation of 
this when dealing with flitched beams and reinforced beams. 





Fig. 34. 


The above reasoning may be shown graphically as follows : 

Let aB cp (Fig. 34) represent any area which has embedded 
in it two bars x and y of different material. For considering the 
moments about any line such as p B shown dotted, make a strip 
© F of the same depth as x, and of area equal to (m — 1) area of x 
and also a strip G H of area equal to (m — 1) area of y. 

Then the equivalent first and second moments of the 
heterogeneous section about the given line will be the same as 
a homogeneous section of form AEF BGHCD. 

We take EF = (m — 1) area of x because the bar already 
occupies an area equal to its aréa, so that equivalent area of 
second material = [(# — 1) + 1] area of xX = m x area of x. 
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Fig. 35.—Properties of Common Wiguress 
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For the properties of British Standard Steel Sections, see 
Appendix. 

Calculation of Moment of Inertia and Radii of 
Gyration of Sections used in Constructional Work.— 
The moments of inertia of sections composed of sections of 
known moment of inertia are found by adding up the moments 
of the separate parts, or subtracting when the area consists of 
the difference of known areas. 

The following examples should make the method of calcula- 
tion clear for any such case. See Figs. 36 and 37. 

(1) Box or I Section.—These are geometrically equi- 
valent as far as the line c € is concerned, because if the box 
section be cut in half vertically and the two halves be turned back 
to back, we get the I section. 

iene. = 
(2) Hollow Circular Section, 


ye n 
Neg = 64 (Dt — IDF) 
When the thickness of metal is small and equal to /, this 
} a D7 
approximates to Igg = ae a 
(3) Channel Section (neglecting inclination of sides and 
rounded corners).—Consider the section shown in Fig. 36 (3). 
Area = A=3'5 x "475 + 5°05 Xx °375 + 3°5 x 475 = 5'2109 Sq. in. 
To obtain distance d,, of centroid from x x take first moments 
about xx. Then ; 
sprites Ra wae Pata Mee 
Ax d= 3°5 x 4gg x 35 4 SOS BIS X15 4 U5 ATS X35 
= 2°910 + *363 + 2°910 = 6°183 
6183 ‘ ; 
1 ay = 5219 1185 in. 
Second moment about x x = Ixx 
Gf HEI SSS S15 28-311 Sh A iso 
3 3 o 
6°775 + ‘089 + 6°775 = 13°639 in. units. 
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ws Tog = Ixx — Ad? 
= 13°639 — (5'219 x 1185? 
= 13°639 — 7°323 = 6°316 in. units. 


Ma eo = Ji. I‘oro in. 


(4) Cast Iron Beam Section. 
Area= A=2x 1} + 7x14 6 x th = 19:5q. in. 
Moments round base 
Ads = 3X 925 +7%x 5 +9 75 

27°75 + 35 + 6°75 = 69'5 in. units, 


6 . 
ue ee eno a 
19 





swell sri Sra 
Seaeee, 3 3 3 
= 21995 In. units 


6 x 3°658" 5 x 21588 | 2X 6342? =r x 4°8928 





(5) Built-up Mild Steel Column Section.—Composed 
of two ro x 3} x 28-2r channels and four 12 in. x 4 in. plates, 
Required to find 4,.and &y. From the Table of Standard Sections 
we obtain the following information concerning the Channel 
Sections :— 

Area of each 8°296 sq. ins. 
I about centroid parallel to xX xX = 117’9 in. units 
I ” ” ” YY = 8194 » ” 


Distance of centroid from web = ‘933 in. 


. Total area of section =(4 x 12 x 4) +(2 x 8°296) = 40.592 sq. in, 
MomENT oF INERTIA ABouT X X. 


2 channels, r17°9 each = 235°8 

; 3 pip ae eueres 
2pairsof 12 x din. plates about centroid = ae ek 
A x d@? for two pairs of plates = 2 x 12 x 5°52 = 726'r 


Total a aie +. = 963'9 in. units 


a . 
inn A 9839, = 490 ins 
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MomeENT or INERTIA AaBout Y Y. J 
4.x 4 x .12° 





4 plates 12 x 4 about centroid = ae 
2 channels about centroid = 2 x 8194 = 164 
A x d* for each channel = 2 x 8'296 x 3'1832 = 16875 
ANOVA 50 na a = 472°9 
472°9 3 
se aC = 3°41 ins. 
z S qorgg2 «34 


(6) Built - up Beam Section — composed of two 
14 in. x 6 in. x 46 Ib. E beams and four rq in. x 2 in. plates, 
Fig. 37. Required 1,,. 





[Fey 






Rive/s Zz da. 















2 Plales 14x 
Fig. 37. 
From the Standard Section Tables we obtain the following 
information concerning the I beams :— 
Area of each = 13°53 
ela Ns> = GA's) 
Mean thickness of each flange = ‘698 in. 
Ixx OF WHOLE SECTION (NOT ALLOWING FOR RIVeErs); 


Ixx of two I beams = 2 x 440°5 = 8gn 
f b 2x14 5\3 
I of two pairs of plates about centroid = Ses @) = 48 
A d@ for two pairs of plates = 4 x 14 X 3 OAS! = slot 





MoOtallpeeys: oy: aH = 2920'8 
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ALLOWANCE FOR Rivets (neglect I of each rivet-hole about 
its centroid). 
Area of each hole = (2 x A + 698) 4 = 177107) 
dist. of centroid from X K = 7:276 
»» Ixy = 4 X 1704 X 7'276? = 360°8 
.. Nett Ixy = 2920°8 — 360°8 = 2560 


i] 





(7) Built-up Sections—Approximate Method.— The 
moment of inertia of built-up sections can be found approximately 
by adding the moment of inertia of the E beams or channels to 
A ad? for the plates, @ being taken as the distance from the centre 


4 ———— 











b 


Fig. 38.—Centroid of Trapezium. 


of one set of plates to x x and the nett area of the plates being 


taken for A. 5 
Taking the section of the previous example, we then get Ixy 


as follows : 
Ixx of two I beams = 2 x 440°5 = 881 


A d? for plates = 4 x a (14 == 2X ) OZ = ea 


Total approximate Ix, = 2662 in. units 





Construction for Centroid of Trapezium. — The 
following graphical construction for obtaining the centroid of a 
trapezium will be found useful in dealing with masonry structures. 

Let 4 Dc G be a trapezium, Fig. 38. Bisect the parallel 
sides A G and cD in and F and join E F. 
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Produce a G to J making G J equal to the length 4 of p c and 
produce c p to H making D H equal to the length a of # x. 


Join # Jj and let it cut E F in B. 
Then B is the required centroid of the trapezium. 


Construction for Centroid of any Quadrilateral.— 
Let E be the point of intersection of the diagonals a c and zB p of 


any quadrilateral, Fig. 39, from c set off c wn’ equal to aE and 
join p£’.and Br’. Then the centroid of the quadrilateral will 
be the same as that of the triangle B rE’ D. 

.. Bisect B &’ and &’ D in kK, H and join D kK and B 4H, then 


their point c of intersection gives the required centroid. 
A 
ye) 


=e 


Sc 
Pig. 39.—Centroid of Quadrilateral. 


CHAPTER IV. 
RIVETED JOINTS AND CONNECTIONS. 


Forms of Rivet Heads.—The most common forms of 
rivet heads and their usual proportions are shown in Figs. 40, 41. 
For structural work the snap-headed rivets are most usual, 
but countersunk rivets are used where necessary to prevent pro- 


CUP OR SNAP HEAD, 
CONICAL HEAD, 








\ | | 
b<—— |"7e¢$ set 
PAN HEAD. COUNTERSUNK HEAD, 


Figs. 40, 41.—Forms of Rivet Heads. 


jections from the surface of the plate. Smap-heads take a length 
of rivet equal to about 1} times the diameter. 

It is usual in practice to adopt a diameter of rivet when cold 
€qual to one-sixteenth of an inch less than the diameter of the 
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hole, but in all calculations the diameter of the rivet is taken as. 
being equal to that of the hole. 

Diameter of Rivets.—According to Unwin’s formula, the 
diameter of the rivet is 1:2 ,/7 where ¢ is the thickness of the thin- 
nest plate, but for structural work this rule is very seldom adopted. 
In practice a }’ or £” rivet is adopted wherever possible, and it 
is best not to use any formula to obtain the diameter in terms 
of the thickness of the plate. Some authorities use a diameter of 
#" for a 2" plate, £’ for a 4” plate, and 1” for a 8” plate. It 
is difficult to get rivets of larger diameter than rin. driven by 
hand. 

Forms of Joints.—(a) Lap Joints anp Burr Jorys.— 
In the Zap jotnd the plates overlap as shown in Fig. 42. This form 
of joint has the disadvantage that the line of pull is such as to 
cause bending stresses, tending to distort the joint as shown. 

In the duz¢ yornt the edges of the plate come flush, and cover : 
plates are placed on each side as shown, the thickness of the cover 
plates being each five-eighths that of the main plates. In this 
form of joint the pull is central, so that there are no bending 
stresses. 

In the single cover joint, which is a cross between the lap joint 
and the butt joint, there are bending stresses developed, tending 
to distort the joint as shown. 

It is clear from the above that the butt joint should be adopted 
wherever possible. 

(2) CHAIN RIVETING AND ZIG-ZAG OR STAGGERED RIVETING. 
—The different rows of rivets in a joint may be arranged in chain 
form or zig-zag form, as shown in Figs. 43, 44. As we shall see 
later, the zig-zag form is more economical, and should be used 
whenever possible. 

Methods in which a Riveted Joint may Fail.—A. 
riveted joint may fail in any of the following ways :— 

(1) By tearing of the plate. 

(2) By shearing of the rivets. 

(3) By crushing of the rivets. 

(4) By bursting through the edge of the plate. 

(5) By shearing of the plate. 

Fig. 45 shows these methods of failure. 
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Fig. 42.—Fornis of Riveted Joints. 
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(4) and (5) are allowed for by the following rule :—The mini- 
mum distance between the centre of a rivet and the edge of the 
plate is 14d, where d is the diameter of the rivet. 

If this rule is adhered to the joint will always fail first in one 
of the ways (1), (2), (3). 

The aim in designing a joint should be to make the force 
necessary to cause failure in the various ways equal, 





Fig. 48.—Chain Riveting. Fig. 44.—Zig-zag Riveting. 


We will now consider the various ways of failure in detail, 
taking in each case a strip of plate equal to the pitch of the 
rivets. 

(t) TEaRING oF THE PratE.—In this case the width along 
which fracture will occur is (#—d@), and as the thickness of the 
plate is Z, the area of fracture = (f—-@) ¢. 

Therefore, if /, is the safe tensile stress in the material, the safe 
load which the joint can carry is equal to 


Peas sort cvclaene eee (x) 
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(2) SHEARING OF THE RIVETS. 








: a 
In the case of single shear, the area sheared = 
4 
2ir a> * 
% double ,, 5 = : 


Therefore if £ is the safe shear stress on the rivet, the safe 
forces on the joint as regards shear are respectively 


Dene 

ing 
qQ2 

be nen 
4 


(3) CRUSHING oR BEARING oF Rivers.—In this case the 
crushing or bearing area is taken as the diameter of rivet multi- 
plied by the thickness of the plate, ze, @x7# Therefore, if fy is 
the safe bearing stress on the rivet, the safe force on the joint: as 
regards bearing is equal to 





1 a EY oe SN ree ats cle Raney ne (3) 


The values of f, and f, may be taken as given in Chapter II. 

For fg, 10 tons per square inch may be taken for mild steel, 
and 8 tons per square inch for wrought iron, ‘These figures are 
higher than for ordinary compression, and are obtained from the 
results of experiments. 

For structural work the strength of the joint as regards bearing 
will often be less than as regards shear, because the plates are 
often thin compared with the diameter of the rivet. 

Efficiency of Joint.—The efficiency of a joint is the per- 
centage ratio of the least strength of a joint to that of a solid 
joint, ze. 


Baiciency = 4° Least strength of joint 





NUMERICAL EXAMPLES.—-The following numerical examples 
should make the calculations on riveted joints clear. 


(1) A te bar tn a bridge consists of a flat bar of steel 9 in. wide by 
14 in. thick. Itts to be spliced by a double butt Joint. Determine the 


* A Board of Trade rule states that this-should be taken as 1°75 7d? but 
‘this rule is not universally adopted for structural work. 4 
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diameter of the rivets and their number, and give sketches showing the 
proper pitch and arrangement of the rivets. (B.Sc. Lond. 1906.) 
According to Unwin’s formula d@ = 12 /¢ = 1°34 inches. This is, 
however, rather high for practice, and so we will adopt @ = 1 in. 
Assuming that the rivets are arranged in zig-zag fashion, the 
strength of the joints against tearing through the outside rivet is equal 
to 7(9 — 1). 14 = 70 tons. 


Rivels I"Diam. 





2 
Shear strength of each rivet = 5 . — 
A 


. (1? = 7°85 tons. 
: : 5 70 Parga, 
.. Number of rivets required for shear = ay = 8°93 = say 9. 
Bearing strength of each rivet = Io x I X 14 


wm 


ll 


12°5 tons. 
70 
ieee 





-. Number of rivets required for bearing = say 6. 
9 rivets would thus be ample as regards bearing. 

The joint would then be arranged as shown in Fig. 46, the centre 
two rows being chain-riveted. 

We will now consider the strength of this joint under various ways 
of failure. 

If the. plate tears along the line A A, the force necessary to reach 
the safe limit of stress is, as we have shown above, 70 tons. 
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Now suppose that the plate tore along B B, shearing off the rivet 
in AA. 
Then strength of line BB = 7 (9 — 2)2 = 61°25 tons. 
Strength of one rivet = 7°85 Ace i 
. Total strength against failure along BB = 61°25 + 7°85 = 69'1 tons. 
Now suppose plate tore along CC, shearing off the three rivets. 
Then strength of line CC = 7 (9 — 3). = 52°5 tons. 
Strength of three rivets = 23°55 i 
. Total strength against failure along CC = 52°5 + 23°55 = 76'05 tons. 


Finally, suppose cover plates tore along D bp, then strength 
7 bate 
= TASB) ae 73°'5 tons. 
From he above we see that the weakest section is along BB. 
Least strength of joint 
Strength of solid plate 
69'1 69°1 
. = a oe = 878 Y 
CO) ei ae FASS) 
If instead of zig-zag’ riveting we had adopted chain riveting with 
‘three rows of three rivets (9 in all) the least strength would be 
(9 — 3) 14 x 7 = 52°5 tons. 


*. efficiency of joint = = = 66°7 % 


Then efficiency of joint = 





If we had four rows of chain riveting with two rivets in each row 
(8 in all), the least strength would be (9 — 2) 14 x 7 = 61°25 tons. 
*. efficiency of joint = oes = Hi Sh 
78°38 
The above shows the zig-zag riveting is considerably more efficient 
than the chain riveting, and is therefore more economical. 


(2) Design a double-riveted lap joint to connect two steel plates } tn. 
thick with steel rivets. The tensile strength of the plates before drilling 
being 30 tons per sg.in.; the shearing strength of the rivets 24 tons per 
sg. in.; and the conrpressive strength of the steel 43 tons per sq. in. 
Find the efficiency of the joint. (A.MJI.CE. Feb. 1903.) 


For 4 in. plates Unwin’s formula would give 
ad=12 PR = °85 in., say ¢ in. 


The joint is a double-riveted lap, therefore there will be two rivets 
in single shear in a width of plate equal to the pitch. 
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«. Strength against tearing per pitch = /; (f — a@) ¢ 


= 30(6-d) ~ = 15 (A - d)...(1) 








2 
.. Strength against shearing per pitch = /, nae 
BPA 2H (TV corercsrrerervvens (2) 
aa G) 
= 28'9 tons. 
If these are equal 15 (2 = Z) 25:0) 
28" 7 
p= - a 
= 1'93 + ‘87 = 2°80 say 3 in. 
Rvels& ‘Diem 
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Fig. 47. 


The bearing stress for a force of 289 tons would be equal to— 
——- = 33 tons per sq.m 
SIG wae } q 
\ 


! 2 ' I . 
the bearing area of each rivet being ; xX — = *437 sq. in. 


% Xx 


WH 


This is less than the allowable value of 43 tons per sq. in., showing, 
that a larger diameter of rivet might be used with greater economy 
but 2 in. diameter is in most cases more suitable in practice. 

The efficiency of joint in this-case is equal to 

28:9 ni 28°9 = 64'2 % 
301X031 3 4S 
The joint then comes as shown in Fig. 47. 





(3) A steet-plate tie bar in a bridge is subject to a tension due to 
dead load only of 16 tons. The stress due to live load only varies from 


36 tons tension to 10 tons compression. The tie bar ts § in. thick and ts 
H 
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to be joined to the side plate of a girder by means of a %in. gusset plate 
and double-cover butt joint. Select suitable working stresses and de- 

jon the joint, arranging the rivets so that the tie tae zs weakened b a 
oh one vivel section. (1..Sc. Lond. 1907.) 






Zz Gussel Fiafe, 


(AE over Plales 
Z “Thick 





Fig. 48. 


The maximum load in this case is 36 + 16 = 52 tons, and the 
minimum load 16 — 10 = 6 tons. 
Using the Launhardt-Weyrauch formula, we have : 


i. ( if min. stress ) 
I'5 i 2 max. stress 
va ( 6 ) : 
I+ —) = 70 
pila aon 705 f 
This gives a tensile stress of 4°93 say 5 tons per sq. in. ; a shear 
stress of 3°52 Say 3°5 tons per sq. in, ; and abearing stress of 7 tons 
per sq. in. 


Working Stress = 
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According to Unwin’s formula d = 1°2.4/°75 = 104 in., but for 
practical reasons % in. would usually be adopted. 
We now require to find the necessary width of the tie bar. Let 


this be w. 


Then (w = ae 3 is the equivalent cross-sectional area. 


she ae . 5 must be equal to the maximum pull of 52 tons. 


5 DEER IE ee 
(w-% 8 Pore 13°89 


. w = 13°89 + ‘875 = say 15 inches. 
The strength of each rivet in double shear is equal to 


27 er sraebaye 

mses e22itons: 
4 3) °3 5 

; : 2 : 
. No of rivets required for shear = Bed = 12°3. 
4°22 

We will use 14, as they give the best arrangement. 

: sade NM 307 ; 

The'strength of each rivet in bearing is equal ore Bn a4 58 tons. 


*, 14 rivets will be ample for bearing. 

The joint is then arranged as shown in Fig. 48. It is very im- 
portant in such joints that the centre line of the rivets should coincide 
with the centre line of the tie bar, or else the pull in the bar would be 
eccentric. In such joints, therefore, the rivets should always be 
arranged symmetrically with regard to the centre line of the tie bar. 


(4) Find the number of rivets necessary to the gusset plates, &c., 
at the base of a steel stanchion to the stanchion MES the load carried 
being 150 tons. The diameter of the rivets 7s & in. and the thickness of 
the plate % in. 

The kind of base referred to is shown in Fig. 215. The rivets have 
to be designed in such cases so that they will carry the whole load, so 
that if the stanchion itself does not bear on the base plate the rivets 
will distribute the load satisfactorily. 


The strength of each _-7 Gye = 3°01 tons. 
rivet in single shear 


He 
The strength of each _ 7 = 4°37 tons. 
8 


I 
rivet in bearing “2 


: 150 
. Number of rivets necessary = one 50 nearly. 
3 
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Some Practical Considerations in Riveted Joints.— 
PUNCHING AND DriLLinc or River Hoies.—It is quite common 
in this country for specifications to state that rivet holes must be 
drilled out of the solid. Punching is known to injure to some 
extent the material in the neighbourhood of the hole, and is 
thus often objected to, The extent to which punched holes 
weaken a structure such as a plate girder compared with drilled 
holes does not appear to have been satisfactorily determined, 
although such determination from a practical point of view would 
seem to be absolutely necessary, since there is a large inerease in 
cost entailed in drilling the holes. In recent years punching 
machines and means for obtaining an accurate pitch of the holes 
have been improved considerably, and when we consider the — 
increased cost of the drilling and the necessary longer delay 
before delivery, in most cases we think that punching is 
preferable. A good compromise is to punch the hole } to $ inch 
less than required, aud to reamer out to size, the damaged metal 
being thus removed; but this is considerably more expensive 
than plain punching. A method of allowing for the damage of 
metal due to punching which has been suggested, and which we 
consider preferable, is to add 4 inch to the diameter of the hole 
in calculating the tearing or tensile strength. This adds very 
little to the size of the plate and saves a large amount in cost of 
production. The point that should be very carefully seen to is 
that the holes are accurately pitched, so that the holes will 
register well when the parts are assembled, and will not require 
excessive drifting as is the case when the spacing of the holes is 
inaccurate. It is probable that many more joints are un- 
satisfactory because the rivets do not fill the holes, owing to the 
latter not registering accurately, than because the metal has been 
injured owing to punching the holes. 

There is considerable friction between the plates in a riveted 
joint, but this is not allowed for in calculations of the strength. 

PircH AND Spacinc or Rivers.—lIn order to prevent moisture 
getting between the plates and causing bulging due to rusting, or 
to prevent local buckling in the case of compression members, it 
is common to stipulate that the pitch of rivets shall not be greater 
than 6 ins., or sixteen times the thickness of the thinnest plate. 


' 
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‘The designer should remember that pitches from 3 ins. upwards, 
increasing by half-inches, should be used, and odd fractional 
pitches avoided, except where absolutely necessary. As far as 
economically possible, the same pitch should be used throughout, 
and in many cases, for girder work, &c., 4 ins. is used unless 
special conditions require a different pitch. We shall deal in 
. detail with the arrangement of rivets for plate girders in 
Chap. XVIII., the rivets in this case not being designed by 
quite the same methods which we have just given. 


B+C- a fe 





Angles. ieee and | Beams. Channels 


Pig. 49—Standard Spacing of Rivets in Rolled Sections. 


The spacing of rivets in L, T and other similar sections, may 
be taken as given in the appended table, taken from the section 
book of Messrs. Redpath, Brown & Co., Ltd. In connection 
with these sections it should be remembered that theoretically 
the centre line of the-rivets should come down the centroid line 
of the section, but in most cases this is practically impossible. 
In such cases where these sections are used alone as ties or 
struts—particularly the latter—it should be remembered that the 
loads will be somewhat eccentric, and so sections a little heavier 
than calculated are often necessary. 

Ciear CoNNECTIONS ror I Brams.—I beams are con- 
nected together by means of cleat connections. Standard 
dimensions for such connections may be obtained from the 
appended table, taken from the information given by Messrs. 
Redpath, Brown & Co., Ltd. 

Fig. 51 shows various ways in which the ends of the beams 
may be notched, &c., for such cleat connections. (a) shows a 
plain notch at top, the bottom flange of the beam resting on the 
flange of the beam to which it is connected ; (8) shows a plain 
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notch at top and angle bar at bottom ; (c) shows a shaped notch at 
‘each end resting on the flanges ; and (D) shows a plain notch at the 
top and a joggled joint at the bottom. Of these the joggled end 
is needlessly expensive. Sometimes fancy methods of connection 








Fig, 50.—Cleat Connections for I Beams. 


are seen, such as shaping the notch to exactly fit between the 
flanges of the beam (c), but such methods usually are no 
better than the ordinary ones, and are nearly always much more 
expensive. 





Fig. 51. 


Pin Connections.—Pin connections are seldom used in 
' this country nowadays, but occasionally they are necessary. 
When they are used they are designed in very much the same 
way as riveted joints. That is to say, the tearing, shearing, and 
bearing strengths of the joint should be made as nearly as possible 
equal to each other and to the tensile or compressive strength of 
the bar in which the pin-joint occurs. (See also Chap. XVII.) 
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STANDARD SPACING or Rivets. (See Fic. 49.) 
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CHAPTER V. 


BENDING MOMENTS AND SHEARING FORCES ON 
BEAMS. 


Definitions.—The shearing force at any point along the span 
of a beam is the algebraic sum of all the perpendicular forces 
acting on the portion of the beam to the right or to the left of 
that point. 

The dending moment at any point along the span of a beam is 
the algebraic sum of the moments about that point of all the 
forces acting on the portion of the beam to the right or to the left 
of that point. 

z\s the beam is in equilibrium under the forces acting on it, at 
any point the algebraic sum of the forces, and of the moments of 
the forces about’the point, acting on doth sides must be nothing ; 
so that we shall get the same numerical values for the shearing 
force and bending moment from whichever side we consider them, 
‘hut they will be opposite in sign. .We will, wherever possible, 
always consider the shearing force and bending moment of the 
forces to the right of the section, and we will take an upward 
shearing force and an anti-clockwise bending moment as positive; 
the downward and clockwise being taken as negative. 

Bending Moment and Shearing Force Diagrams.— 
If the bending moment and shearing force at every point of the 
span be plotted against the span and the points thus obtained be 
joined up, we shall get two diagrams called the Bending Moment 
(B.M.) and Shear diagrams, and from these diagrams the values 
of these quantities can be read off at any point of the span. We 
will consider the forms of these diagrams for various kinds of 
loading and for various ways of supporting the beam, and will 
first consider beams with fixed loads. We will use My, and S, to 
represent respectively the bending moment and shearing force at 
a point P, 
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B.M. AND SHEAR DIAGRAMS WITH FIXED LOADS. 


A. Cantilevers, zic., Beams fixed at one end and free at the 
other, the loads being all at right angles to the length of the beam. 
CasE 1. CaNTILEVER WITH OnE IsoLatED Loap.—Let a 
cantilever, fixed at the end p, Fig. 52, carry an isolated load W at 
the point a, at distance /from s. Consider any point Pp at-dis- 
tance x from A. 
Then we have Sp = W. 
This is constant throughout the span. 
.. Shear diagram is a rectangle of height W. 
Again Mp = W x x 

This is proportional to .. 

.. B.M. diagram is a triangle whose maximum ordinate is 
W/Z, this being the bending moment at the point B. 

Cask 2, CANTILEVER WITH Two IsoLaTtED Loaps.—Since 
the B.M. and shear at any point are defined as the sum of the 
moments and the forces to the left of that point, it follows .that 
the B.M. and shear diagrams for a number of loads can be 
obtained by adding together the diagrams for the separate loads. 
In the present case, in which we have loads W, and W, at dis- 
tances /, and /, from the fixed end, the diagrams are obtained by 
adding together the separate diagrams as shown in Fig. 52 (2). 

Cask 3. CANTILEVER with UNIFORM Loap.—Let a uniformly 
distributed load of # tons per foot run be carried by a cantilever 
AB of span 7 Consider a point p at distance x from the free 
end a. Then 

Sp = load on ap 
= DE 


This is proportional to «, and therefore the shear diagram ts a 
triangle, the maximum shear occurring at the end B, and being 
equal to #/ or W, if W is the total load on the cantilever. 


My, = moment of load / x about P 
a 


= px x — 


2 
ae ia 
oe 

This is proportional to x”, and therefore the B.M. diagram will be 
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Fig. 52.—B.M. and Shear Diagrams for Cantilevers. 
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a parabola with vertex at A. The maximum B.M. will be equal to 
2 2 
Case 4. CANTILEVER witH IsoLATED Loab AND UNIFORM 
‘ Loap.—In this case, as in Case 2, the shear and B.M. diagrams 
are obtained by drawing the separate diagrams in accordance with 
Cases 1 and 3, and then adding them together as shown in the - 
figure. , 

CasE 5. CANTILEVER WITH UNIFORMLY INCREASING LoaD. 
—Suppose a cantilever aB carries a load which increases in 
intensity uniformly from the free end 4 to the fixed end 8, Fig. 53. 
This occurs in practice in the case of a vertical wall or side of a 
tank subjected to water pressure. 

Let the intensity of load at unit distance from a be / tons per 
foot run, then the intensity at any point p at distance x from A 
will be equal to fx. The intensity of load at B willbe #4 and 
the total load equal é 

DG een es 


2 
Sp = total load to left of Pp 
2 
x x 
= pu x = Bx 
2 2 
.. Shear diagram is a parabola with vertex at A,, the maximum 
‘shear at B being equal to W. 


M, = moment of load to left of Pp 


yee x * oe 

2 3 6 

.. B.M. diagram is a curve whose ordinates vary as 2°, such 
curve being called a parabola of the third order. 

m7 . P [3 V 

The maximum B.M. at B is equal oo _ wid 
3 

The diagrams then come as shown in Fig. 53. 

Case 6. CANTILEVER wirH IRREGULAR Loap SysTemM.— 
GrapHicaL Mreruop.—Suppose a number of loads 0,1, 1,2, and 
so on, Fig. 53, act on a cantilever. To obtain the shear and 
B.M. diagrams set down o,r, 1,2, 2,3, &c., down a vector line 0,5 
to represent the forces to some conyenient scale, and take a pole 








Veclor Figure: 
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mM 


Shear Diagram 













BM, Diagram 
parabola of 3 coer 






Fig, 53.—B.M. and Shear Diagrams for Cantilevers 
(continied). 
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Pp at some conyenient distance # from the vector line 0,5 and join 
p to each of the points o to 5 on the vector line. 

Now across the lines of the forces draw ag parallel to po 
across space 1 draw @é parallel to p1; across space 2 draw d¢ 
parallel to p 2, and so on until the point / is reached. 

Then adcdefg is the B.M. diagram. 

To obtain the shear diagram, project the points o-5 on the 
vector line across their corresponding spaces, the line through the 
point o being drawn right across the span, the stepped figure thus 
obtained being the shear diagram, 

Proor.—Consider any point Pp along the span, and produce 
ab and bc to cut the corresponding ordinate Pp, Pp, of the link 
polygon at 2’ and c’ respectively. 

Now consider the As @ P, 0’ and por. 

They are similar, and as the bases of similar triangles are pro- 
portional to their heights, we have 

i ae GLY 
et ie 
TP eX ME ie O Ulan 
But o, r x a@P, = moment of force o, 1 about P. 
. p x Pp, d’ = moment of force o, 1 about P, 


Similarly it follows that 
p x 6c = moment of force 1, 2 about P, 
and ~ x ¢c’P, = moment of force 2, 3 about Pp, 
.. We see that p x P,P, = p (P} P+ +e P,) 
moment of all forces to left of p about p. 
= Mp 
.. Since # is a constant quality, it follows that the ordinates 
of the link polygon represent the bending moments at the corre- 
sponding points of the beam. 
e Now consider the shear S at p. ‘The total force to the right 
of Pp is 0, 1 + 1, 2 + 2, 3 = 0, 3, and this is obviously the value 
given on the shear diagram. 
| ScaLes.—In all graphical constructions it is extremely im- 
|| portant to state clearly the scales'to which the various quantities 
|| are plotted, and to see that such scales are convenient for 


|| reading off, 


Il 
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Let the space scale be 1 in. = x feet 
and the load scale on the vector line 1 in. = y tons i 
and let the polar distance be # actual inches. \ 

Then. the scale to which the bending moments can be read | 
Otis stele —wpe x we aynite TOMS. | 

f should thus be chosen so as to make this a convenient 
round number. ss i 

To take a numerical example, suppose the space scale’ is 
rin. = 4 ft. and the load scale is x in. = 2 tons, then if f is || 
taken as 24 ins. the B.M. scale will be 1 in. = 4 x 2 x 2} = 20 | 
ft. tons. 

If p has been taken 2 ins. the B.M. scale would have come 
1 in. = 16 ft. tons, which would not be nearly such a convenient 
scale. ; 

B. Simply Supported Beams—z.e., beams simply resting 
on two supports, the loading all being at right angles to the length 
of. the beam. Unless it is definitely stated to the contrary, we. 
will always take it that the supports are at the ends of the 
beam. 

In simply supported beams the forces acting are the loads 
and the reactions at the supports, the sum of the reactions being 
equal to the total load, and their values being obtained by means 
of moments as explained in Chapter II. As the ends are freely 
supported, there can be no bending moment at either end. 

We will now consider the following standard cases :— 

Case 1. Isotarep Loap In any Posirion.—Let a load W 
be supported at a point c on a beam A 8 of span /, the distances 
of the point c from 8 and a being 4 and a respectively. 

Then to get the reaction R, at B take moments round a. 


Then Ry 7 = Wi xa 











Re= W x @ . a 
Z 
Similarly Ry = au ; g 
Now consider a point f between B and c. 
+Wa 


Sp = Ra = 75 
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*, between p and c the shear-diagram is a rectangle of 
Wa 
height = 
Now take a point P’ between c and a. 
Sp = Rg - W 


As Nai: apy eae DeVoe ite 
7 Z 


/ 
‘ : -Wé 
*, Shear between c and 4 is a rectangle of height = —— 
In the case of the cantilever there was no need to distinguish 
between positive and negative shear because there was no change 
in direction of the shear; but in the present case there is a 
change in direction, and so we will use the rule given on /. 105, 
Now considering the bending pon 
Wa: 


Vio tlie teres ae 


This is proportional to x, and therefore the B.M. diagram 
between B and c will be a triangle, the B.M. at c being equal 
Wadb , ; 
to - aie If Pp were between ¢ and a and at distance «’ from A 
we should have 


Mp = Rg (@.- a’) —- W (2 = a! — ’) 


= Ry/- Ry. a! W/ + Wal 4° WS 
2 (We Bey Wes 2 R,) 
= Ry.a + WO -/R, 
we = + Ws- Ws 
_ Woe! ~, 
oF 


This is proportional to x’, and therefore the B.M. diagranyY 
between a and c is also a triangle, the whole diagram then 
coming as shown in the figure. 

Case 2. Isotatep Loap ar Cenrre.—This is a special case 





of the preceding one, in which a = 6 = Z 
2 
; ; W : 
Each reaction is now equal to — and the maximum 
Welw loa ty : 
BM. = st = + 
é 4 
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parabola 
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lee 
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Uniform had. over whole san 














Uniform load over Porlion of span 
Pig. 54.—Simply-supported Beams. 
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Casr 3. Unirorm Loap ovER WHOLE Span.—Let a uniform 
load of # tons per ft. run cover the whole span a B, and consider 
a point c at distance « from B. 

In this case the two reactions will, from symmetry, be equal, 


and each have the value “- or wy 
2 


: i 
Tien See ae ey (>- ) 
This is a linear relation, therefore the shear diagram will be a 
3 ; l } 
triangle as shown, having values + ue at the ends and changing 


sign at the centre. 


Now consider the bending moment. 
xa 

Mo = Reo px 

2 


RIAL aie HS (xe — x?) 
2 2 ae eas 
This depends on x”, and therefore the B.M. diagram will be 


a parabola. 





ae : . . / 
The maximum B.M. will occur at the centre—z.e, when « = — 


2 
Then maximum B.M. = 2 (=) () fp ¢ a =) 








2 TAG 4 
EE he aneeita ee, he 
2 4 8 8 


Case 4. UNirorM Loap ovER PoRTION OF Span.—Let a 
uniform load of # tons per foot run and of length & D equal to 7 
be placed on a beam aB of span 1, and let the centre c of the 
load be at distance a and 4 respectively from 4 and pz. 


Then, if total load p27 = W, 
Ry = Wa and Ry = We 
L iu 


The shear between B and p will be constant, and will be 


Wa . 2 
equal to ae between p and & the shear will decrease uniformly 


until at E the shear will be equal to 
Tee a) i Nae = oN ne Rp; 
i ib 
; -Wés , 
between E and a the shear will be constant and equal to 7 the 
shear diagram then coming as shown on the figure. 
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The point kK at which the shear is zero can be found as 
follows. Let it be at distance « from the centre c of the load. 


Then Sx = Ry — 2 ¢- *) see 
5 Bee peg = 0 


L 2 
pase pl e Wa a V8t _ pla 
: 2 ib, 2 ioe) 


1.e. 





p 


The B.M. diagram can be drawn by setting up a length 
Wi. ; 
Cr = gr heey the bending moment at the centre of the short 
C 
Span Ep, then produce c,F to G, making FG equal to c,¥r and 
Join G to Br, and p,, and produce to meet the reaction verticals in 
A, and By. Join a,B,, and we then have the B.M. diagram 
as shown. 
To prove that this gives the correct diagram, consider the bend- 
Ing moment at a point at distance « from the centre of the load. 


Then My = Ry ( - x) - 2 ( 3 x). 








2 
Wa Wl aay 
ae (Oa) a4 
Ci) iG x) Ree ty a (1) 
GQ Ay Q 
og ——— 
CRC NEAR. 
CROP RA SHIN. Oye aN f= ae? Wa 
CPG Q a Saar = = 1X 7 = — 
Ey Cy 4 mo 2 
2 
Seti W 2 
Similarly CRs a, 


I] 


. Mee 
« OR 15 — 


QR Sh Ea 
L 2-L 
Wa Wa 
CHOW MOR eos he (6 — a) 


W a b-a 
Pathan) (: eet, 

Wa thee) Nae) oat 
Te eee 7 Rea Wee 


@Q 
ja] 
Il 


2 
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ee JP b-—% 
ACA oe 
2 GH b 
b-x Wao — x) 
i) eS x CH => 
b L 
nO OD, 
Again = — 
CNS) WE eh : 
GC, MeO Do SW a ee 
los a x 5 
Cy Dy 4 if 


Then since curve is a parabola— 
BC ONE (¢ ah 





FC Cais, 
Wi 
8 = OSes 
Wl rE} 
8 Ae 
Wi Wi Less A aN 
GUN Rote fe ites ea 
Wil Wi se2 
or ON = > 


Wab-x W/l (\ wr We 
=- -— — x i 
1 2\2 8 2d 
Wa WWW sel i a hes 
W a’ W f(x? Ix FP 
Uae 
Wa W (2 
Ria (6 — x) = Aj - 2x +=) 


Wa W/Z 2 
-V¢¢-4-EG 2+) 


Comparing this with (1) we see that N P gives the B.M. at 
the given point. 

We shall prove later (page 125) that the B.M. is a maximum 
at that point of the span where the shear is zero, and so the 
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vertical through & will give the maximum ordinate of the B.M. 
diagram. } 

Case 5. IRREGULAR Loap.—GRAPHICAL CONSTRUCTION. — 
Let a number of loads W,, W,, W;, and W,, be placed any- 















Way 
PZ 


















Fig. 55.—Graphical Construction for Shear 
and BM, Diagrams. 


where along a span as. Number the spaces between the loads 
and set down 0, 1; I, 2; 2, 3; 3, 4, as a vertical vector line to 
represent the loads to some convenient scale, and in any position 
take a_point P at convenient polar distance / from the vector line, 
and join Po, Pi, P 2, &e. 

Across space o then draw a @ parallel to P 0; across space 1 
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draw 4 ¢ parallel to p r and so on until ef is reached, this being 
parallel to P 4. 

Join af, then the figure a, 4, ¢ d, e, f, a, will give the B.M. 
diagram for the given load system. 

Now draw Pp x parallel to a f, the closing link of the link 
polygon then on the vector line, 4 x = Rg andxo = Ry. 

Yo draw the shear diagram, draw a horizontal line through « 
right across the span: this. gives the base line for shear. Now 
project the point o horizontally across space 0; project point 1 
across space 1 and so on, the stepped diagram thus obtained 
being the shear diagram. 

Proor.— Produce the links ¢ 4, dc, ed, fe back to meet the 
vertical through a in J, c’, d, é, and let the first link a b 
produced meet the last link e f in y. Then, as we proved on 
page 54, the point vy is the point through which the resultant of 
the loads acts. 

Now the triangles a 6 4’ and o P ¢ are similar. 

CCN ONT 
4, P 
Oy ee WE oeods 
P p 


moment of first load about a 


ae = 


moment of second load about a 


p 


similarly 0! ¢ = 

and so on 
oh! = ORB A NE ee oh ill a GH! 

sum of moments of loads about A 


2 
but Ry, x L = sum of moments of loads about a 
Fe Ree ne 
8 OO! = —- 
V2 
Now consider As ae’ fand x 4 P; they are similar: 
CC a ALG 
ey? 
hi PRE 
fae on Parone Ts = Ry , 
Similarly x o = Ry 
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_ Now consider any point R along the span. 
Sp = Rp - W, 
=4% - 3,4=3% 

but the ordinate s of the shear diagram is equal to 3 x, and 
therefore the stepped figure gives the correct shearing force at 
any point. 

Let the vertical through R cut the B.M. diagram in R, R, 
and fe produced in e. 

Then by exactly similar reasoning as before : 


moment of R, about R 


Re s 
moment of W 4 about R 
Ry é@ = oy HaPES 


SeuRG Rn —Fke ea = thks ee 
moment of R,z — moment of W 4 about R 


p 
Mr 
; 
. Mp=/x RR, 
The ordinate of the B.M. diagram represents the B.M. at 

any point. 

SCALES.—As in the case of the cantilever (page 110), if 
1” = «x feet is the space scale and 1” = y tons is the force scale, 
and if the polar distance is # actual inches, then the vertical 
ordinates of the B.M. diagram represent the bending moment to 
ascale 17 = ~ x x x y ft. tons. 

Norr.—In this construction the bending moment R, R, is 
measured vertically and not at right angles to the closing line a f. 

Case 6. IRREGULAR LoAD— OVERHANGING Enps. — The 
construction just described- is equally applicable to the case 
where the ends are overhanging. Fig. 56 shows such a case. 
Set out the loads down a vector line as before and take any pole 
P. Nowdraw @é parallel-to po acyoss space o, 1,£., between the 
Support vertical’and the first force line. Then draw ¢ parallel to 
P I across space x and so on, the last link ef being drawn between 
the last force line and the reaction vertical. Joining af we get 
the B.M. diagram as shown. ty 


“ 
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To get the shear diagram draw P5 parallel to af, then the 
horizontal through gives the base line for the shear between a and 
kr. The shears in the end spaces will be equal to the end forces 
0, 1 and 3, 4 respectively, as shown on the figure. 

This graphical loading is applicable to ad/ kinds of loading, and. 
any of the previous standard cases can be worked by its means. 























Fig. 56.—Beam with Overhanging Ends : 
Graphical Construction. 


In the case of a continuous load the latter should be divided up 
into a number of small portions, and the load in each portion 
treated as an isolated load acting down the centre of such portion. 

Cask 7. UntrorMty IncrEasING Loap.—Suppose a beam 
AB carries a load which increases in intensity uniformly from the 
end B to the end a. Let the intensity of the load at unit distance 
from B be # tons per ft. run; then the intensity at any point p at 
distance « from B will be equal to / x (Fig. 57). 

The intensity of the load at a will be equal to p/, and the 

Ups 


total load W will be equal to p/ x ee 





Unformly increasing load : 
Load Diagram (7) 








ate als ety 








BM. Curve 








Fig. 57.--B.M. and Shear Diagrams (continwed). 
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The resultant load W acts through the centroid of the load 


: F Z 
curve, 7.¢., at distance 5 from A. 


W 
Oe Re 
Ee 
Re 
3 
Then Sp = total load to night 
st Weng Bote 
3 2 


‘This depends on x? and therefore the shear curve is a parabola. 
The point c, is obtained as follows : 

pe Wie exe 

Re ee 

BPI SD BE 

1 ae Aa aaa eG 


Sea 


ye 
Pe 
3 
Z 
B= —S = oy] 
NE 577 
M, = Rg x x = Bee ee 
2 3 
Nee 
pase 


This depends on x°, and so B.M. curve is a parabola of the third 
order, 
The maximum B.M. occurs at the point of zero shear (see 
Pp. 125), Z.e., when x eae 
V3 
Wi ps 
.. Maximum B.M. = = 
373 18/3 
—w i( Lae ae -) 
BAS ON 3 
AVL es Wal 
9/3 27 
= es WY 
The B.M. and shear curves then come as shown in the figure. 
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Case 8. UnirormMiy LoapEp Bram witH OVERHANGING 
Enp.— Let a beam of span u be loaded with a uniform load of 
tons per foot run, and let it overhang a distance x at each end, 
the distance between the supports being /. 

The overhanging portions act as ¢antilevers, and the shear and 
B.M. diagrams for such portions will be as shown. The B.M. for 
the centre portion will be a parabola drawn on the base shown 
dotted, the resulting curve being as shown cross-hatched. 

If the load on the centre portion of the span were removed, 
the B.M. diagram would consist of the two end parabolas and 
the dotted line. This B.M. is opposite in direction to that due 
to the centre portion, and therefore on replacing the centre load 
and drawing the parabola, the resulting curve is the difference 
between the two as shown. 

To find’ the value of « to get the least resultant B.M. we 
proceed as follows. 

As «x increases, the B.M. at the supports increases and the 
resulting B.M. at the centre decreases, so that the least B.M. will 
occur when the support B.M. is equal to the centre B.M. 





The support B.M. = ge 
The centre B.M. = elles) Bie. 
8 2 
If these are equal LE Pua P Ee : 
2 8 2 
ys we a 
. px 3 
Pence 
z a2 
Caeesh Z i 
i se O88 
— T = 
tet we 
2 (2 — a/2) 


== Sa Bia P= 30 


2 


This gives the position at which the legs of a trestle table should 
be placed to give the maximum strength to the latter. 
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Relation between Load, Shear, and B.M. Diagrams... 
—TLet ac’ p's, Fig. 58, represent the load curve on a span A B. 
Consider any point p along the span, and consider a short piece 
cp of the load, the centre of which is at distance x from Pp. 

Then the shear at P due to this piece of the load will be equal 
to the area of the portion cp of the load curve. ‘Therefore the: 






Load Curve 





y, 























Pig. 58.—Relation between Load, Shear, and B.M, Diagrams. 


total shear Sp at Pp will be equal to the area of the load curve up 
to that point. 

But we have seen (p. 57) that a sum curve is such that its 
ordinate at any point represents the area of the primitive curye up 
to that point. Therefore ¢he shear curve is the sum curve of the 
load curve. 

Suppose B’ F EGA’ is the sum curve of the load curve. Now 
consider the B.M. at p. 

The B.M. at Pp due to the portion cp of the load 


= given portion of load x x. 
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Now if © and ‘Fr are the corresponding points on the shear 
curve, the difference of the ordinates at & and F gives the load on 
the vias cD. 

. Load on portion cD = E Fy. 
. B.M. at p due to portion cD = EF, Xx. 

. Shaded portion EFF, x, represents the B.M. at p due to 
the pupal cD of the load. 

Yotal B.M: at Pp = Mp = area of shear diagram up to p. 

T hus the BM. curve ts the sum curve of the shear curve. 

So that by drawing the sum curve BJ H of the shear curve we 
get the B.M. curve. 

ScaLEs.—If 1 = x tons per foot is the scale of the load 
curve, and /, is the polar distance measured on the space scale 
for obtaining the shear curve, then the scale of the shear curve 


Tie P, * tons. If A, is the polar distance from which the B.M. 
curve is obtained, measured on the space scale, the B.M. sc scale 
will be 1” = #, , x foot tons. 


Point or Maximum B.M.—If the B.M. is a maximum, the 
tangent to the curve at this maximum must be horizontal, and 
therefore the corresponding ordinate on the shear diagram must 
be zero in order for the line through the pole to be also 
horizontal. 

Thus we get the rule that the maximum B.M. occurs where 
the shear is zero. ie 

The base lines ss and mo of the shear and B.M, curves depend 
on the manner in which the ends are fixed. If one end is free, 
the shear and B.M. at this point are zero. If one end is freely, 
supported the shear at this point will be equal to the reaction, 
and the B.M. will be zero. 

The above relations are expressed mathematically as follows : 
Let-the load at any point at distance x from the origin be F (x) 


Then the shear at the point will be - [fF (x) dx + c, and 


the BM will be -f P(x) da + Cao + C;. 


The integration constants ¢, and ¢, depend on the manner in 
which the ends are fixed, and correspond to the base lines above 
referred to. 
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B.M. and Shear Curves for Ships.—One of the best 
examples of the application of the sum-curve construction to 
shear and B.M. curves is to be found in the case of ships. Every 
ship must be looked upon as a beam subjected to a complex 
system of loading, and in the case of large ships the shear and 
B.M. diagram should be drawn from the proposed dimensions 
and loads before building. 

The ship is divided up into a number of sections by planes 
drawn at short distances apart at right angles to the length of the 
ship. ‘The volume of fluid displaced between each section up to 
the proposed water-line in smooth water is then calculated. ‘The 
weight of each of these volumes of water is then, by the principles 
of Hydrostatics, equal to the upward pressure of the water on 
each section. In this way the upward pressure per foot length of 
the ship at various points of the ship’s length is obtained, and 
by plotting these pressures along a base representing the length 
of the ship we get a curve called the curve of buoyancy in smooth 
water, This is the curve AcB (Fig. 59), and the area of the 
curve of buoyancy is equal to the total upward pressure of the 
water on the ship. The weight of the ship, including the 
structure, engines, probable cargo, &c., is then calculated for 
each section, and the weight per foot length of the ship is then 
plotted along the base axB to the same scale as the pressures, 
and the resulting curve is called the curve of weights. 

The area of the curve of weights aps is then equal to the 
total weight of the ship, and as the total weight of the ship must 
be equal to the total upward pressure of the water, the area of the 
curve of buoyancy must be equal to the area of the curve of 
weights. The difference between the curve of weight and the 
curve of buoyancy then gives the loads which the ship has to 
carry as a beam, and when plotted on a fresh base ap, gives the 
load curve. 

The points EF at which the load curve crosses the base line 
are called ‘water-borne’ sections, and at. these sections the shear 
will be a maximum. On finding the sum curve of the load curve 
we obtain the shear curve, and on sum-curving this we obtain the 
B.M. curve. 

The above curves apply only to the ship when in smooth 
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water. When in rough water the problem becomes more difficult 
of solution, but the two principal cases to consider are those when 
a wave crest comes amidships and causes ‘hogging strains,’ 


Curve of weighIs 




















Sagging B.M. 


Fig. 59.—B.M. and Shear Curves for Ships. 


and when a wave hollow comes amidships and causes ‘sagging 
Strains.’ The figure shows these extreme cases diagram- 
matically. 

The full discussion of this problem is beyond the scope of 
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‘this work, and for further information the reader is referred 
to books dealing particularly with the subject, such as: Sir 
William White’s Waval Architecture. 
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Fig. 60, 


STEPS IN SHEAR Curves.—In practice it is impossible to get 
absolutely sharp steps in shear diagrams, because the load cannot 
be transmitted at a mathematical point, but must be distributed 
over a short length. This has the effect of slightly rounding 
off the corners of the shear diagram as shown exaggerated in 
dotted lines on Fig. 61, .p. 131. 
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NUMERICAL EXAMPLES. 

(1) A freely supported beam of 20 ft. span carries a uniformly 
distributed load of 5 tons, and isolated loads of 3 and 2 tons, at 
distances respectively of 4 and 5 ft. from the ends (see Fig. 60). 

We have first to get the reactions Ra and Ry, 

Take moments round B. 

Ra X 201= 5 X Tol 3x 16-52) x5 
= 50+ 48 + Io = 108 
108 
20 
* Rg = 10 — 5:4 = 4°6 tons. 


Ry = 5°4 tons 


The shear diagram then comes as shown in the figure, the amounts. 
of the steps being equal to the isolated loads. The point at which the: 
shear is nothing is found as follows :— 


Let it be at distance x from B. Then 


S#=o= Rp-2-f.4% 


Gi = 
=1g6 =~ 
4 
a2 = 36 
4 


x = 10°4 feet. ‘ 
The B.M. at this point will be a maximum, and will be equal to 


Mie Ry 104.2% ows) Se ee 


Ube nt 


i 


= 47°84 — 10°38 — 13°52 
= 23°52 ft. tons. 

The B.M. diagram will consist of a parabola for the uniformly dis-. 
5 x 20 
8 
The B.M. diagram for each of the isolated loads will be a tri- 
angle, the respective heights being ee = 9°6 ft. tons, and’ 


2 x I nite aoe 
“A s* yes 7°5 ft. tons. Combining these three figures we get the- 
B.M. diagram shown on the figure, and on scaling off the maximum 


Ordinate it will be found to be 23°5 tons. 





tributed load, the max. ordinate of whichis equal to =12'5 ft. tons.. 


Nore.—In all constructions where diagrams are going to be added 
together, such diagrams must of course be drawn to the same scale. 
K 
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(2) A girder of 24 ft. span is supported at one end, and rests on a 
column at a point 6 ft. from the other end. The girder carries a 
uniformly distributed load of 6 tons and an isolated load of 2 tons at 
the free end. Draw the shear and B.M. curves. 


To find the reactions take moments round A (Fig. 61). Then 
ie} IN == (6) 4 ta) the) yl = 112f0) 

120 

18 

Ra = 8 — 63 = 14 tons. 


Rese = 6% tons 


The shear at C will be = 2 tons. It then increases until the point 
B is reached, when its value becomes equal to 3'5 tons. It then sud- 
denly changes sign to a value 3°17 tons, and then decreases uniformly 
to the end A, where the value comes 1°33. The shear diagram then 
curves as shown in the figure, the dotted lines indicating what occurs 
in practice owing to the impossibility of getting the loads and reactions 
concentrated on a mathematical point. 

Considering first the B.M. for the isolated and uniform loads 
separately, the B.M. curve due to the isolated load will come as shown 
in the figure, the B.M. at B being equal to 6 x 2 = 12 ft. tons. Now, 
considering the uniform load, the diagram for the portion B € will be a 

2 2 
parabola with vertex at C, the ordinate B, D at B, being = aa = ; x : 
= 4°5 ft. tons. Then between B and A the B.M. curve due to this over- 
hanging load will be the straight line A, D, as-such overhanging load 
requires an isolated balancing load at A. 

The B.M. curve for the portion 4B will be a parabola of central 


: ia Se : : 
height acs ae X—g- = 10°12 ft. tons, the shaded portion being the 
resulting curve for the central and overhanging portions of the uniform 
load. Combining these diagrams we get the resulting B.M. curve as 


shown, the max. B.M. occurring at B, and being equal to 16'5 ft. tons. 


(3) A beam of 20 ft. span carries loads of },4, 1 and 2 tons, as shown 
on fig. 20. Determine graphicaly the maximum BM, 


Draw the B.M. curve by the link and vector polygon construction 
as shown in Fig. 55. Take the space scale 1” = 4 ft.; the load scale 
1 = 2 tons; and the polar distance 14 inches. The maximum ordinate 
of the b.M. curve will then be found to be 1°09 inches. The scale of 
this will be 1” = 13 x 4 x 2 = ro ft. tons. 


.. Maximum B.M. = 10'9 ft. tons. 


Al 


Lillis, 


6 Tons distributed eles 


acoggacqnnaaqadaccad},) 
peer TC 
6 


24' span 


fs See Shear Diagram é 


ae Ee BN, 


B.M for Isolated Load 








BM for Uniform Load 








Combined B.M. 
Fig. 61. 
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(4) A barge 80 ft. long has for tts curve of buoyancy a rectangle, tts 
own weight being untformly distributed. Tt ts loaded with 40 tons of 
bricks, so that all vertical sections are trapezia with the horizontal sides 
80 ft. and 40 ft. long. Draw curves of shear and BM. 

If the curve of buoyancy of the barge is a rectangle, and its weight 
is uniformly distributed, then the curves of weight and buoyancy for 
the barge itself will neutralise each other, and there will be no shear or 
B.M. due to such weight. The curve of buoyancy due to the load will 
be a rectangle of height equal to half ton per foot run, since the total! 
load is 40 tons. 











-‘ShearCurve 
g8-9FT. fons 








Fig. 62.—Loaded Barge. 


The curve of weights will then be a trapezium of area representing 

4o tons and parallel sides of 4o ft. and 8oft. 
Apap a? 
(40+ 80) 3 
The difference between the curves of weights and buoyancy gives 
the load curve shown shaded on Fig. 62, the water-borne sections E F 
occurring at distances 15 ft. from either end. On taking the sum curve 


“. Height of trapezium = ton per ft. run. 
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-of the load curve we get the shear curve A; E; G Fy B, and on again 
sum-curving this we get the B.M. curve A; G, By. The scales may be 
worked as follows :—Let the space scale be 1” = oft. and the load 
scale.1” = }ton per ft. Then if the shear curve be drawn with a polar 
‘distance of 2 inches, z.c. 20 ft., the shear scale is 1” = } x 20 = 5 tons. 
If the B.M. curve is drawn with a polar distance of 2”, z.¢., 20 ft., 
‘then the B.M. scale will be 1” = 20 x 5 = 1ooft. tons. 

It will be found that the maximum shear is 3# tons, this at FE, and 
F,, and the maximum B.M. is 88-9 ft. tons at the centre. 

Norr.—The curves in the figure are not drawn to scale. 


B.M. AND SHEAR DIAGRAMS FOR INCLINED LOADS. 


In all the cases that we have considered up to the present all 
ithe loading has been at right angles to the length of the beam. 
We will now consider some cases in which this is not the case, 
and will take both horizontal beams with non-vertical loads and 
sloping beams. The principal difference in this case is that there 
will be thrust in the direction of the beam, and we shall have a 
‘curve of thrust in addition to the curves of shear and B.M. 

The general rule is to resolve all forces, including the 
reactions, along and perpendicular to the beam. From the 
forces along the beam a curve of thrusts can be drawn, and from 
‘the forces perpendicular to the beam the curves of shear and 
bending moment are drawn in the ordinary manner. 

We will define the thrust at any point of a beam as the sum 
of the components in the direction of the beam of all the forces to 
the right of it, remembering that if the thrust is negative it 
becomes a pull. 

Cask r. HorizonraL Bram FREELY SUPPORTED SUBJECTED 
ro IncLtinep Loaps.—Let a beam aB have inclined forces F, 
and F, (Fig. 63) meeting the centre line in c and p. Let the 
‘end a rest on a free support and let the end 8 be freely supported, 
but prevented from longitudinal movement as shown, If the 
resultant of F, and F, acted towards the end a, then this end 
would have to be prevented from movement. Resolve the forces 
F, and F, into vertical and horizontal components W, W, and 
Q, Qy respectively. 

Then Ry will be inclined, the vertical component W,, being 
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that found by considering the forces W, W, in the ordinary way 
and the horizontal component Q, being equal to Q, and Q,,. 

The reaction Ry, will be vertical, and will be obtained by 
considering the forces W, and W, in the ordinary way. 

If the resultant of F, and F, were found it would pass through 
the intersection of R, and Ry, since three forces in equilibrium 
must pass through a point. 





meee 7 





Thrust Diagram 
Fig. 68.—Beam with Inclined Loads. 


The shear and B.M. diagrams are then found in the usual 
way for weights W, and W,, and are as shown. 

The thrust diagram is obtained by plotting up at each point 
the value of the thrust, and this comes as shown. The same 
method applies for any number of loads, two having been chosen 
to give simplicity of figure. 
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CasrE 2. INcLINED BEAM witH VERTICAL LoADS—REACTIONS 
PaRALLEL.—Let an inclined beam AB (Fig. 64) be supported 


freely at A and pin-jointed at p. ‘Then if it be subjected to 








b 


(LILLE LS DLP LG LS EA 





Fig. 64.—Inclined Beam with Lower End freely Supported. 


vertical forces F, and F, at c and D, the reaction at a, and 
therefore also that at B, must be vertical, their values being found 
In the ordinary manner. 


Now resolve the weights and reactions along and perpendicular 
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to the beam, obtaining weights Wy,, W,, Ws, Wa, and. thrusts 
Qs @ @F Q,. 
Then the: B.M. diagram can be drawn either on a sloping 
base AB or the projected horizontal base A,Bj. 
M, = W3; x DB 
iD} ANS 
but ea = We 
We X DB = Rpgd, 

.. We see that for a sloping beam with vertical reactions the 
B.M. diagram is the same as for a horizontal beam of the 
‘same span as the horizontally projected length of the sloping 
eam. 

The B.M. at a point p, for example, is Gbuatied by drawing a 
‘vertical through it, ad representing the B.M. 

The shear and thrust diagrams are obtained as shown, and 
will be easily followed from the figure. 

Case 3. IncitinepD Bram witH VERTICAL, Loaps — Top 
Reacrion Horizonrat.—In this case the resultant load must 
first be found. Let this resultant act down the line x x 
(Fig. 65). The reaction Ry at B must be horizontal, so draw 
‘Bx horizontal, then if this meets the line xx, Ry must also 
‘pass through x, so that by joining ax we get the direction 
of Ry. The values of Ry and Ry are then found by a triangle 
of forces a, b,c. 

Now resolve the weights and reactions as before along and 
‘perpendicular to ap. ‘The perpendicular components will be the 
‘same as before, and so the B.M. and shear diagrams will be the 
‘same as in the previous case (Fig. 64). 

The thrusts will be different, and will be as shown on the 
figure, which will be clearly followed. : 

Case 4. SLOPING CANTILEVER.—This is worked in a similar 
manner. Consider for example a uniform load of intensity p on 
a cantilever of length 7 at an inclination @ (Fig. 65a). The 
B.M. curve will be a parabola. Its maximum ordinate will be 

Bite 
ca” 2 because the total weight will be #7, and it acts at a 


) Z cos 6 wie 5 ; 
distance ——_— from the abutment. ‘The shear diagram will be 
2 
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a sloping straight line, the maximum shear being // cos 6; the 
thrust diagram will also be a sloping straight line, the maximum 
thrust being AZ sin 6. 














Thrust Diagram 


Fig. 65.—Inclined Beam, with Top End freely Swpported. 


General Case of Shear, Thrust, and Bending 
‘Moment.—Line of PressurE.—We have seen in all the cases 
‘that we have considered up to the present that we have to know 
the reactions before we can determine the shear, thrust, and 
bending moment. We will now consider any beam or rib whose 
‘centre line is 4B, and which is acted on by any system of forces 
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acting in the same plane, say forces F,, F,, F, (Fig. 66), and let 
the reactions be known in magnitude or direction, and be equal 
to Ry and Ry. Numbering the spaces between the forces as 
before, draw a vector figure 0, 1, 2, 2, X. 





Fig. 65a.—Sloping Cantilever with Uniform Load. 


Now taking x as a pole and making the first link coincide 
with Ry the first force, draw the link polygon 8, a, 6, c, a, the last 
link cA coinciding with the reaction Ry, if correctly drawn. 
Then this link polygon is called the ne of pressure of the 
structure. 
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Now suppose the forces f, F, F,; meet the centre line of the 
structure in points D, BE, &c. 

Consider a cross section at any point Pp, between B and Db. 
The stresses in the material across this section must keep in 
equilibrium all the forces to either side of it, z.e., the force Ry. 
Produce the cross section to meet the line of action of Ry in L,, a 
point called the /oad point for the given cross section. 





rig. 66.-—Line of Pressure. 


If Q, and S, are the components of Rg, perpendicular to and 
along P,1,, then the shear at the point Pp, is equal to S,; the 
thrust is equal to Q,; and the B.M. is equal to Q, x P, 1. 

Similarly consider the cross section at a point P, between D 
and ©. ‘The forces to the top of the section are Rx, and FE, ; 
their resultant is-x 1, and it acts down the line of pressure a 4. 
Let the cross section at p, meet the portion @é of the line of 
pressure or aé produced in 1,, then 1, is the load point for the 
cross section at p,, and by resolving x1 perpendicular to and 








Ka 
Ps + 


7 R, S 
Veclor Figure. , 
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Fig. 67.—Line of Pressure for Crane. 
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along P, Ly, we get the shear, thrust, and bending moment.as, 
before. —This—construction_is_applicable to any structure, the 
only difficulty which occurs in many cases being the determina- 
tion of the directions or values of Ry and Rg. 

We shall deal at considerably further length with the line 
of pressure in considering the stability of arches and of masonry 
structures generally. 

Consider for example the case of a curved crane provided 
with a ball or roller bearing at a, and having a pivot in the pit at 
B (Fig. 67). 

The load W is carried from a pulley c, the chain carrying 
which is fixed tothe crane at a point G, and passes over pulleys. 
D, E, F, and then passes off the crane to the hoisting mechanism. 


orp iis : W 
he tension in the cable is then 
Now commence drawing the vector figure by taking 0, 1 
W 
vertical to represent — and 1,2 parallel to the chain between 
2 
D and &, then 0, 2 gives the force F, on the pulley p. ‘The next 


Waa ee 
force is a vertical one, —, acting through G, so draw 2, 3 vertically 
Z 


i WwW ; 
and equal also to ue Next draw 3, 4 and 4,5 equal to ; and 
2 


parallel respectively to the chain between DE and EF; then 3, 5 
is equal to F, and if 4,6 is drawn parallel to the chain between 


4 W 4 - 
F and 4, and is equal ta —, then 5, 6 gives F’,, 
2 


Taking the pole x at the point 0, and making the first link 
coincide with F,, we get the point @ on the line of pressure. 
Then a4, bc, ¢d are drawn parallel respectively to 0, 3; 0, 5; 0, 6, 
the point ¢ being on the horizontal line through 4, since, owing 
to the roller bearing, Ry must be horizontal. If @ is now joined 
to B we get the direction of the reaction Ry at B, and by drawing 
6, 7; 0, 7 on the vector figure parallel to R, and Ry respectively, 
we get the values of the reactions. Then if K represents any 
point on the centre line of the crane, and a cross section is drawn 
to meet the line of pressure in L, L is the load point, and if 0, 5 
is resolved along and perpendicular to K L to give components S. 
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and Q respectively, then the shearing force across the cross sec- 
tion is S; thethrust is Q, and the B.M. is Q x KL. 


For B.M. and shear diagrams for rolling loads, fixed beams, 
and continuous beams, and for the lines of pressure for various 
structures the reader should consult the subsequent chapters. 

A summary of the maximum B.M. and shear for various kinds 


of beams and loading will be found on p. 288. 


CHAPTER VI. 
STRESSES IN BEAMS. 


We have seen in the previous chapter how the bending moment 
and shearing force at different points along a beam, loaded in 
various manners, can be found; our next problem is to find the 
relations between these quantities and the stresses occurring in the 
beam. 

We shall get a good preliminary idea of the stresses occurring 





Fig. 68.—Stresses in Beams. 


in beams by considering a model devised by Prof. Perry. Suppose 
that a beam fixed at one end carries a weight, W (Fig. 68), at the 
other end, and that it is cut through at a certain section. Then the 
right-hand portion can be kept in equilibrium by attaching a rope 
to the top and passing over a pulley, a weight W being attached to 
the other end of the rope, and by placing a block 8 at the lower 
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portion of the section and a chain a at the upper portion. Then: 
the pull in the rope overcomes the shearing force; and the block B. 
carries a compressive force c, and the chain a carries a tensile 
force ’. Since these are the only horizontal forces, they must be 
equal and opposite, and thus form a cowp/e. Then the moment of 
this couple must be equal and opposite to the couple, due to the 
loading, which we have called the bending moment. 

In the actual beam, owing to the deflection which takes place, 
the material on one side of the beam will be stretched, and the 
material on the other side will be compressed, so that at some 
point between the two sides the material will not be strained at 
all, and the axis in the section of the beam at which no strain 
occurs is called the neutral axis (N.A.). We see, therefore, 
that :— Zhe neutral axts ts the line in the section of a beam along 
which no strain, and therefore no stress, occurs. 

In an elevation of a beam there is also a line of no strain or 
stress, which may also be termed a neutral axis. These two axes: 
are really the traces of a neutral surface. 

If we know the manner in which the strain varies from the 
neutral axis to the outer sides of the beam, from a knowledge of 
the relation between stress and strain we can find the stresses at 
different points across the beam, remembering that the total com- 
pressive stress must be equal to the total tensile stress, and the 
moment of their couple must be equal to the bending moment. 
The moment of the couple due to the stresses is often called the 
moment of resistance. 

Assumptions in Ordinary Beam Theory.—We will first 
make the following assumptions with regard-to the bending of 
beams, and from such assumptions we will deduce a relation 
between the maximum stresses, due to bending at any cross section: 
and the bending moment :— 

(a) That for the material the stress is proportional to the 
strain, and that Young’s modulus (E) is equal for tension 
and compression. ; 

(6) That a cross section of the beam which is plane before 
bending remains plane after bending. 

(c) That the original radius of curvature of the beam is very 
great compared with the cross-sectional dimensions of the 
beam. 
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We will also for the present restrict our investigation to the 
case of stmple bending, 7.e., that in which the following conditions 
hold :— 

(1) There is no resultant thrust or pull across the cross section 

of the beam, 

(2) The section of the beam is symmetrical about an axis 
through the centroid of the cross section parallel to the 
plane in which bending occurs. 

To get a clear idea of the stresses in beams it is absolutely 

necessary to have a clear idea of the assumptions involved in 


A. Ze 4 (diam Fe. Fia 






















4 
Tension Cross -section Diagram of 


Intensity of Stress 


Fig. 69.—Stresses in Beams. 


formulating any particular theory, and of the effect of such 
assumptions on the results. 

Let AB, Fig. 69, represent the cross section of a beam which 
has been bent (the amount of bending having been exaggerated). 
Before bending, the line a B had the position A, B,, so that 8 B, 
represents the maximum tensile strain, and aA, the maximum 
compression strain. From our assumption (4), called Bernoulti’s 
assumption A, %, and A ® are both straight lines. The neutral axis 
then passes ae c, the point of no strain, and it follows from 
the above assumptions that the strains are proportional to the dis- 

L 


146 The Theory and Design of Structures. 


tances from the N.A. From assumption (a) it follows that the 
diagram of intensity of stress is also a sloping straight line, A, B,, 
the portions B,c and c,a being continuous, because Young’s 
modulus is equal in tension and compression. 

It is clear that the maximum stresses In compression and ten- 
sion occur at the points a and B, and let these be f, and f, respec- 
tively, d. and @, being the distance ac and BC. 

Position of Neutral Axis.—Now consider an element of 
area a at a point P at distance pw from the N.A. 

Then the stress at the point P is equal to P, P, 


But rite. AAe _ Je 


124. IN Gf 
Py Py = dex pc 
BP) 
a 
= & x px 
a. 
.. Stress carried by the element = a x te x py 
ac 
.. Total stress carried by section above N.A. = Sa x te x PN 
ae 
= Se Zax PN 
d 


Cc 
=. x first moment of area above N.A. about N.A. 
c 
Similarly if an element of area at a point P, be considered, we 
see that 
Total stress carried by section below N.A. 
= - x first moment of area below N.A. about N.A. 
a 
But we have seen that the total tension T must be equal to the 
total compression C, and it follows from assumptions (a) (4) that 
Vee 
Doth 
*. we see that the first moment of the areas above and below 
the N.A. about the N.A. are equal and opposite in sign. ‘There- 
fore, the total first moment of the whole area about the N.A. is 
zero. But we have seen that the first moment of an area is zero 
about a line through the centroid. 
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Therefore, 7 simple bending with the given assumptions, the 
neutral axis passes through the centroid. 

The Moment of Resistance (M.R.)—We have proved 
that the stress carried on an element a of area about a point P is 
Ic 
d, 


Cc 


equal toa x xX PN 


The moment of this stress about the N.A. 
= stress xX PN 
=a xX Sc x PN? 
: a, 
.. Total moment of all the stresses over the cross section 
= D (ick Se x P N2 
d. 


=/ x (a x P Nn?) 


= ie (second moment of whole area about the N.A.) 


c 
dol 
a. 
But the total moment of all the stresses is the moment of the 
couple which we have called the moment of resistance. 
*, we see that M.R. = Sct Pes 
Ge a, 
The moment of resistance must, as has already been shown 
be equal to the bending moment, which we will call M. 


«M — or Zit ni roetea Sae ee rin) 


Cc 


It will be seen that I, ¢, and ¢, depend merely on the shape 


; I I ; 

of the cross section, and — and ms called the compression 
Cc t 

modulus and tension modulus respectively of the section, and are 

written Z, and Z;. ; 


Thus our relation becomes 


es ee ale) 


In practice we usually want to know /. and f{ which give the 
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maximum stresses across the section, and so we will write the 

result as ? M os 
Ze 
M .. 
Z, 


In the case where the section is symmetrical about the N.A., 
d, is equal to @,, so that Z, and Z, are equal. In this case, there- 
. fore, 7. = ft, and we may write the relation as 
j= > 
Ub, 
NUMERICAL EXAMPLES. 
The following numerical examples will make it clea how the 


‘stresses in beams loaded in given manners can be found, and how a 
ssafe load can be found for a beam of given span and section. - 


(1) The five sections a, b, c, d, e, Fig. 70, have each an area of 
4sg.tns. Find their relative strengths as beams for the same span, if 
they are of the same material. 

We have seen that M = fZ. Now if all the beams are loaded in 
the same way, M will be proportional to the load they can carry, and 
as fis the same for each, we see that their relative strengths as beams 
depend on their values of the modulus of each section. For table 
of second moments, see p. 81. 

Section a. 





7 ED Renae 
I 
I 





ae) 
x 
= 
= 
S) 


33 in. units. 
Section b. "This is composed of two triangles, 


‘plex He , 2 in this case being the height of the triangle. 
12 


Pi es 2°828 x 1414? 





12 
a@ = 14rd 
Gee es 2°828 x 1414? 1 2°828 
l'414 X 12 3 


l 


“943 In. units. 








BM on each girder 
_ Fig. 70.—Examples of Beams. 
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Section ¢c. 








64 64 
LO) i} 
z= 7X 226 

64 xX 1°13 


= 1°13 in. units. 
Section ad. 
ESB Na Se Sh ena ies 


lls es 
12 12 
= 10°67 — 2°08 = 8°59 
ao 
7) AE) 
2 


= 4°29 in. units. 
Section e, This is composed of three rectangles. 
eee x 2 oe 28 “43 Pays 23 
12 12 12 
='5 +013 +°5 
=F HONG} 
ie 
.. Z = L013 in. units. 





We see, therefore, that the order of the sections, from strongest to 
weakest, is , a, ¢, 2, 0. 

We may take it, as a rule, that the strongest beam for a given area 
of cross section is that which has a depth as great as is practically 
possible, and which has as much as possible of the metal at the outer 
portions of the beam. 


(2) A girder of 20 ft. span carries a uniformly distributed load of 
10 dons, and a central load of 4 tons. Find a suitable British standard 
beam section for the girder tf the maximum stress ts to be 7 tons per 
SY. tm. 

Its maximum B.M. due to the uniform load will be equal to wa 
(see Fig. 54, Cases 2 and 3) y 


I 2 Des 
OSs ZO LS in. tons 





= 300 in. tons. 
W, Z 


Z 


The maximum B.M. due to the central load = 





4 xX 20 X 12 
4, 
= 240 in. tons. 
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These both occur at the same point, so that the maximum B.M. due 
to both loads = 540 inch tons. 
Now Mies 
Ben 540) = ZL 


 Z = Wo — 77-14 in. units, 


On referring to the table of standard sections (Appendix), we see 
that the section having the nearest modulus to this is.a 14 x 6 x 57 1b. 
section for which Z = 76°12, and we will adopt this section as being 
sufficiently strong. ; 


(3) A tank which weighs 3 ton and measures 10 x 6' x 3! ts filled 
with water, and carried on three girders placed lengthwise, so that each 
girder takes an equal weight. Tf the girders are 6" x 3" x 12 lb. 
Standard Beams find the maximum stress in each. (A MICE, Feb. 
1903. Altered slightly.) 
lo x 6 X 3 X 62'5 tone 

2240 
= 5'02 tons. 


Weight of water in tank = 





.. Total weight carried by girders = 5°02 + °5 = 5°52 tons 
: : 52 One, 
*. Maximum B.M. on each girder = 252 x ca 
3 


= 27°6 in, tons. 
Z for a 6" x 3 x 12 lb. beam is 6°736 in. units 
f= we 4/1 tons per sq. in. 
6'736 
(4) A cast-iron beam is the shape of an inverted T, 9 in. deep over all, 
width of flange 6in., thickness of web and flange \in. Lf tts length is 
12 ft. find what weight at the centre will cause a tensile stress of \ ton 
per sq. in. in the flange. What would the maximum conipresstue stress 
then be? (A.MJI.C.E. Oct. 1902.) 
J First find the centroid and second moment of the section. (See 
Pig. 74.) 
Area of section = A=9 X I + 5 X I = 145q in. 
( 


¢ I 
Ist Moment about base = Ad = (9 x 1) X 2 + 2 (2} x 1) x 5 
= 405 + 2°5 = 43 
- @ = 43 = 307 in 
14 
NOU Xia 2 eel 
2nd Moment about base = I, = | a 2 + ze 
3 3 
= 243 + 167 = 244°67 
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*, 2nd Moment about parallel line through centroid 
Sie IR SA a 

= 24467 — 14 X 3/07” 

= 244°67 — 132'07 

= 112°6 in. units. 
Whee 

(Ve 3 OY/ = 1) 12)3} 
= 18°99 in. units. 








" 1126 : . 
Vb = 36°67 in. units. 
: aa 
; : i 3°07 
.. Safe B.M. in tension = /, 
5) 
Compression 
5:93" 
a 
ul 
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307" 











Tension Fiilehed Beam. 
Cast Iron Beam 
Fig. 71. 


Neglecting weight of beam itself, if central load is W, the maxi- 


Bead, 
mum is — 
4 


Wi_ Wx 12 x 12 








Se lascinntiamne > WV tel — ee —__-___— = 36 W in. tons. 
4 5 
. W= sige 102 tons. 
Tie 
ae ‘ x15'03 . 
The compression stress Be iGete eS 98 2 1°93 tons per sq. in. 
a 3°07 4 


(5) A futched beam consists of two timbers, each 9 in. thick and 
16 in. deep, and a steel plate placed symmetrically between them, the steel 
Plate being 8 in. deep and %in, thick. If E for timber ts 1,300,000 1b. 
per sg. in. and for steel 30,000,000 1b. per sg. in.; find the maximum 
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tensile stress tn the steel plate when the maxtimum tensile stress tn the 
timber ts 1000 lb. per sq. in. 

Determine also for the same intensity of stress tn the timber the per- 
centiuge tncrease of load the flitched beam will carry as compared with 
the two timbers when not reinforced with the steel plate. (B.Sc. Lond. 
1907.) U 


. - . 2 
Using the notation given on p. 80, we see that e = SEOD; E00 


le 
1,500,000 
(see Fig. 71). a 
.. The steel plate is equivalent to a timber 20 times as wide; 7.z., a 
timber 15.x 8 ins. 
*, For the equivalent section of timber for the whole flitched beam 
Tk 29 x 168 a (ug Se 
12 12 
= 6144 + 608 
= 6752 in. units. 
For the timber beam not reinforced I = 6144. 
Vhen the stress in the timber at the outside of the section is. 
1000 lb. per sq. in., that 4 ins. below the N.A., ze. at the maximum, 
depth of the equivalent timber plate will be 


x 1000 = 500 Ib. per sq. in. 


But steel carries 20 times the stress in the timber for the same strain. 
.. Stress in steel = 20 X 500 = 10,000 Ib. per sq. in. 


For the flitch beam the equivalent modulus is oe = 844 in. units. 
oO 


— 844. x 1000 
TZ. 


For the plain timber beam Z = st = 768 in. units 


.. Safe BLM. in ft. Ib. = 70,333 


2 Safe BOM, itt. by te 100° = 6,600 


12 
222 


.. Increased B.M. carried by flitched beam = 6333 

°/, mcrease = 6333 x 100 = 9°9 */. 
64000 

We shall have further numerical examples on the stresses im 
beams at various points in the book. 

Influence of Shearing Force on Stresses in Beams. 
—It must be remembered that up to the present we have con- 
Sidered only the tensile and compressive stresses due to the 
bending moment. Besides these stresses there are the tangential 
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stresses due to the the shearing force. The resultant stress at any 
internal point of the beam is the resultant or principal stress of 
the tangential and direct stresses, which resultant is found as 
shown in Chapter I. We shall deal in a subsequent chapter with 
the, distribution of the shearing stresses across the section of the 


Compression 





Tension 8B ip 
BM and Shear Stresses Resullant Strain 


Compression 





Pig. 72.—Principal Stresses in Beams. 


beam, but for the present we will assume that the shear stress is a 
maximum at the centroid and diminishes to zero at the extremities. 
Fig. 72 shows diagrammatically the shear and direct stresses 
across the cross section of a beam and also the resultant stresses 
which, as it will be seen, are parallel to the centre line of the 
beam at the extremities and are perpendicular to it at the 
centroid. 

If the principal stresses at various depths be found for a 
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number of cross sections at various points along the span, and 
the directions of principal stress be joined up by a curve, we 
get a number of lines showing the manner in which the 
directions of principal stresses vary from one point to angther. 
Such curves will be found in Rankine’s Applied Mechanics, and 
are of the form shown in Fig. 72. 

In practice it will be found that, except for very short beams 
carrying heavy loads, the maximum tensile or compressive stress 
due to bending moment will be much greater than the maximum 
shear stress, so that the consideration of stresses due to bending 
moment is, as a rule, considerably more important than that of 
the shear stresses. 


CASES WHERE ASSUMPTIONS OF THE BEAM 
\ : THEORY ARE NOT ALLOWABLE. 


Momeént of Resistance in General Case.—To follow 
the correct theory of beams it is not necessary to make any of the 
assumptions previously given, and we will now find the moment 
of resistance in the most general case. ‘To investigate this, we 


must suppose that we know by experimental or other means the . 


shape after distortion which is taken up by a cross section of the 
beam which was originally plane. We must also know the 
relation between stress and strain for the material of which the 
beam is composed. 

Let a B, Fig. 73, represent the elevation of a cross section 
of a beam which after bending is strained to the shape pc kr, 
-Then from the stress-strain curve and from the shape of the 
ross section draw a curve of stress p’ c ©’. This is obtained as 
follows : let a 6 be any ordinate of the strain diagram ; then from 
the stress-strain curve find the stress corresponding to this strain, 
and multiply the stress by the breadth of the beam at the given 
point, and plot this equal to a’ 4’ to some convenient scale ; 
joining up points such as 2’ we get the stress diagram. 

Now let the area of the stress diagrams be Q and T and their 
centroids c, and G,. Then, of course, in simple bending Q and T 
will be equal, and if g is the perpendicular distance between 
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the centroids, the moment of resistance will be equal to T x g 
or OX ¢. 

If the reader fully follows this general method with regard 
to the stresses in beams, he should not have the difficulty 
commonly experienced in following the more particular theories. 
We shall have further notes and numerical examples on cases of 
bending, in which the common assumption cannot be made, when 
dealing with reinforced concrete in Chap. XV. , 





A D 
b 
C 
E B Be B 
Strain Diagram Stress Diagram. 


Fig. 73. 


* Beams with appreciable Original Curvature.—Let 
\ BD, Fig. 74, represent a short piece of a curved beam,. 
o being the centre of curvature and a E and B D being sections 
normal to the centre line cc’. Then, obviously, the material at 
® D will not require the same /o¢a/ strain to produce a given 
unital strain and thus stress as the material in a B will, because 
its original length is less, and, as a result, the neutral axis will not 
pass through the centroid.. 

While still making the assumption that stress and strain are 
proportional, and also Bernoulli’s assumption that a section 
originally plane remains plane after bending, we can find an 
accurate theory. of bending of curyed beams, as follows : 

Let the portion a 8 p & take up the position a, B, D, EB, after 
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bending. Consider an element of area a situated at a point Pp at 
distance y from the centroid’ line c c’ and consider a fibre Pp Q of 
the material enclosing the area a. 














Fig. 74.—Stresses in Curved Beams. 


After strain the fibre Pp @ takes up the position P, Q, at 
distance y, from the strained centroid line ¢, cy’. 
ner P,Q, — PQ 
) . . cre Teele vel EI 
Then unital strain in PQ = ae 
And if f, is the stress at the point P 


wisps aes Qi ermest Qyes 10h. 


Bers PQ PQ 
P, Q Tes 
RUNG ae Rs) ES 2 ee ey 
PQ E 
ites : Z Fie CC CC 
Sumilarly unital strain along cc’ = ~~ ES 


and if f, is the stress at the centroid, we get similarly 


Cy om te (2) 


eet ae: otal elelie’s'S'w isle e/atelny) (vie eters) aisle e's '¢ @4.0.e/e wise een e wa biecele 
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Dividing (r) by (2), we get 


Is 

Bry x CC ke 

Circ) EXE PO eee ae 

E 

P, Q vy, + R y 

B DNL Lael ie eal 
ut ae R, I+ R, 
CHO ea URS a ean Bs 

PEO NS YRC RE Ex 

18 ie R 


Also since af and E are extremely small, we may write 
0) 





a 
es ae Oe 
pga oe 
E ; 
r+ 21 
R ¢ , 
.. We get ——7 = 1 aoe neh iy BOLE eee (3) 
J | eae : 
Ter-= R 
r+ 
To danas gee 
ee Siete 2, iy 
aa 2 
Uae Da 
ek: ex: 
eet R 
¥ SB 
oN R 
= Ft aa yee tteee ee cates (4) 
Lae AR 
wal 1S z) 
: HG TR 
ifn Bie ae Sa Sea METAR MTN OATES (5) 
Rae 
~ 


Then the load across the whole cross section is 3 f, . a and in the 
case of pure bending this is zero. 
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*, We have y:@ = 0 


SEE A 
E @ z) 





= fo.a + 3 —~+_—_ 1a 
(1 + &) x 
But 2foa = fod a = fA. 
es 
Le a Bac . p(y Saga SOOT PRAT (6) 
(ees a 


The moment of the force on the given element about 
cc’ = f,. a.y and the sum of these moments is equal to the 
moment of resistance and thus equal to the bending moment M.. 

. WehaveM = 3f,.y.4 

ate Z\ 
>| R 
Veewe Saya 1 ath 
(: i =) 
But SAay =foda.y = fo x first moment of area about 
centroid fo X0=0. 


.. We have: Re 
igs Z j 
E i R : 


(+8) 


This is the most general case’and is true for the assumption 
given. 


ll 


M = 


M 
2 
= 
a 
~ 
~~ 


Now consider the following special cases : 


(1) ORDINARY STRAIGHT BEAM; R INFINITE, Ry VERY GREAT. 


E Jt 
In this case fy = — 3. a 
INSU 
E 
= RAW4=0 


1 


E 
Then M = UR NI 
1 


J, 1S practically equal to y, 
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a ME rae a 
EI 
= 
-and from equation (5) fy = o + ao 
Bey 
R, 
ie. 
Ri ad 
ype tet 


‘This is the result we have previously obtained. 

(2) WINKLER’s FORMULA FoR CHAIN Links, &c.—Winkler drew 
attention to the error of applying the ordinary bending formule. to 
chain links, &c., where the original curvature is appreciable, and 
improved such formule as follows : 

He takes y, = 4. 

Then equation (5) becomes ; 


Jy = So + 

: 1+ 
= + a = fh yR- 5 
-~+3E(2 R) eR Nese (8) 


‘Then from equation (6) 


IB ofa WN Reif gas 
scree (x -R) = (eR) 


Now 3 (7 Ey) = 294 - 2% a )-« 


Now let A ? = a(R) 


where / is defined by the above relation, and may be called the 
link radius. It corresponds to the radius of gyration in the 
ordinary case. 
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2 2 
ot We see A = 2 ( Zs )-« 








y+R 
Leis das 
=e 5 ants os 
y Af? 
haa = 
y+tR eRe 
ite E ( I I ) Af? 
Then fp = —. ser 
Jo ReNR | Ry 
Bye / a I ; 
- 3. We have f, = ase z) Syoleia{alefy otal sVatelayelveeretol4 aie; e\sis 
: | To = a (x R (9) 
From equation (7) ; ’ 
y E = ade = 
M = 3— (x, x) JP @ 
ets - 


se |S ee eae 
ie eee 
Ay a I 
ilo es — cect cece ter ecees ° 
EA; (x x) (10) 
*. returning to equation (8) we see » 


e/a I rea aR 
fee (ea) URC Ry oe 
M My R * 
———— = SPAN eur maveerar ein aamieeieies os+ I 
- ent ee (eas) a) 
RECTANGULAR SECTION. —If the section is rectangular and of 
depth H and breadth B, we see that analysing mathematically— 


9 


Ea Ry + R?log.y + R 


* This is the stress due to bending only ; in the case of hooks we have to 
.add the direct stress over the whole section. M 
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H 
Me [= CRP = Riles ye R | ~R.B 
H . 
2 9 Pee Sl 
=BR|o- RH + Rog. a, 
Re oi 
Ss Brvei) (Rollo s eee ae et 
BR Oe a H | 


M R I 
es (: e ») " BR [Rlog 2222 — a] 
, AIR ET IGI 

Sl [sx yg | 

TR {4 i B R + 9) (BI re a 

(R + ¥) (R loge Boris H)| 
This is a maximum when y = + Be 
GENERAL GRAPHICAL SoLution.—Let Fig. 75 represent the 
section ADBE of a beam, and o the centre of curvature of the 
centre line p FE, the beam being, of course, curved in the plane of 

bending. 

Now consider a very narrow strip PQ of the half section at 
distance y from cb. Join Po, cutting cD in s and draw sr, 
parallel to 9c to cut PQ INR. 


Ss ) 
TST ee ee ao 
PQ | QO 9 R +4 
Repeating this construction for a number of strips such as PQ, 
and joining up the points obtained, we get a curve ARDR,B 
called the dink rigidity curve. 





AR io 
- oe 7 2(ea5)* 

pee 
Now let Be eee Aye ok Re 





Fig. 75.—Curved Beams, Ke. 


104 The Theory and Design of Structures. 


Now put these values in the equation (rr) for stress. 
M My.R 

R.A’ A.L.R2(R +9) 

Mey ies sl 

A\R RL(R+y)J 

ME al ee oem 

AR L(R+>y)/ 

Then if ¢@ and d@, are the distances from the line DE to the 

extreme compression and tension fibres respectively, we have 


Phen we have” /, = 








Maximum compressive stress = f, = a {3 oF L eT a 
M [{ a, \ } 


Maximum tensile stress == ARIAL (eee, eal 
NS — at 


Position or NeuTRAL Axis.—The value of 1 to make fy = 0 
gives the distance @ of the neutral axis from D E. 
. 


. ‘ y 
Wey Ce -1 
Gi WIR: Ie gh 
frome Has 
J r+L 


This enables us to find the position of the neutral axis. 


(3) ANDREWs—PraRsON FormuLA.—In a paper* published 
by the author and Prof. Karl Pearson, I’.R.S., it was pointed out 
that in Winkler’s formula a further correction should be made, 
because, owing to transverse strain, it is not true that vy = 4. 

The formule in this case become more complicated, but the 
stresses can be obtained by a graphical method which is not 
much more troublesome than that in the Winkler method. In 
the above-mentioned paper it is proved experimentally that the 
formulae obtained by this method are much more accurate than 
the ordinary bending formule.. 

A later paper by Prof. Goodman, M.I.C.E.,f confirms the 
results of these experiments, and obtains results almost identical 

* A Theory of Stresses in Crane and Coupling Hooks. Drapers’ Company 
Research Memoirs. Technical Series, I. (Dulau & Co., Lond.) : 

+ ‘Maximum Stresses in Crane Hooks.’ Vol. CLXVII. (1906-7) Proc. 


Jnst. C.E£. See also a paper by Prof. W. Rautenstrauch in the American 
Machinist, October 1909. 
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with those obtained by the Andrews—Pearson experiments. The 
reader should consult these papers if he wishes to. study the 
problem, as our present space forbids us entering into further 
detail.* ee 


Z ° 
; = los it 











Fig. 76.—Stresses in Asymmetrical Sections. 


* Beams with Loading inclined to Principal Axis.— 
In obtaining our formule for the stresses in beams, we assumed 
that ‘the section of the beam is symmetrical about an axis through 


* See also Appendix, page 566. 
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the centroid of the cross section parallel to the plane in which 
bending occurs.’ 

We saw in dealing with moments of inertia, or second 
moments, that an axis of symmetry is called a principal axis 
of the section. Our assumption, therefore, is equivalent to 
saying that one of the principal axes lies in the plane of loading 
of the beam. ; 

When such is not the case we proceed as follows. Draw the 
momental ellipse for the beam, x x and yy (Fig. 76) being the 
principal axes, and let zz be the trace of the plane of loading. 
Then the neutral axis will be the diameter of the ellipse conjugate 
to the plane of loading. The plane of bending will be at right 
angles to the neutral axts. 

This is proved as follows: 

Consider an element of area at the point Pp of a section 
(Fig. 76), and let PN and pm be drawn perpendicular to the 
plane of loading and neutral axis respectively. ‘Then the intensity 
of stress at P is proportional to pM, the distance from the neutral 
axis, so that if ¢ is a constant we may write fp = ¢ x PM. 

. The moment of the load over the area about zz is equal 
‘CO ee PM X PN. 

Now since zz is the plane of loading, the moment of all the 
stresses over the section about zz must be zero, since the couple 
to the stresses must also be in plane zz. 

.. Dfp X aX PN=0 
Lies GX (dh XePIM xX PIN — 10 
ié., a. PM xX PN =o 
but Sa.PM.PN is what we have previously called the product 
moment, and it can be shown that if the product moment of an 
area about two lines is equal.to zero, such lines must be conjugate 
diameters of an ellipse. 

Therefore to find the neutral axis draw a chord the diameter 
conjugate to zz. To do this draw a chord parallel to zz and 
bisect it and join c to the point of bisection. 

Now suppose the radius of gyration about the N.A. is 2y.,, and 
d@, and @, are the distances from the extreme points of the section 
to the compression and tension sides respectively. 
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Then the moduli are 








r ne IN een < Ty.s. 

Z, = ae Sea 

poe A Ryn? = Ty. wa 
Sa Snag), ay 


Then the maximum compression and tension stresses are 
obtained by the relations 


M 
i= 7 
Te, 


NUMERICAL EXAMPLE.—4 5”x 3” x $” unequal angle section is 
loaded on the small side with the long leg downward. Find the safe 
bending moment for a stress of 7 tons per square inch. 


‘From the tables of standard sections we see that for this section 
the maximum and minimum values of the radius of gyration being 1°69 
and *65 inches, the principal axes being at 19}° to the vertical line Z z. 
which is the trace of the plane of loading. 

The momental ellipse is now drawn (to twice the scale in Fig. 76), 
The major axis being equal to twice 4x, and the minor axis equal to 
twice fyy. > j 

By the construction previously given we get the diameter-of the 
ellipse conjugate to Zz. This gives the neutral axis. To obtain /y.a 
draw a tangent to the ellipse parallel to the N.A. and draw a line from 
C perpendicular to this axis. This will be found to be ‘88 inch. 
Now measure the distance d. @, from the neutral axis to the extreme 
fibres of the section and these will be found to be 1°80 and 1°83 inches 
respectively. The area of the section is 3°75 sq. ins. Therefore we see 


Z. = eee = 1°61 inch units 
Zt qe = 1°59 inch units 


.. If safe stress = f, = /, = 7 tons per square inch 
Sate) Banta <1 FOU wien SMG CONS jose ess cesaces peo!) 


If we had taken the N.A. at right anglés to the plane of loading, as 
in the case of a symmetrical beam, we should have had 4 = 1°60, 
a = 173, and a, = 327. 
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This would give Z, => 5°46 inch units 


173 
jp ate ae niet = 2°94 inch units 
3°27 
. Safe B.M. = 7 x 2°94 = 20°58 inch tons ...........s400+ ee (2) 


(In finding the safe B.M. we, of course, consider only the least 
modulus if the working stresses are the same in tension and com- 
pression. ) 

We see from comparing results (1) and (2) that a very large error 
is made by failing to find the true neutral axis. This error is very 
commonly made by practical designers. 

A similar allowance should be made for symmetrical sections where 
one of the principal axes does not coincide With the plane of loading. 





Fig. T7.—Combined Bending and Direct Stress, 


Such cases occur in practice in plate girders where the wind is blowing 
on one side while the load is crossing, and in sloping bridges where 
the cross girders are placed with their flanges at the same inclination 
as the main girders. 


Combined Bending and Direct Stresses.—lIf the load- 
ing on a beam is such as to cause a direct stress in addition to 
bending stresses, then the resultant stresses across the section 
will be obtained by adding together the separate stresses. Let 
BD, Fig. 77, represent the elevation of a section of a beam, Cc 
being the centroid of the section whose area is A and whose com- 
pression and tensile moduli are Z, and Z,, p being the compression 
side and B the tension side. 


\ 
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Then, if the direct force is a thrust Q, there will be a uniform 


compression stress of © over the section. If the bending moment 
is equal to M, the maximum compression and tensile stresses due 
to bending are equal respectively to zZ and z.* Therefore we- 
have :— 

Resultant maximum compressive stress = f, = - + = ols), 
. 0 


: M 
Resultant maximum tensile stress = {| = — — 2 acai) 
Lig A ; 
The distribution of the combined stresses across the section 
is then as shown in Fig. 77, FH represent the maximum com- 





heh 


Fig. 78. 


pressive stress, and G E the maximum tensile stress. ‘The neutral! 
axis then is at the point nN, where the stress is zero. 
If the direct force is a pull T instead of a thrust Q, we have 


; Q an 
Resultant maximum tensile stress = /, = Se 2 Beet ()) 
és t * 
ab tN alia ee Coat ag 
Resultant maximum compressive stress = /, = Too oosi(4s) 


Stresses obtained from Line of Pressure.—If the 
resultant force across the cross section is R, Fig. 78, and the line- 
of pressure cuts DB produced int, the /oad fornt (see p. 139), then: 
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resolving R along and perpendicular to the cross section we get a 
shearing force S and a thrust Q. 

In thisicase Vi Oc Ou xe 
and if cD = d, and cB = @, 





, I Ak? 
e hav Dei Ge sees 
we nave a a, 
I Ak: 

We wa 
Tengu peas 


where & is the radius of gyration about a line through the centroid 
parallel to the neutral axis. 
‘. We have from equations (1) and (2) 


f= 24 Ved 


Ree 
= (3 + 7) Bas COLCA Et aA (5) 
dt sepa 
TONES | eee 6) 
Or if the resultant normal component is a pull T, equations (3) and 
(4) become fa z( ea “') ot | as een te (7) 
£-5(-+) Beers haart y. (8) 


Position or THE NEUTRAL Axis.—The position of the neutral 
axis N can be found as follows :— 
Let it be at distance y from c. 


Then stress due to bending = - 
ee, 
Ak? 
At this point the stress due to bending is exactly equal to the 
direct stress Oey 1 O 
: ee i . 
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The following numerical examples will make the. question of 
combined direct and bending stresses clear; further examples 
will occur in the course of the book. 


NUMERICAL EXAMPLES.—(1) A dension rod is a flat bar 8 inches 
wide and \ inch thick: owing to bad fitting the line of pull, instead of 
passing along the geometrical axts of the bar, lies § of an inch 
to one side of it, in the plane which bisects the thickness of the rod. 
Determine the maximum and minimum stresses set up in this bar in a 
section at right angles to the line of pull when the pull.is 36 tons. 

Show by a sketch the actual distribution of the stress across the 
section. (B.Sc. Lond. 1904.) 

; ; ay 36 : : : 

In this case the direct stress = Ala aes = 4°5 tons per sq. in. 
The B.M. is equal to T x x, and the second moment is equal to 
LEXeSY oN 128 


ip ane as 





= 4°5-x 3 = — 3656 tons per sq. in. 
The distribution of the stress is then as shown in Fig. 79. 


(2) A hollow circular column has a projecting bracket on which a 
load of 1 ton rests. The centre of this load is 2 feet from the centre of 
the column. External diameter of column ts 10 inches, and thickness 


‘1 inch. What ts the maximum compression stress 2 (A.M ICE. Oct. 


905.) 
In this case NS (10? - 8°) = 28°28 


I © a (10! = 8!) = 289°8 inch units 
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» _. 289'8 
P= aos = 10°25 


a ae 


283 = (+ Hx 








= aa = ‘448 tons per sq. in. 
OQ; fede ) 
homeo. 
10'7 ; 2 
= tse) an = °379 tons per sq. In. 
The distance of the N.A. from the centre of the section is them 


; Re 
given by y = — 
) ade sag hOET Sem 

a = °427 in. 

The distribution of stresses is then as shown in Fig. 79. 

(3) A built-up crane jib ts in the form of a curved girder, and a 
horizontal section near the base 1s a hollow rectangle. The outside 
dimensions of this rectangle are 54 and 36 inches, and the larger and 
shorter sides are \ inch and 2 inches thick respectively. Find the 
meximum tensile and conypressive stresses tnduced tn the material when 
a load of 25 tons ts suspended from the end of the crane, the horizontal” 
distance of the load from the centre of the section being 50 feet. Show: 
by a sketch how the intensity of stress varies across the section. (B.S¢. 
Lond. 1905.) 

It will be noted that in this question no means are given to: 
connect the plates of the rectangle, such means being necessary in 
practice. 

Proceeding as in the previous example, we see that 

A = 2(72) + 1 (100) = 244 sq. ins. 
36 x 54° x 508 
I=2 Si TREES = 118,200 








12 12 
pe eva 484°5 
ea el: a ooo. 
Ke 244 484°5 
ds a 34°5.= 3°62 tons per sq. in. 
f= = oe A :) = 3°33 tons per sq. in. 


Fig. 79 shows the manner in which the stresses are distributed. 








‘ig. 79.—Combined Bending and Direct Stress. 
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Approximate Value of Modulus of ET Sections.—In 
practice girders are usually made of I section, because the most 
economical section is that in which as much as possible of the 
metal is placed in the edges or flanges. In this case an approxi- 
mate formula for the modulus of the section can be found as 
follows: Let p (Fig. 80) be the distance between the centre of 


Compression Flange 

















ee Tension Flange. 
Fig. 80. 


flanges of the section, the thickness of the flanges being 4. Then 

if B is the breadth of the flanges, and ¢, the thickness of the web, 

we have 

B(p +4 (v4) (0-98 
Tae a 12 


T= 


. 121 = B(0§+3D°%+3 +2) — B—4) (p®- 3 D+ 3 pi? — 29) 
= B(6D% + #3) + 4 (p'-3 D+ 3d — #) 


121 ? : Cente ‘ 
= 6Be (« + zi) +4, (» —3f+ Crews =) ean (2)) 
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neglecting all remaining terms containing 7? or 74. 


Now B x ¢ = area of one flange = A 
and 7, (D — #) = area of the web = @ 
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Therefore we get the following rule: Zhe modulus of an I 
section beam ts approximately equal to the depth between the centres 
of the flanges multiplied by the area of one flange plus onersixth of 
the area of the web. 

In English practice the web is usually neglected altogether in 
obtaining the modulus, in which case we have Z = A x D. 

We shall have numerical examples of these approximate rules, 
and will show to what extent they are correct when dealing with 
the design of plate and box girders. 


Discrepancies between Theoretical and Actual 
Strengths of Beams.—Many practical men have expressed 
considerable surprise that in testing beams the actual and theo- 
retical breaking strengths do not agree. A number of beams are 
tested, and a tension test is also made from the same material, 
and it is found that the load which, on the ordinary bending theory 
should cause the breaking stress in the beam, does not cause frac- 
true, the amount of additional load depending on the shape of the 
Cross section. This was the origin of the old ‘beam paradox,’ it 
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‘being thought that the material must be stronger in bending than 
in tension. In fact, for cast-iron beams, an old erroneous theory 


: Vink. 
which, for a rectangular beam, made M = aX Th instead of 
4 


Sx bPh 

6 
the correct theory. 

Now this discrepancy is due to the fact that the ordinary 
bending theory is not applicable to breaking stresses, and no one, 
who appreciated the value of the assumptions made in obtaining 
‘such theory, would expect the theoretical and actual breaking 
strengths to agree, ‘This is because the stress is not popeon 
to strain after the elastic limit is reached. 

Some experimenters who have measured the deflections of beams 
have stated that for mild steel the stresses at the elastic limit do 
not agree, but that is due to a confusion between the elastic limit 
and the yield point, and to the fact that the deflections were not 
measured with sufficient accuracy. In Chapter I. we saw that for 
a tension test of mild steel the elastic limit and yield point were 
quite close to each other ; but in bending this is not the case, the 
yield point occurring at a considerably later point than the elastic 

limit. Considerable error, therefore, arises if the yield point in 
bending be taken instead of the elastic limit. If the latter be 
carefully measured it will be found that the stresses in tension and 
bending at the elastic limit agree yery closely. This point is 
proved, incidentally, in the Andrews-Pearson paper on Stresses in 
Crane Hooks, referred to on p. 164. The reason for the yield 
point coming some distance after the elastic limit in bending is 
that only the material at the extreme edges has been stressed up 
to the yield point, and the whole section will not yield until the 
material nearer the centre has become stressed up to the yield 
point. 

We see, therefore, that there is no discrepancy between theory 
and tests so long as the conditions laid down in formulating the 
theory are fulfilled. If those conditions do not hold beyond a 
certain point, then, after that point, we must get a new theory if 
we wish to calculate the stresses. 

These so-called discrepancies between theoretical and actual 


agrees considerably better with the breaking test than 
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strengths of beams point to the desirability of choosing the working 
stresses in terms of the stress at the elastic limit, and not of the: 
breaking stress—as we pointed out in Chapter II.—because if the 
working stress in a beam is, say, one-half of the stress at the elastic 
limit in tension, then twice the load on the beam will cause the 
elastic limit in the beam ; if, however, the working stress be taken: 
as one-fourth of the breaking stress in tension, four times the load 
will not cause failure, the exact load to do this being more, and 
depending on the shape of the section. 


CHAPTER VII. 


BENDING MOMENTS AND SHEARING FORCES FOR 
ROLLING LOADS. 


In Chapter V. we considered the variation in the bending mo- 
ment and shearing force for different points along the span for 
various kinds of fixed loads. If a system of loading travels across 
a beam so that each of the loads at different times occupies every 
possible position on the span, such load system is called a rolling 
load system. 

Now the B.M. and shear at each section of the beam changes 
as the load crosses. We do not attempt to determine the B.M. and 
shear at each section of the beam for every position of the load, 
but find only the greatest value that they can have at any point 
during the transit. Thus the B.M. and shear diagrams for rolling 
loads do not give the values of these quantities which occur at the 
same time, but give, at each section, the maximum possible value 
of the quantities whatever the position of the’load may be. 

We will consider only simply supported beams. Cantilevers 
are seldom subjected to rolling loads, and when they are the maxi- 
mum shear and B.M. occur when the load is right at the free end. 


Consider the following standard cases :— 
(1) Single Isolated Load.—Let an isolated load W, 
Fig. 81 (1), be crossing a beam A B of span / from left to right. 


SHEAR Diacram.—Let the load be at a point P, at distance y 
from B, and let it be approaching a point C at distance « from B. 


Then shear at c = S, = R, = a 
MEALS 
Ply Vine™ aie 


‘This is greatest when y is least, so that we see that the shear 
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increases as the load approaches c, the maximum value occurring 


when c is reached, such value being ee! 


Now let the load be at a point Pp’ beyond © at a distance z 


from B, : Ee 
Aheni Syne 
= Wy) (2 - 2) — W 
LE 
x tf 


This has a maximum numerical value when z has its maximum 
possible value, ze, when z = x. ‘Therefore we see that as the 
load approaches c, the shear at c increases until c is reached ; it 
then changes over to a maximum negative value directly c is passed, 
and then diminishes as the load goes on. 


W (/-<x) 
ia 


Maximum positive shear at Cc = This is propor- 


tional to the distance of c from A, and so the diagram of maximum 
shear for the load approaching is a straight line a, F, F B, being 
equal to W. 
-Ws« 
Paes 
to the distance of c from 8, and so the diagram of maximum shear 
for the load receding is a straight line B, D, A, D being equal to W. 
These diagrams are used as follows :—Take any point M along 
the line a, B, and let vertical through m cut the shear diagram in 
Qandr. Then m Q is the maximum positive shear at Mand MR 
the maximum negative shear at M, the vange being equal to Q R. 


Benpinc Moment DiaGraM.—B.M. at c for load approach- 
ing = M, =R, x «. re 
This isa maximum when R, isa maximum, 7.¢., when load is at c. 
For load receding M, = R,. « — W (* — 2) 
ae, a = W («=2) 


W.gKx & 
= a =Ws ee 
sae ] Gre) 


This is a maximum when z is a maximum and will always be 


Maximum negative shear at c = This is proportional 


positive because x must be < / so that (: - ) cannot be negative. 
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When z = «, M,= W x (: - ‘) = See 


= R, x xX 
Therefore we see that the B.M. increases until the point c is 
reached, and then diminishes gradually as the load recedes from c. 
at . : W x2 
The maximum value of M, = Wa — —— 
This depends on «?, and so the niaximum B,M. diagram will 
be a parabola, the maximum ordinate occurring at the centre, and 


| wi) ow 

being equal to WZ _ DN) hvect W Z 
2 Y 4 
The B.M. diagram is then as shown at a, EB, on. Fig, 81 (1). 

_ If the load is crossing from right to left, the diagrams will be 
the same, because the shear and B.M. at © when the load is: 
approaching and has reached the point p will be the same as when 
the load is receding and has reached the same point. 


(2) Uniform Load Longer than the Span.—Let a uni- 
forny load larger than the span and of intensity # tons per foot run 
cross a beam 4 B of span / from left to right, see Fig. 81 (2). 

SHrar DiaGRAM.—Consider a point c at distance « from A 
and let the front of the load have reached a point Pp at distance 
from A. 

9 

Then S, = Rp = 42 

7 Of 

This increases with y so that the maximum shear occurs when 
the front of the load reaches c. 

Now let the front of the load have passed c by a distance 2. 


then S02 R, plz. 
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Fig. 81.—Rolling Louds. 
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Now ( I - _ - *) will be positive if 27 > 4 + 2a, because 
2 


it is equal to eta) 
Cie 

This must always be so, because 7 cannot be < x + 2, and so 
22 must be > 2x + 2 

S, will decrease as z increases, so that the maximum’ value 

of the shear occurs when z is nothing, or Oe the front of the 
load is just over the given point. 

The maximum negative shear at c will occur just when the tail 
of the load leaves c, because the load is then in the same position 
as if we were approaching the point from the other side. 


ro ’ One x? 
Therefore maximum positive shear at C Z Gi 
3 2 


ee negative pf A) 
Bu 
The curves of maximum shear are thus parabolas, the parabolas 
haying vertices at A, and p,, and the ordinates at the end being 
pi_W 
Bytes 

Then, as before, if M is any point along the span, MQ and 
.MR give respectively the maximum positive and negative shears 
at M, and QR gives the range of the shear. 

Benpinc Moment DiaAGramM.—When the front of the load has 
reached p, M,= Ry (/—.x). If the load comes on a little farther 
to a point P,, the value of Ry will increase, and thus the B.M. 
increases as the load comes further on. ‘This also applies to a 


equal to 


2 
point such as Pp, which is already covered, because Mp= Ry. y Wa 
2 


and R, will increase as the load comes further on the span. 


*. B.M. at every point is a maximum when the whole span is 
covered, so that the maximum B.M. curve is a parabola of maxi- 
Wl 

> 

* (3) Uniform Load Shorter than Span.—lLet a uniform 
load of length 7 and intensity # tons per foot run cross a beam 4 B 
of span 1 from left to right (see Fig. 82). 

SHEAR D1AGRAM.—It follows fromfexactly the same reasoning 


. 22 
mum ordinate aa = 
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given in the previous case that the maximum positive shear at any 
point occurs when the front of the load reaches the point, and the 
maximum negative shear occurs when the tail leaves the point. 


l 
a | 

b 
W 








Max B.M. | Diagram 
Fig. 82.—Uniform Rolling Load Shorter than Span. 


Now consider a point E at distance « from A, where zw is less 
than Z The maximum positive value of Sy occurs when the front 


5 
of the load reaches it, and its value is then equal to 4 This is 


21 
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the same as in the previous case, because at & the whole load has 
not come on to the span. Thus we see that the shear diagram 
will be a parabola up to a point at distance / from a. 

Next take a point F at distance z from a, z being > Z, 


st) ws) 
L L 


The maximum value of $; = R 


where W is the total load. 


w(.-2) 7 

{Sine yes hve 2 =w{x- ) 

1; 2.1L, 

Now S,; depends on the first power of z only, and so the shear 
diagram for points beyond the end of the load rom A will be a 
straight line. 

To find the point where this straight line, if produced, would 
cut the line a, B, we find the value z must have to make S, zero, 
: Z 
Oe noi 

2 

From these results we get the following rules for drawing the 

curves of maximum shear :— 


On either side of the points a, B, take points a, a,; 4, 6, at 
; Z ; : 
distances - from A, B,, and points a, 4, along the span at distances 


Z from A, By. 

Set up a vertical 6d to represent W, and ‘set down a vertical 
ac, also to represent W, and join cd, and da,. Let them cut the 
verticals through a, and 6, ine and f, then through e draw a para- 
bola with vertex at a,, and through fdraw.a parabola with vertex 
at B,, then Ze a, and gf 8, are the curves of maximum shear, and 
they are used as explained in the former two cases. 

Brnpinc Moment D1aGram.—Suppose the centre of the load 
has reached a point p, the front of the load then being at a dis- 
tance x from a point c on the beam at distance y from B. 


Then IRs = p/.AD = ae — +x “3) 
L 


L 
F pw 
Bending moment atc = M, = Ry.y —- a 


2 


= 22 (- pont) £8 ods (1) 
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This will be a maximum when —— = © 
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Therefore we get the following rule:— Zhe B.A. at any point 
2samaximum when the load is in such a position that the given 
point divides the load in the same ratio as it divides the span. 


.. Putting this relation in our value (1) for M, we get maximum 


ply (, ly _ 2) _ pPy 
nN Loony 212 
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‘value of M, -yt 
STS ier ai, On He a 
aig = abs J 


pel caer 


This depends on y?, and so the maximum B.M. diagram will 
be a parabola. : 
The maximum ordinate of this parabola will’ occur when 





ea and will be equal to 
iG) ( Z ) = Z ) 
— Ct ee I - 
ein Nee 2 4 2L 


It is interesting to note that if 7 = 0, the shear and B.M. dia- 
grams curve the same as in Case (1), and if 7 = L we get the same 
result as in Case (2). 


*(4) Two Isolated Loads at a Fixed Distance apart. 
—Let two isolated loads W, and W, at distance / apart cross a 
Span a B (Fig. 83). Then the resultant load P will be equal to 
W, + W,, and will act at distances a and 6 from the loads, a and 

W, _ 0 


4 being determined by the relation Wey 
; / 
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SHEAR DiAGRAM.—Consider a point c at distance y from a. 
Then if the front load has not reached c and P is at distance x 


from A 
12529 
Suan 
c L ; 
This increases with x, and so S, increases up to the value 
P (y - 6) 
3 = ic Wr ote ADEA Sere Reena (1) 


Now let the load have reached such a position that c is 
between W, and P, and let the first load be a distance ¢c beyond c. 
Then S, = Rg — W, 

P(y +¢ — 3) 
= re ~ 
This increases as ¢ increases and is a maximum when ¢ = 2, 


Baie 


In this case 
Py 
Shy = atie AW Sits cia ncje a aoe ecru tata stteceais (2) 


This will be greater than the value in result (r) 


if We c< 2 


ae ih, ae 
Alay B <i W, 


patirt L We 
Atay ie Pe Pee 


Therefore, we see that our investigation divides into two 


cases. 
= 


L W 
If-<1+— 


i Wr then the maximum shear at c occurs when P 
2 


Rls W : 
reaches c; if tae W. then the maximum shear occurs when 
) 2 


: Sv a ter, 
the first load reaches c. As in practice 3 will nearly always. 


Wi Pee : : , 
be > 1 + <! we will limit our consideration to this case. 


Ww, 
Ey— 2) 


.. Maximum yalue of S, = 




















Fig. 83.—Two Isolated Rolling Loads 
at fixed distance apart. 
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Now let the load have reached such a position that c ‘is 
between P and W, and let P be a distance @ beyond c., 
Then S, = Re. — We 
ey ~ OW. 
This increases as @ increases, and so the maximum value 
occurs when d = a. 


2 ee Len Ne eeny thee AS eb ollee dh By 
Now let the load W, have gone beyond the point c by a 
distance ¢. 
Then S, = Rg — P 
P(v+a+e) 


= =: P 


Wee CaS 


y} 


[L - (vy +a+e)] - 


L 
This is always negative, and it will have its maximum 
numerical yalue when e = o. 


Lae 
Then S, = = Picweent (Seber) yl Pens doansogoogucoaianeuoooaet) (4) 


From results (2) and (4), we see that the maximum shears at 
€ are linear functions of y and so the diagrams of shear will be 
straight lines; but it must be remembered that near a and B up 
to a distance / from these points only one load is on the span 
at a time. ‘The maximum shear diagrams are then obtained, as 
follows : ‘ 

Take points 7, ¢ outside and inside the span and at distances 
respectively equal to a and 6 from A, and take corresponding 
points /, g, at distances respectively equal to 4 and a@ from B8,. 
Set down f 7 equal to W, + W, = P, and set up f, 7, equal to 
the same quantity, and join 7, g and 7 s. 

Then take points 4, 4, along the span at distances equal 
to Z from .a, and x, and let verticals through #, 7, cut 7, g and 

J & in &, 2, and join a, 2, B, &,. Then if 7,,¢ and 7 g, cut the 
verticals through B, and a, in m, and m, the curves of maximum 
shear are A, £m, and B, 2, m. : 

BenpinG Momenr Diacrams.—Consider the cases that we 
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dealt with for the shear. If the first load’ is: approaching c and 
is at distance x from a. 


P( 


= De = 5 


This increases as x increases and has aafiaximum value 
Lo BGs =p) 
= Fe tee tenginitedntoaneete ss. (5) 


Now take the load such that ¢ is between W, and P and let 
W,, be a distance ¢ beyond c. 


Then, M, = Rg (u = y) — Wy. 
Lee (I eae Stan DER 





=) WaiGiionchecateeeteeten (6) 
eas tines : Sie) : ; 
This increases with c¢ if a5) = = and decreases with ¢ if 
W, y 
Cabeaeg 


Now, let the load be such that c is between P and W, and let 
P be a distance ¢ beyond c. 
Then M, = Rg (t -— y) — W, (6 + 2) 
Piyt+d 
es Wey Age WN Cate pce wae (7) 
This increases or decreases in the same way as (6). 
’ Lastly, consider the load W, to have gone beyond the point c 
by a distance ¢ 
Then M, = Rg (t — y) -— P(@ + ¢) 
1) Bgsctraac e)) (eis 9) 





7 —P (@ +-¢)} 
Py(L-y) P(a+e)(u-9) 
aes (. DW)» BAG es Pia, 8) 
Py (L —¥) P(a+e)y 
= L 7 ie 


This decreases as ¢ increases, and so the maximum value of 
the B.M. comes when e = o. 
M Pye) eae 
c L L 


Py (iu - y — a) 
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190 The T; heory and Design of Structures. 


From equation (5) for the load W, above c 
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*, (5) or (8) will be a maximum according as 
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Thus from results (5) to (8) we see that if 2 is greater than 


WwW RO ; 

pi the maximum B.M. at the point occurs when W, is above the 
W 5 
P the maximum B.M. occurs when 


f SS Oi 
point, but if~ is less than -,,', 
u 


W, is over the point. 


; Ay D W. ‘ 
Let p be such a point that ae 5 ?" Then for any point 
» Ay Bo 


between A, and p, the maximum B.M. occurs when W, is over | 
the point, and between p and B, when W, is over the point. 

We see that the curves representing equations (5) and (8) are 
parabolas, and we therefore proceed to draw the B.M. curves as 
follows : 


Consider first the parabola of equation (5). 


It has zero value for y = 6 and maximum value for y = 


nig 
S 


the maximum B.M. then coming 
2 > 
Ee Jey 2 Sage 
NG. mar 
Therefore take a point y at distance 4 from A, and a point F at 


distance : to the right of © the mid-point of the span. Set up F H 
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3 12 4 
ona convenient scale equal to ~ = (x — 6)? and draw a parabola 
; 4 
Y H By with vertex at H. 


Now consider the parabola of equation (8). 
It has zero value for y = L — a and maximum value for 


iy ; ; 
y =- — -, the maximum B.M. then coming 
2 2 


: = —(L -a)? 


iu 4.1L 
Therefore take a point x at distance a from B, and a point G at 


See ee are, 
2, 2 


: 1p 
distance - to the left of E, and set up GJ = it (L = a)2, and 


draw a parabola 4, J X with vertex at J. 

The two parabolas meet at k, and the curve of maximum 
B.M.s is therefore given by the curve A, K H By. 

HQUIVALENT UNIFORM LoaD—CIRCUMSCRIBING PARABOLA.— 
In the design of girders it is customary to express the maximum 
B.M. due to rolling loads in terms of an equivalent rolling uniform 
load. ‘This is done by finding a parabola which will just enclose 
the maximum B.M. diagram for the rolling load. In this case we 
proceed as follows: Draw a tangent BaM. to the larger parabola 
by making H M = HF and joining B, M. Produte this to meet 
the vertical through © in N and take Ro = 4EuN. ‘Then the 
parabola a, 0B, with vertex at o gives the circumscribing parabola. 

Let W be the uniform load equivalent to the given load system. 
WL 
aE 
8 xX OE 

L 

In the case when two equal loads cross the girder we proceed 
exactly as in the present case, but of course a = 4, the two halves 
of the parabola then coming exactly alike. 


: Pp 1\2 
In this case FH = a = ‘) 
Ait 2 


Then OF = 


or Ww - 
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P ( 5) 


= pally 
Aut i! 
i — = 
2 


7.2 
te g. p(t 4) 3 (e me 
= .L=— 755 
4L° (« aad zy L 
2 

(5) General Cases of Rolling Loads.—When a system 
of isolated loads, such as those due to the axle loads of loco- 
motives, crosses a span, the shear and bending moment at every 
point vary as the load crosses and the maximum values of these 
quantities have to be determined by some method such as given 
below. It is usual in practice for a railway company to choose a 
standard axle loading, based on their design of locomotives, and 
with a percentage allowance varying from 2$ to ro per cent. for 
possible increases. The curves of maximum shear and bending 
moment are then obtained graphically, and parabolas are drawn 
to enclose them, the equivalent uniform load being obtained from 
these parabolas. The results are tabulated or put into the forny 
of a curve, and the bridges are designed for a uniform load, the 
intensity of which for the given span is obtained frony the table or 
curve. We shall give some figures showing such tables in the 
chapter on the Design of Girders (Chap. XVIII.). 

The diagrams in this problem become very complicated, and 
so we will restrict our load’ system to one of five loads, 0, 1; 1, 23 
2, 33 3543 4,53 Fig. 84. The procedure with a more compli- 
cated loading is exactly the same, and, is as follows: Set out the 
load system at the top of the paper, and choose the scale so that 
there is on both sides, of the load a length at least equal to the 
span under consideration. Now set down the loads on a vector 
line 0, 5 and, choosing a convenient pole P draw the link polygon 
u, @, 6, ¢,d,.e,v. The pole Rp is best chosen so that the centre 
portion of the link polygon comes: at the bottom of the paper, and’ 
the first and last links w a, ev produced indefinitely, cut the span 
just before the edges of the paper. Now let the span under con- 
sideration be of length x, and let A, B, represent one position of the 
span relatively to the load system ; then if verticals through a, and 
p, be drawn to cut the link polygon in a 3, and x, y, be joined, 
x, a6 y, is the B.M. diagram for the given position of the load on 
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the span, and if P x, is drawn parallel to «, 1, xX, gives the base 
line for the shear diagram. The B.M. and shear are then measured 
at a number of points along the span, and the load is then moved 
relatively to the span, and fresh B.M. and shear diagrams drawn, 
and the values at the given points measured, and so on. It is 
much more convenient for drawing to move the span under the 
load than to move the load over the span, because in the former 
case only one link polygon need be drawn. The procedure is 
then as follows : ; i 

BenpinG Moment..—Divide the span into a convenient 
number of equal parts: in practice 10 will usually be sufficient, 
but we will adopt 5 to avoid confusion of the figure. Then 
starting from one or other of the larger loads set off lengths 
representing these span segments right across the paper, and draw 
verticals through the points thus obtained, such verticals being 
shown dotted in the figure. If these verticals are numbered as 
indicated in the figure, then a horizontal line joining successive 
verticals of the same number gives the span. The closing lines 
giving the B.M. diagrams for each position of the load are then 
drawn. <A length 4 B to represent the span L is next taken and 
divided up into the given number of parts. By scaling off from. 
the diagrams to the scale obtained as previously described, the 
maximum B.M. at each section of the span is found and is plotted 
up on the line AB; 12, fbeing the maximum ordinate for position 
12,and so on. A, f,¢, 4,7, B then gives the curve of maximum 
bending: moment, and if it is desired to express the results in 
terms of an equivalent uniform load, a parabola ac B is then 
drawn to enclose the curve. The maximum or central ordinate 


it . F 
then represents oe, where # represents the equivalent uniform 


load per ft. run, and from which ¢ is calculated. 

If the number of divisions of the span is large enough it will 
not matter where the first position is taken. 

If the value of the maximum B.M. anywhere across the section 
is required we make use of the following rule: Zhe maxdmum 
BM. will occur under one of the heavy loads, and the maximum 
BM. under any load occurs when the centre of gravity of the load 
system and the given load are equidistant from the centre of the span. 
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This is proved as follows: It is obvious that the B.M. at any 
point of the span is a maximum when one of the loads is over it ;. 
this is clearly seen from the funicular polygon. Now let the total 
weight of the load system be W, and let its centre of gravity be at 
distance « from the end a, and let the given load be wat distance: 
y from the centre of gravity. 

Then the B.M: under the load zw is equal to 


M = R,.@+y) -W.y 





= W ie (x +) ek Wy = Ww {x & ries a 


eae ; aM 
This is a maximum when aa oe ° 


: 23 
ze... when 1 — J 24 = 9 


; L-y 
Boy = =e 
2 


7... when W and zw are equidistant from the centre. 


The centre of gravity of the load system is 7, the point where 
the first and last links meet, so that the maximum B.M. can be 
found by placing the centre of the span half-way between 7 and 
the loads 2, 3 and 3, 4 and seeing which gives the greater B.M. 

The reason why this procedure alone would not be sufficient 
is that although it finds the actual maximum B.M. at one or two. 
points, it does not find the maximum values at the other points of 
the span. 

SHEear.—To draw the curve of maximum shears we proceed 
as before, by first setting out the load and drawing the link polygon. 
The points on the vector polygon are then projected across their 
corresponding spaces and the stepped shear curve outline m rc 4 
J KLMNQR is drawn in as shown on Fig. 84. This may be 
done on the same sheet as the bending moment as shown, but 
may, if desired, be done separately. The dotted verticals through 
the span segments then determine the various closing lines of the: 
B.M. diagrams for the various positions. Now, through p draw 
lines, shown dotted, Pp ro, P 12, P14, &c., parallel to each of these: 
closing lines, then these points, 10, 12, 14, &c., determine the base: 
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lines for shear. If the load is much larger than the span, these 
lines need be drawn only from the point where the first load 
comes on to the span, until the point where the first heavy load 
has gone right across the span, and also to get the negative shears 
_ from the point where the last heavy load comes on to the span to 
the point where the last load leaves it. Now project the points 
10, 12, &c., across their corresponding spans, and the various shear 
desaoe are those obtained between hese base lines and the 
stepped shear curve outline. : 

Take, for example, the base line pp. ThenptrGHujkuD 
is the shear curve for this position of the load. 

‘The maximum positive and negative shears at the different span 
segments are then measured off and are plotted on a base a B. 
The points ¢, 7, &c., and f, g, &c., are ee joined up to get 
the curves of maximum shear, and if the equivalent uniform 
load is required, a parabola is drawn, as shown dotted, to en- 
close them. 

Notre oN Drawinc.—In practice the best method of procedure 
is to draw the link polygon carefully on a large sheet of paper, and 
to draw the verticals, representing the span segments, on tracing 
paper. The various B.M. and shear diagrams can then be traced 
through, and in many cases need not be actually drawn, and the 
maximum at every point measured and plotted on the curves of 
maximum shear and B.M. In this way one link polygon does for 
a number of spans. 

It should be noted that the forms of the maximum shear and 
B.M. diagrams will be different if ten sections are taken instead 
of five as in the figure. 

For more detailed information on these constructions, the 
reader may consult some articles by Mr. H. Bamford, M.Sc., 
A.M.LC.E., in Vol. LXXXII. of Zngineering, 1905; and a paper 
by J. Graham, M.I.C.E., Vol. CLVIII., Proc. Inst. C.E. 


(6) Combined Diagrams for Rolling Load and Dead 
Load,—lIn practice there is always the dead load, due to the 
weight of the structure, to be combined with the rolling load to 
get the resultant stresses. ‘The relative values of the dead and 
rolling loads increase as the span increases, and with very large 
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spans the dead load stresses are often larger than those due to the 
rolling load. 

We will consider the case of a uniform rolling load of / tons 
per ft. run larger than the girder, combined with a uniformly dis- 
tributed load W, the span of the girder béing /. 


D 
“A. B 
(=) ie 
8 





\ 


t 


Fig. 85.—Combined Rolling and Dead Load. 





SHEar Diacrams.—As we have already seen, the maximum 
shear diagram for the rolling load is given by two parabolas C s, 
AbD, Fig. 85. The diagram for the dead load is given by the 
sloping straight line E P. 

On combining these we get the curves G Y E and F x u, 


4 W ; 
EA and pF being equal to —, and H a and G B being equal to 
2 


UN gee 
2 2 

If a point a between y and A along the span is considered, the 
Shear at a is always negative, the minimum value being a 4 and 
the maximum value a ¢. 

Between the points x and y the shear changes in sign as the 


load crosses, and some writers have called x y = x the focal 
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length of the girder. If the girder is a framework, counterbracing 
will be necessary between x and y if it is desired to’ prevent 
reversal of stress in the diagonals. : 

In the case of framed girders, the maximum shear diagrams 
for rolling loads are somewhat different from the case of the ordi- 
nary beam which we have considered, and we shall deal with this 
point in the chapter on Framed Structures. We shall also deal 
further with the application of the rolling load diagrams to the 
design of girders in Chapter XVIII. 





CHAPTER VIII. 
DEFLECTIONS OF BEAMS. 


We have found the relation which exists between the stresses 
ina beam and the bending moment; we now want to find the 
relation between the deflections and the bending moment. 

Let cc’, Fig. 86, represent a short length of the centroid line 
of a beam, the original curvature of which was negligible, and 
which has become bent to a radius of curvature R. This radius 
R is that which agrees with the very short length c c’, and is not 





Fig. 86. 


the same,all along the beam. If the assumptions that we previously 
made with regard to the stresses in beams still hold, B F and ax 
are straight lines after bending, and they meet at 0, the centre of 
curvature of c c’.. Draw p’ ¥’ parallel to 4 &. Now consider the 


segments BB’ c and cc’ o. 





BB’ CHC 
ime GO) 

HB gp B Grice (1) 
cd So RU 


Since @ is very small 





or 
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But 4 B’ represents the length of a B before bending occurs 
BB _ increase in length 
eA original length 





= strain in A B 
But ab = cc 


B hee 4 
.. We have —— = strain in AB = Sf where / is the stress 
Ce By 


along A B. 


.. Putting this in equation (1) we have : 


Lig 
E R 
7 ane 
0 ie ag (2) 
But we have already shown that :, 
M = FI 
ad 
or AOE 
é ad I 
*. combining these results we have 
FM E 
Se th anotananacaticooous dace (3) 
a I R 


This is the complete relation between the stresses in beams, 
the bending moment, and the radius of curvature. In practice 
we do not so much want to know the radius of curvature at 
various points of a beam, but we require the deflection, and so 
we will next find the relation between radius of curvature and 
deflection, and then find the deflections for various kinds of 
loading. 

Our investigation now divides itself into two parts according 
as we consider it from the graphical or the mathematical stand- 
point, and we will deal with it in this order. 


INVESTIGATION FROM GRAPHICAL STANDPOINT.* 
Preliminary Note on Curvature.—Let Ax (Fig. 86a) re- 
present any curve, and let pp, be points on it at a short distance s 
apart. Draw tangents pQ, P,Q, to meet any base line making 


* The reader may take either the mathematical or the graphical reasoning. 
Each is complete in itself. 
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angles 6 and 6, with it, and draw lines perpendicular to the 
tangents, then the point of intersection of these perpendiculars is 
the centre of curvature of the short arc PP). 

Then the angle subtended by p p; at the centre will be equal 
to (0 — 0,). 


. if R Is the radius of curvature R x (0 — 6,) = s. 


ee 
6 — 6, 
a 0 ="05 Poul 
Ss R 
ae I ¢ 
Then — is called the curvature at the given point, or rather 


nm 


: _, 6-4 
the curvature is the value which 1 approaches as s gets 
s 


smaller and smaller. 


A: 





Fig. 86a. 


Mohr’s Theorem.—Now imagine ap to be a cable loaded 

Vertically in any manner, and let the load. between the points p, Py 

ee equal to w. Then it follows from the laws of graphic 

statics that the cable takes up the shape of the link polygon, 

A | for the load system on it drawn with a polar distance equal 
to the horizontal pull in the cable. (See p. 358.) 

Now let the tension in the cable at the points P, p, be T, T). 
Then the horizontal components of these tensions must be equal, 
since there is no horizontal force on the cable ; let this horizontal 
component be H; the difference between the vertical components 
of the tensions must be equal to w, the load between the points. 
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.. We have H = T cos 6 = T, cos 0, 
w= T, sm 6, — T sin 6 
Sin ae H sin 7) 
cos 0, cos 0 
H (tan 0, — tan 6) 


Now if 6, and 4 are small, as they will be when considering 
beams, we may say tan 0, = 0, and tan 0 = 0 


emecn— 


ll 


-. We have w = H (6, — 6) 
Zo ae) 
s s 
Eoeed 
R 


Ae) F 
But — = load per unit length of the cable = say 7. 
s 


H 
ee 
i aD 
or 1 Sai © Re (4) 
Now return to the case of the beam. 
= ; M 
From equat eye kn), ae Ne, ae 
rom equation (3) REI (5) 


The quantity E x I depends solely on the shape and 
material of the beam, and is called the flexural rigidity. Then 
if this flexural rigidity is constant throughout the span, by 
comparing statement A and equations (4) and (5) we see that: 
A loaded beam takes up the same shape as an imaginary cable of 
the same span which ts loaded with the bending moment curve on 
the beam, and subjected to a horizontal pull equal to the flexural 
rigidity (E /). 

This is Mohr’s Theorem, and the deflected form of the 
beam is called the e/astic line of the beam. We see, therefore, 
that to obtain the elastic line of a beam our procedure is as 
follows : 

(1) Draw the bending moment curve for the beam. 

(2) Divide this curve up into narrow vertical strips, and set 
down mid-ordinates on a vector line, and take a polar distance 
equal to the flexural rigidity (E 1). 
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(3) Draw the link polygon for this vector polygon, and reduce 
it to a horizontal base, then this link polygon gives the elastic 
line to a scale which we shall determine later. 

For the present we will assume that the section of the beam is 
uniform along its length, or rather that the flexural rigidity is 
constant. We shall see later how to, proceed when such is not 
the case. 

Standard Cases of Deflections.—In certain special 
cases we can calculate the maximum deflections by reasoning 
based on Mohr’s Theorem, and we will deal with such cases 
now (Fig. 87). 

(r) Simpy Supportep Bram wirH CENTRAL Loap W.—Let 
AB represent a simply supported beam of span @ with a central 
load W. 

Then ap B is the B.M. diagram, the maximum ordinate being 


equal to ae Zi Let 4,c,B, be the elastic line of the beam ; then, 


according to Mohr’s ‘Theorem, the shape of this elastic line is the 
sdme as that of an imaginary cable of the same span loaded with 
the B.M. curve and subjected to a horizontal pull equal to the 
flexural rigidity. 

Now consider the stability of one half of this cable. It is kept 
in equilibrium by three forces: the horizontal pull H at the 
point c,; the resultant load P on half the cable; and the 
tension ‘I’ at the point Aj. 

Take moments about the point 4,, then we have: 


Ela iap—sEerany) 
etre aera) 
2 o= ae" 


In this case P = area of one-half of B.M. diagram 
m2 Wie W 7? 


ome 4 16 
y = distance of centroid of shaded triangle from a 
el 
3 
isd ae 
W 7? / Wee 
= x = = 


16° 3B). 4B 
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(2) Sumpty SupporTED BEAM wirtH Untrorm Loap.—Let 
AB represent a simply supported beam of span 4, with a uniformly 


’ distributed load W. 


hs 
KIX BT} stecees 


SSE re amas 
J H 
Cental Load Uniform Lead 
Simply supporled Beams 
















S) Isolated Load oy Uniform Load 6) 
Cantilevers 


Fig. 87.—Deflections of Beams. 


Then the B.M. diagram is a parabola, the heightz being equal’ 
Wi 


to 3° Then considering the stability of half the’ imaginary 
cable, we have as before 
a Pax 


H 
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Tn this case P = area of one-half of B.M. diagram. 


I 2 Wl WE 
as 2 =f eS 
Bag 
e 16 
H = EI 
ie eae, Vio oe Ee Hi\ 


24 16K 1 2 384 EI 

(3) CANTILEVER with AN IsoLarepD Load Nor ar Freep 
Enp.—Let a cantilever of span 1 carrying a load W at a point at 
distance 7 from the fixed end a. 
_ Then the B.M. diagram is a triangle, ap being equal to 
W/Z, A,B, represents the elastic line of the beam and the 
imaginary cable. In this case we must imagine the load as 
acting upwards. 

‘The cable is horizontal at A,. 

‘Take moments round B,, then we have as before 


Ey X0s—=—P day \ 
P y 
bolt — 
In this case P = area of B.M. curve a c D 
Ee Wid ed Wile 
Gmicr eet hac) 
y=rL= 
Jef = 18) Il 


Fiegoas gli Hpi 
fie bintie poe ac ae 


In this case it should be noted that the portion cB of the 
beam is straight. 

(4) CANTILEVER WITH AN IsoLaTED LOAD AT FREE Enp.— 
‘This is the same as the previous case when 7 = L 


pice a ieg ) 
On aR sie 


a ee 
= stil 
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(5) CANTILEVER witH Unirorm Loap rrom Fixep ENp- 
ro A PoINYT BEFORE THE Free Enp.—Let a B be a cantilever 
on span L, and let a load W be uniformly distributed from A to 
a point c, 7 being the length of a c. 

Then as before: 

12 @p 


ee i 


In this case =P = area of B,M. curve ac D 
eh, paste 


Senet Ss 6 
Z 
,= Le 
J 4 
ES er 


ian i 
eR IO EL 


(6) CANTILEVER WITH Unirorm Loap OVER WHOLE LENGTH. 
—This is the same as the previous case when 7 = 1. 


seme aes L 
er a5 VL Mey 


W iw? 3L W i 


Oma he near 

* (7) SimpLy supporTED Beam witH Isorarep Loap ANy~ 
WHERE.—The reasoning in this case is somewhat long, but 
should not otherwise present any great difficulties. 

The first important point to notice is that the maximum 
deflection will not occur under the load, so that, as it is the 
maximum deflection that we nearly always require, it is of very 
little use to find the deflection directly under the load as is. 
commonly done. ; 

We have seen that the ordinate of the bending moment 
curve or link polygon of a beam is a maximum where the shear 
is zero, so that treating the B.M. curve asa load on the beam, 
the deflection will be a maximum where the shear due to this 
load is zero. 

Let a load W be placed at a point Cc on a beam A B of span 4, 
Fig. 88, c being at distances a, 6 from Aand ps. Then a® Bp is 
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Waéb 








the B.M. diagram, c & being equal to page The total load 

represented by this B.M. diagram treated as a load will be equal 
Wadb ZL Wiae 

to the area of the A AEB - eae 


It acts at the centroid G of the A. 





Fig. 88. 


. egeRY 5 : 2 
The vertical through this point G is at distance E F ¢ from ¢, 


Fr being the mid-point of the beam, so that the distance of this 
centroid from the end 8B is equal to 


j ae : int. 4d 
CaN Ce Bae ag 


.. The reaction at a due to this imaginary load is equal to 
Total load : 7+) _ Wad +d) 





l 3 ayn 3 
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Now let the deflection be a maximum at the point D at 
distance x from A. 
Then the shear at this point is zero. 


Be; Ry -=.KH =o 
: wer (=) x WOx 
Ze. ——})-~-.—> = 
t Bul, 3 2 Z 
Dee ek 
Lo = 
3 atte 

or x= TES) Bane ver (1) 


The maximum deflection 6 is then obtained by considering 
the stability of the portion a, D of the imaginary cable. 


Then we have as before 6 = = 
In this case P = area A K H 
a Ae b “ae Wb x? a 
= ee 
_Wéb.aW+b)  Wab(l+d) 
o; 67 a 67 
74 
YS. 
3 
ees af ee + 
3 3 
H=H5I : 
5 Waesd+d 2 ee TIO 
672 2B 3 EI 


Woe salt 2) 
3 EI ae } 
This can be put into somewhat simpler form for use by eae 
a=al, Thend= (rt — a) 2. 
W (1 ~ a) fala ~ a)! 
Bile aN 3 J 
We pea — a2y4 
Bn 4 3 f 
For additional applications of Mohr’s Theorem to the 
deflection of beams, see Appendix, page 576. 





Then $6 = 
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Graphical Construction for any Loading.—Let acp 
be the B.M. curve for any given load system. Divide the-base 
into a convenient number of equal parts and let e be the length 
of each base segment. The number is such that each piece of 
the B.M. diagram is approximately a rectangle. Now set down 


the mid ordinates of each section diminished in the ratio — ona 
: n 


vector line. These ordinates are diminished in order to keep the 
vector diagram of a workable size. 

Now let the space scale be 1” = « feet, and let the B.M. scale 
be 1’ = y foot tons. ‘Then considering any section of the B.M. 











Fig. 89.—Graphical Construction for Deflections. 


diagram, say 2, 3, the area of this section is e x mid ordinate. 
Therefore, on given scales, one inch in height of mid ordinate, 
since the area of each segment is proportional to the height of the 
mid ordinate, represents ¢ x « x y square ft. tons. Since each 


’ aatadh ver ‘ : 
portion of the vector line is - of the ordinates, the portion 2, 3 
n 


i 
of the vector line represents the area of its corresponding section 
of the B.M. diagram to a scale 1’ =” xe X x x y square ft. 
tons. Now calculate the length of E I on this scale. This 
will be too large for practical use, so take a pole P at distance 
Bl ‘ : ; ; 
——, where 7 is some convenient whole number, With this 
on . ; 
pole p, draw the link polygon a’ c’ 8’, then this is the elastic line 
P 
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of the’ beam for the given loading, or more strictly speaking 
a’ cB, when reduced to a horizontal base, would give the 
elastic line. The scale to which the deflections are to be read is 
then obtained as follows : 

If the polar distance were taken equal to E I, the deflections 





r : (Builders Journal.) 
Fig. 90.—Example on Deflections. 


would be to the space scale 1” = x feet, but as the polar distance 

poll . n _ % om 

is —, the deflections will be to a scale 1° =— feet. ‘The 
r r 


following numerical example should clear up the difficulty as to 
scale :— 
NUMERICAL EXAMPLE.—A4 16” x 6” x 62/6. rolled steel joist of 
24 ft. span carries a uniformly distributed load (including its own 
weight) of 8 tons, and also an tsolated load of 5 tons, at a point 6 ft. 
Jrom the left-hand support. Find the maximum deflection (lig. 90). 
In this case E = 12,500 tons per sq. inch, | = 725'7 inch units. 
5 12,500 X 725° 
245) (0 725°7 
144 
First draw the B.M. diagrams for each of the loads, taking as 
linear scale, say 1” = 4 ft., and for the B.M. scale, say 1” = 20 ft. tons. 
Now divide the B.M diagram into a convenient number of equal parts, 


= 62,980 sq. ft. tons, 
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say 12, and draw the mid ordinate of each part, treating these as force 


lines, then. set these ordinates down a vector line, 0, 1, 2, &c.... 12 to 
a reduced scale, say one-fourth for convenience. 
5 : 4 X.4 X 20 
Then 1 in. down the vector line represents aa = = 160 sq. ft. tons, 


because each base element is $ in. 


i . 62,980 : 
.. EI on this scale = — = 393°7 10. 
160 a 
Mea WD NAL Se aes 4 oie 23 5393 i7 alee - 
This is obviously not- convenient, so take Goines 6°56in. Then 


: p 8. : : : 
rin. on the link polygon represents Pa in. deflection. The maximum 


ordinate of the link polygon will be found to be ‘58 in. 
.. Maximum deflection = *58 x ‘8 = “464in. 


<< ~~ Correcled BM. Carve 


Na 
SS 
\ 







A x D B 
Fig. 91. 7 


ALLOWANCE FOR DryiaTION or Cross Secrion.—The cases 
up to the present have all been on the assumption that the section 
is constant, or rather that the Moment of Inertia, I, is the same 
all along the span. If such is not the case, the deflection can be 
found accurately by first altering the B.M. curve to make up for 
the variation in the section as follows 

Suppose 4 cB (Fig. g1) is the B.M. curve on any beam Ap B, 
and suppose that I, is the maximum moment of inertia or second 
moment of the section, this occurring at the point p. ‘Then take 
any point along the beam at which B.M. is xy and moment of 
inertia I, and find x y, so that x y, = ae Le Do this for a 

x 
number of points along the span, and join up the points thus 
obtained, and we get the corrected B.M. curve from which the 
deflections can be found by the construction given above. The 
value I, is taken in obtaining the expression EI for this 


construction. 
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Deflections of Girders of Uniform Strength and. 
Constant Depth.—lIf the cross section of a beam vary so that 
the maximum stresses are constant along the span, then the 
modulus of the section must vary in the same way as the B.M., 


and so the ratio 2 is constant. If the depth of the girder is also 


eral Ma 
constant, then the ratio I will also be constant. 


The corrected B.M. diagram will in this case be a rectangle, 
and the deflection can be found by Mohr’s theorem as follows :— 
As in the several previous cases we have 
eA 
b= 4 
EI 


: p M.1.L Tie a, 
In this case P will be equal to and y = ~ since the curve is 
2 4 


a rectangle. 


ee M wv? 
8 EI 
} ; Wi. 
In case of uniform loading M = $ 
Wi 
0 = : 
64 EI 
In case of a central load M = ce 
. 4 
Wr 
Ou 
a2 BT 


Another simple proof of this relation will be found on p. 220. 
Further numerical examples will be found at the conclusion of 
this chapter. 


DEFLECTIONS FROM MATHEMATICAL STANDPOINT. 


From equation ate 
1 (3) Eq" 
; ee ; : ad*y 
Now when R is great, as it will be in this case, we have R78 
Ra wags 
d*y M 


barr eam 


Deflections from Mathematical Standpoint. Alle 


: ra = slope of beam ae 


y = deflection of beam -/ Md« 


EI 
Now consider the following standard cases (see Fig, 87). 


(1) Simply Supported Beam with Central Load-W. 
—Consider a point Q at distance « from the centre of the beam. 


Then M = =(¢- x) 


 fpaee-f[E-+) 
{= (£-»)- nah Wit e, 
“ encase 


TJ 2 7 gd 
= Wg A ae 
12 N 


8 
The slope is zero when « = 0 .*. c, = 0, and the deflection is 
zero when « = + d 
2 
SL W78 NV Le 
i - >» = 0 
32 96 : 
oe A: 
2 48 
Then maximum deflection occurs when « = o 
: Sie W 7 
Then 6 = As 
Hae EI 48E1 


(2) Simply Supported Beam with Uniform Load.— 
Taking a point as before at distance « from the centre, we have 


2 2 i 2 2 
-£(£-«)(¢-Z+ =) 
2 2 2 
-£( = - a) 
2\ 4 
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[Max id _ 2. +c 


as before c, = 0 


-f fuse ft fe 


2 Ad 
— pln 9 px ae 
16 24 s 
=o when « = 
Spe pe pls 
“Eo GAP a8 
= pl iA es mee Weds iy SDs 
L384 J 384 
‘Then the maximum deflection occurs when « = 0 
Bh gl Spe gt Serge 





EL 334 Bi 33a bd 


(3) Cantilever with an Isolated Load not at Free 
End.—Take a point @ at distance w from load. 


M = - Wx 
‘Slope x EI = {™ ax 
suse NE 
2 
When x = /,slope = o 
WP 
alate 


Wi 





. EI x slope under load = 


deflection _f [Mes 


Wa? Wi?x I 
= = —— + Cc, 
( 6 ap - “,) x EI 


When x = /, deflection = 0 
we wie -wes 
6 2 3 
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‘. Deflection under load, where « = 0 


i a eee) a 
aiik Ge 3 EI 


Deflection at free end 
= deflection under load + slope under load (1 — 7) 


(aS ME eae 
\ 3 2 we ); EI 
le RW 

EI \ 2 6 J 


ee et (pee 
2EI 3 


or neglecting the minus sign, which indicates only that the deflec- 
tion is downward, we get 


Maximum deflection = § = nN ee 
ANTAL 3 

(4) Cantilever with Isolated Load at Free End.— 
This is obtained by putting 7 = 1 in the above case, 
5 i W 18 
“te 2 EB 

(5) Cantilever with Uniform Load from Fixed End 
to a point before Free End. 


ll 
| 
| 


In this case M 


5, lope 34 18) IL 


i 
—_— 
S 
ar 


—p x 
= ee TS + Cy 
When « = 4 slope = o 
B 
anf 


pe 
6 


.. EI x slope under load = 
) 
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EI x deflection -f fm ax 


When «x = JZ, deflection = o 


eee ee oe 


A ei 6 8 
-.. EI x deflection under load, when + = o 
BE Giirehee we 
(ch ; 
— pis se 
.. EL x deflection at free end = eee slope under load x EI 
x (L-/) 
BS 1s Tt sh wl 
ait (@ ) 6 
ie 3 
Baas it Z\ 
Bik ania J 


.. Neglecting — sign we have: 


Fei ee 
TOMES a 2 


(6) Cantilever with Uniform Load over Whole 
Length.—This is the same as the previous case when / = L.. 


si ee ee > b 
ious NG OL 4 


ye 

SEI 
(7) Simply Supported Beam with Isolated Load 
anywhere.—Let a load W be placed at a point c on a beam 
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AB, Fig. 92, of span /, and let it be at distance a/ from the end 
A, the distance from the end B being (r — a) 2. 


= W(r - a) 





W (i — a)Z 
Ny = 
7 





Fig. 92. 


Consider a point at distance « from a between A and c. 


Then Mx 

1? y 
PSS Oe 
8 Spats 

dy 


BOK Os Uy Se 
ax 


Ely 





MeN (ry 


W (x 


W(t — 


p= Wr =—a)a 


SL) a Or cenetites ruieidelaseatanest as Relig, 
= ed BM Gielee ett ister seca ret (2) 
yee! 

zw Jes (eho aa (Chy suuhooueded (3) 


Now consider a point at distance «, from a between c and B. 


Then Mx, = Ry a,— W(@, -— a2) 


dy 
of oe 


py al 


ee 
1 ES 


Eph 


ll 


ll 


ll 


I} 


W(t — a) a, — Wa, + Wal 
Wal-Waa, 

WCU Rca VC ReMi tetsistss< Pesan iach innate (4): 
Wa WEI Cy coi (5) 
Wa lx;7 Wa x,° 


2 


Bega ae ee (0) 


In equation (3) when « = 0,7 = 0 


Cy = 0 
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In equation (6) when « = 47 = 0 


Wak Wal 
: 3 “i hg ee 
ie 3 
Go, = — Sto Ca uL.tenemutendasenuenn’ (7) 


These two equations representing the elastic line on either 
side of the load have the same slope and the same ordinate when 





“= 4, =al 
‘. putting in these values in equations (2) and (5) and equating 
we have: 


rc Rae V a? 72 
W Ge a) a? +o =Wa? — hi ean + Cy 
2 2 
W a? 7? 2 
C= a STE CH Watiuberancasbond et (8) 


Putting in value « = «, = a/ in equations (3) and (6) and 
equating we have: 


W(t a a) ab 28 Weal lions Wat ZB 














6 + Cy ad = 5 Bt gad +, 
3 78 3 
Culms ee + Cyad — AE ae Cad 
3 & 
7 48 72 2 
oes Cee eae + Cy (a = 1) 
3 3 
= wer Mets (a- W a2 EY (a) 
3 3 
Weal? Wal? Wadi? Wael? 
ro ya fete ae 
2) 3 2 2 
= —-Wa a(: Bes <) 
3 6 2 
aL a 
6 
= Wal? 


an (t = a) (2 - «) OCERTRCEIIaN (9) 


*, equation (3) becomes 


eae ingaes 2 
E Ty a me 6 @) Foie jhe (1 = a) (2 = a) seseee (10) 
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I i ; 
Assume a > ~—, then the maximum deflection occurs between 
4 
wn 2 ay 
Aandc. y is a maximum when —= = o 
4 Wit-a oe Es - 
Ze. when ( % ) 3 a(t = ae = a) = 
) 
: F P 2-a 
i.¢., when a? = “% ft ) 
3 
a2 —" a 
A fehgy 0 == Sf “ ( ) Salelaletofelsjaa)a/e,/e\0 (1 1) 
3 


Putting this value in equation (10) we have : 
5 5 2 WET a). f{a(2-—a)? Wal?.J(a(2—a)\} 
EIo= aia py =a\io= 
0 6 vi 3 pier 6 { 3 J a a) (2 a) 


= W(x - a) ie i = “I G a :) 


Lee aby {* (2 - a)\# 
se ay ee) 
; ee pada » 
(OVP (oy) = Fam an ; J) oar ao aeaseta sot satel (12) 


he deflection under the load is obtained by putting « = a / 
in (ro). 


! =_ 3 73 
Then EI y = Wa — a)? ape a? 73 











5 = = (Gi) hee) 
2 73 | 
SM Ged = a) Poel 
Wit ae 
eas ae eee (13) 


Deflection of Girder of Uniform Strength with 
Parallel Flanges.—If the section of a girder varies along its 
length so that the stress is constant, then - is constant, so that if 


the depth is also constant I is also constant. 


that E is also constant we have 


TMA) ML 


= = constant. 
R EI 


Assuming also 
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. VU 
.. Wherever is constant, the beam bends to an arc of 
q 


a circle. 
Let Fig. 93 represent a beam bent to an arc of a circle. 
(N.B.—The beam is shown vertical instead of horizontal for con- 


venience of figure.) 





Pig. 93. 


Then, if 0 is the centre of the circle and c p the deflection 
of the beam, we have from the property of the circle 
ep(co+op)=ac 
As c D is very small we may write 


§.2R=(f) = © 
2 4 


2 


ser is: Se 
Se BeR. 
Rois 

M /? 

= == 

© Gael 


A summary of deflections for various kinds of beams and 
loadings will be found on p. 288. 

Resilience in Bending.—The work done in bending a 
beam to a given stress may be obtained as follows. 
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The work done by a couple in moving through an angle is 
equal to the product of the moment of the couple into the angle 
turned through. ‘Therefore, if a short portion of a beam subjected 
to a bending moment M is bent to a slope 62, the work done in 


iets VUONZ: i 
bending is -, because M gradually increases from o to M. 
tee 


.. ‘Total work done in bending over whole beam 


Zipicr (lg 
2 
Now ie = =D tie : = rate of change of slope 
aX 
M 
1p) es d 
2k i 
I M 
ete 
M2 
AOse0l 2? =f omit? 


: d ot N 
Lf the BM. ts constant, and the section ts rectangular, then : 





But M? = Ui ae 


Fe 
Alp 0 eal 
sa a 2.E.a@ 
3 
Now I sa ee 
12 2 


reaper he 4x 078 XL 
hivee MENT on xX gmeweeare 
Fee 
6 E 
Where V is the volume of the beam. 


Vicsd6 


.. Resilience = 
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Lf the load is tsolated and the section is rectangular.—Consider 
one-half of the beam, then w is the distance from the abutment. 


Mea 
2 
L 
P “M2 dx 
3. 2E I 
L 
Oe 
7) 8EI 
NES 
~ 192 EI 
248 
Popes a Lae 8 
96 EI 2 
Now M at enews ee oe! 
4 a 
alley 
. P= us : 
(OD 
se ap 
6K @ 
3 
Ks before Wee 
12 2 
bp. kid ea 
: 6E° 27 
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I 
Pe P 2 
seeNesiiience = = — Vis 
Wie Foals) 13) 
NUMERICAL EXAMPLES ON DEFLECTIONS, ETC. 

(1) A girder has a span of 120 feet, and has to support a uniformly 
distributed load of 1% tons per foot run. What depth must the girder 
have in the centre if the maximum deflection is not to exceed +3!y5 of the 
span? The maximum stress in the flanges ts not to exceed 6% tons per 
sg. tn, and FE 1s 12,000 tons per sg. in. (B.Sc. Lond. 1907.) 


This question is not quite clear, because if the depth is not the 


& 
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same throughout, we cannot calculate the deflection until we know the 
way it varies. 
We will assume the depth constant : 
Now at centre M = W/ _ i X 120 X 120 ft. tons 
8 8 
= 27,000 in. tons. 








. If maximum stress = 6$ tons per sq. in. since f = > 
- 2 . ‘. 
Z = 77,000 in units. 
63 
3 
Now 3 = 2 Wi 
384 E I 
pg ee a ft. 
1200 10 
x es Diaalb OF MZOR E205 MO er 
= 10 384 x 12,000 I 


*. | = 405,000 in. units. 
Now} = D where D = depth. 


. D=2I1_ 2 x 405,000 x 6°5 
DF Pwr aiece 
LOKI Hea 
12 

This is a greater depth than would be usually adopted in practice 
for a solid web girder, 

(2) A cast-tron water pipe, 10 inches external diameter and 3 inch 
thick vests on supports 40 feet apart. Calculate theynaximum stress in 
the outer fibre of the material when empty and when full of water, also 
the corresponding deflections. (A.MJ1.CE. Feb."7900.) 

a (DS = 1a) = a (tot — 9') 


ins. 





In this case = Ch 6h 
= 168°8 in. units. 

a= = ee = 33°76 in. units. 
ff ; Bes af AO! Lente 
Volume of pipe = Fi (100 81) x a7 4°14 cub. feet. 
Volume of water =~ 8 x 40 = 17°67 cub. feet. 

4 144 
“. Weight of Pipe = w= BARRE OO ee “832 ton. 
2240 
17°67 x 625 


Weight of Water = w, = = “492 ton. 


2240 
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~ W = w+ w, = 1324 tons (about) 


M _832x 40x12 


, Max. stress when empty =— = = 1°48 tons per sq. in. 


Le BRBS 76 
Max. stress when full = vas ead = 2°35 tons per sq. in 
32 
‘Taking E as 8000 tons per sq. in. 
3 
-6 when empty = eS 


_ 5 x 832 X 4o x 40 X 4o X 12 X 12 X 12 
Gtstee 384 x 168°8 x 8000 

= ‘89 inch. 

_ 89 x 1324 


= I'41 inches. 
832 4 


6 when full 

(3) A pole made of mild steel tube, 6 inches diameter and 3 inch 
thick ts firmly fixed in the ground, the top being 10 feet above the 
ground level. A horizontal pull of 2000 1b. is applied at a point 6 feet 
Jrom the ground. Find the deflection at the top. I = 13,500 tons per 
sguare inch. (B.Sc. Lond. 1903.) 

In this case fe ae eee noe) 

64 64 

32°9 In. units. 
‘This is the same as Case (2). 


Pea Acie a 4 


a ito —e 


Il 


2EI 3 
In this case vote L = tot: 
W = 2000 lbs. = ee tons. 
2240 
1 2000! ORO Xa ICS ORR 
: = 3240" 1, aAgBOOX 429 X 2 | 


= ‘5 inch, nearly. 

(4) What ts the least internal radius to which a bar of steel 4 inches 
wide by % inch thick can be bent so that the maximum stress will not 
exceed 5 tons per square inch? I = 13,000 tons per square inch. 
(A.MICE. Feb. 1907.) 

The general formula for bending is : 


yee NiRAe ie 

i Le eRe 

Be fal 

Ss Pa 
ak 


or R = — 
ob 
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In this case a = distance from N.A. to extreme fibre, 

3 . 

= 2 in. 
16 

2 sl yo MSeee 

16 5 

= 488 inches. 

= 40°7 feet. 

It should be noted that the width ofthe bar is not necessary in this. 
problem. ° 

The result is the radius of the centre line. 

(5) 4 cast-iron beam has a rectangular cross section, the thickness 
being 1 inch and the depth of the section 2 inches. It ts found that a 
load of to cwt. placed in the centre of a 36-inch span deflects this beam 
by 11 inch. Through what height would a weight of 4 a cwt. have to 
Jull on-to the centre of the same span to produce a deflection of 30 
inch ? (B.Sc. Lond. 1907.) 

It takes 10 cwt. to produce a deflection of ‘11 inch. 

IO X "30 4 . 
.. It would take ; 3° to produce a deflection of *30 inch. 


Now the work done in deflecting a bar when loaded in the centre. 
=3Wo, 
.. Work done to produce ‘30 inch deflection 
TOM sO 5 
aah . ee x "30 In. cwl. 
2 II 
= °341 ft. cwt. 
If # is the height from which the 4 cwt. falls, work done by it 
i "30 : 
=e (4 ar 32) ft. cwt., because we shall take / as the height above 


the unstrained position of the beam. 
These two amounts of work must be the same, 


.. We have d (4 + 30) = "341 


2 
h = 682 — 3° foot, 
12 


= 8:18 — °30 inches. 
= 7°88 inches. 


CHAPTER IX. 


FIXED AND CONTINUOUS BEAMS. 


Ir the ends of a beam.are fixed in a given direction so that 
they are not able to take up the inclination due to free bending, 
or if a beam rests on more than two supports, the B.M. and 
shear diagrams will be different from the cases of simply supported 
beams that we have considered up to the present. 

In the first case the beam is said to be fixed, buclt-in, or 
encastré, and in the second it is said to be continuous. 

We will consider how the shear and B.M. diagrams can be 
found for such beams, and will point out their advantages and 
disadvantages compared with simply supported beams. 


FIXED BEAMS. 

If the ends of a beam are fixed in a horizontal direction, 
then the beam when bent takes up some form such as aBe 
(Fig. 94). Ifthe ends were free it would assume the dotted form 
A’BC, and to get it back to the form axc, negative bending 


4a ‘ 
S Cc 
s \ 5 "BN ‘ A te 


f 





B 
Fig. 94.—Fixed Beams. 


moments, shown diagrammatically as due to forces }',, I, have 
to be imposed upon it. ‘The ends of the beams will therefore be 
subjected to bending moments which will be negative because 
they cause curvature in an opposite direction to that due to the 
load. ‘his change in sign of the bending moment means that 
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the tension and compression sides of the beam are reversed. 
We will consider the cases of fixed beams both from the graphical 
and the mathematical standpoint, as we did in the case of the 
deflections of beams. 


—INVESTIGATION FROM GRAPHICAL STANDPOINT. 


According to Mohr’s Theorem, the deflected form of a beam is 
the same as that of an imaginary cable of the same span loaded with 
the bending-moment curve of the beam, and subjected to a horizon- 
tal pull equal to the flexural rigidity (EI). If the ends of a beam 
are fixed in a horizontal direction, the first and last links of the 
link polygon determining the elastic line will be parallel ; this 
means to say that the first and last points on the vector line on 
which the elemental areas of the bending moment curve are set 
‘down must coincide. But this is equivalent to saying that the 
total area of the bending moment curve for the fixed beam must 
be zero. This enables us to enunciate the following rule 

Sf the ends of a beam are fixed in a horizontal direction at the 
same level, and the section of the beam ts constant along tts length, 
there will be negative bending moments induced, and the area of the 
negative bending moment diagram will be equal to that due to the 
load for the beam tf considered freely supported. 

We will speak of the negative bending moment diagram as 
the ‘end B.M. diagram,’ and that for the beam freely sueporee 
as the ‘free B.M. diagram.’ 

‘The problem now divides itself into two cases: (a) That j in - 
which the loading is symmetrical. (4) That in which the loading 
is irregular or asymmetrical. 

Symmetrical Loading. —TIf the loading is symmetrical 
then the beam looks the same from whichever side it is viewed, 
and so the end bending moments will be equal, and their value 
can be found by dividing the area of the free B.M. diagram 
by the span. This will be made more clear by considering the 
following cases :— 

(1) Un1rorm Loap on Fixrp Beam.—Let a uniform load of 
intensity # cover a span AB (Fig. 95) of length 2 The free B.M. 


Z 
curve is in this case a parabola ac, with maximum ordinate we 
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Therefore, since the area of a parabola is two-thirds of the 
area of the circumscribing rectangle, area of free B.M. curve 
2 JRE Ry 
== Lox pe = i 
3 fo) 12 
5 pt ? 
+, End B.M. = ft say Li Be 
12 12 








El 


lig. 95.—Fixed Beam with Uniform Load, 


pe 


and joining EF we 
12 if 


Then setting up ak and Br equal to 


get the end B.M. diagram, and the effective B.M. curve is 
the difference as shown shaded At the points G and u the B.M. 
is zero, and these points are called the Aotnts of contra-flexure, the 
curvature of the elastic line changing sign at these points. 

Suppose the point G is at distance x from the centre of the 
pe 


a 


beam, then the ordinate of the parabola must be equal to 
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aG z “) ane 


Lea 


2\4 12 
pe Pe 
ihe 38 PSL 
peas 
12 
if 
Tre 
2/3 
.. Distance of G from & = an cis Bed an 
: 2 2 AGS 
VEO es Z 
= (v3 t= 2 (3- vB) 
2 n/8 &) 
eR VA 


SHEAR DiaGRaM.— With symmetrical loading the shear 
diagram will be the same as for the simply supported beam. 
This is because the shear at any point of a beam is equal to 
the slope of the B.M. curve at that point, and the slope of the 
B.M. is not altered in the case of symmetrical loading because 
the base line of the diagram is merely shifted vertically. 

Dgr.ecrion.-—‘Vhe deflection at the centre can be found 
as before by considering the stability of the imaginary cable a, B,. 

Considering the stability of the left-hand half of the cable, 
then taking moments about 4,, we have 

EI x 6= Py, = Py, 
iia Cs are), 

In this case P = area of one-half of the free. B.M. curve, 

te eT ee 


lM iver tos 24 


ws) — 
4 


ar x's -- (5 - ‘) 2 
24 \i6"* ay -- 384 

Nh umber sesh We 

“" 384EL 384E1 
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It will be noted that this is one-fifth of the deflection for a 
freely supported beam with the same loading. 
(2) IsoLateD CenTRAL Loap oN A Fixep Bram.— In this. 


Wl WE 
case the area of the free B.M. curve = wf x ; ce 
W /? NV 
.. End B.M. = 2 ep ee Be 





Hig. 96.—Fiawed Beam, with Central Load. 


The B.M. and shear diagrams are as shown in Fig. 96, the 
points of contraflexure being at } and 3? span. 
DerrLection.—As in the previous case we have : 
EEG =P CH= Js) 
In this case P = ie ; ite Nig 
‘Shae e2 16 


Jy = 


Sige == 


RIN@IN 
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ep ee = (-4)- War 
TOP 4 192 
Wee) appa A 
192 KE I 


This is one-fourth of the deflection for a freely supported beam 
with the same loading, 


* Asymmetrical Loading.—In this case the end B.M.s 
will not be equal, and in this case, in addition to the condition 
that the areas of the end B.M. diagram and free B.M. diagrams 
must be equal, we have the further condition that their centres of 
gravity must fall on the same vertical line. 

This can be proved as follows: Considering the imaginary 
cable and taking moments about one end, the tension at the other 
end passes through the point so that its moment is zero. There- 
fore the moment of the B.M. diagrams about this point must 
be zero. Since the areas of these diagrams are equal, their 
centres of gravity must be at the same distance from the given 
point. 

Leta span a B, Fig. 97, of length 7, be subjected to any irre- 
gular load system which produces a free B.M. curve ac @ B, and 
jet the centre of gravity of that diagram lie upon the vertical line 
GG. Suppose the end B.M.s are M, and M,, and a @ and zB } 
are set up equal to these end B.M.s, then the trapezium A @ 6 B is 
the end B.M. diagram, and the conditions that have to be satisfied 
are that the area of the trapezium shall be equal to the area of the 
curve A ¢d 8, and that its centre of gravity shall lie upon the line 
GG. Join a 8, thus dividing the trapezium into two triangles, and 


draw verticals x x and y y at distances equal to ; from A and pg. 


The centres of gravity of the triangles a @ B, B @ 4 lie on the lines 
x x and y y respectively, and our problem resolves itself into 
dividing the total area of the curve 4a c @ B (which area we will 
denote by a) into two areas acting down the lines x x and y y. 
This is effected by treating the areas as vertical forces, and setting 
down a vector line 0, 1, to represent the area a. ‘Taking any con- 
venient pole Pp, we then join o p and 1 Pp and draw x g, gy across. 
the verticals x x, G G, y y parallel to o Pp, 1 Pp respectively, and 
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join x 7; then drawing p 2 parallel to xy’, 1,2 gives us the area 
avhich must act down the vertical y y and 2, 0 that down x x. 





(Builders Journal.) 
Fig. 97.—General Case of Fixed Bewns. 


' Then M, x Z = area of triangle Aa B = 2,0 
2 


- 2,0 XX 2 
ees 


Similarly M, = 


L 


This enables the B.M. diagram to be drawn. 
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SHEAR DiAGRAM.—In this case as the end B.M.s are not 
qual the shear diagram will not be the same as for a freely sup- 
ported beam, but the base line will be shifted. Since the shear at 
any point is the slope of the B.M. curve, the base line of the shear 


; : M, — 
‘curve will be shifted downwards by an amount — 2M because 


this is the change in slope of the base line of the B.M. diagram 
between the freely supported and the fixed beam. If in the figure 
ACEDB represents the shear diagram for a freely supported 
beam with the given loading, then the effect of building-in the 
ends on this diagram is to lower its base line by an amount 


; ; M, -M ey : eae ; 

AA = BB = Ria —", thus giving the diagram 4’ C pb B, 
Special Case.—Fixed Beam with uniformly Increas- 

ing Load.—Let a beam a 8 of span / be subjected to a load of 

uniformly increasing intensity, the intensity at unit distance from 8 

being f tons per ft. run, the total load being W. Then, as shown 

W 2 W 
on p. 120 for a freely supported beam R, = —, R, = and 


° 


< o 
the free B.M. diagram is a parabola of the 3rd order, the maximum 


B.M. being equal to +128 W Zand occurring at a distance 577 / 
from 8B. Then the area of this free B.M. diagram is equal to 
W 


: : ; 8/ 
and its centre of gravity occurs at a distance = from 8. 
2 


‘This can be proved mathematically as follows : 
i 
Area of BM. curve = a Mdx 
°o 
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Trig. 98.—Fiwed Beam with Uniformly Increasing Load.. 
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First mt. of B.M. curve about vertical through x fx Cd oe 


=i. Dil he ape - 
( 6 6 ; 


° 


Z 
18 30 ° 
Moment = owhenw =o. .. ¢ =o 
Dibe pele me 2 


.. First moment = 


18 30 45 
in ‘ ? Ist moment 
. Distance of centroid from vertical through B = om 





pi pt 
45 24 
ROSY 
: 45 15 : 
This fixes the line G G, and the areas that must be considered 
; : W 7? W 7? 
as acting up X X and yy respectively are thus aa and Tet 
: V 72 ; Z 
since the total area Nee acts at distance me from y Y. 
12 
Taking moments about vy y we have : 
: WP Z 
Area acting down x x x pi MP 
3 12 5 
: y 7 WP 
*. Area acting down xx = bil = aes 
60 3 20 
V 72 Wi 
‘VA BP Weld ceaee eee 
20 id 10 
B 
30 yf 1 5 
The resulting B.M. diagram then comes as shown shaded in 
Fig. 98. 
The amount of shifting of the base line for shear will be 


(- Z =) + 7 = so that the shears at the ends are 7 
10 15 noo a 


and 3! respectively, the shear curve for the fixed beam then 
10 


coming as shown, 
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Graphical Method of finding coc. If the nature of the 
joading is such that the position of the line GG cannot be cal- 
culated without difficulty we may proceed as follows: Divide the 
free B.M. diagram A C B up into a number of vertical strips, not 
necessarily equal, and draw vertical force lines through the centres 
of these strips and set down the ordinates on a vector line, and with 
any pole draw a link polygon. ‘The point where the first and last 
links meet will be a point on the line G G. This is the same 
method as adopted in finding the centroid of a figure by Mohr’s 
method (Chap. III.). ‘The area of the B.M. diagram can be found 
by sum-curve construction, and the problem completed as indi- 
cated with reference to Fig. 97. 


INVESTIGATION FROM MATHEMATICAL STANDPOINT. 


As we have previously seen: 

M 
EI 
If the end of the beam is built-in this slope must come zero at 
the two ends. 

Consider the following special cases : 

(1) Uniform Load on Fixed Beam.—'Taking the in- 
tensity of load as f and the centre of the beam as origin, then 
considering a point at distance x from the centre, then for the 
freely supported beam we have : 


Slope of beam = ax 


NI £(- - ) (See p. 213.) 
Let the effect of the building-in be to cause an end B.M = M,. 


‘Then for the fixed beam M, = £ (| - ) —- My 
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Ee OLOWE: = EI cal: 
EE EON Ns ee 
Slope iso when 4 = 0.) J-.c =:0. 


Also slope must be o when w« = 
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To obtain the deflection we integrate again, and we get : 


M 5 
f fiat? 
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= P p i 
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. Maximum deflection = 384 EI7 eae 


The B.M. and shear diagrams are then as shown on Fig, gs, 


(2) Isolated Central Load on Fixed Beam.—Taking 
as before a span / and the centre as the origin, if the load is W, 
for a freely supported beam we have : 


Mes W (: be *) 
2yiN2 
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«. If the end B.M. due to fixing the ends is M,, we have for 


the fixed beam : 
Moe (; . «) . iM, 


2) 2 
M 
eet f beam =) = x 
ope of beam fe I hes 
= CS - Mee — Myx + «,) eae 
4 4 = 
When x = 0, slope = 0. .. Cc, = 0. 


rh ; , 
When x = -, slope also = o in this case. 
2 


en fW 12 Wei if I 
«, We have: ° = ( S; ahaga ~My) x sy 
V 72 
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To get the deflection we integrate again, then: 


M : 
fe sf mie” 


deflection 
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When x = 0, deflection = EI 
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192 EI 


i 


*. Maximum deflection 


Fixed Beam with Uniformly Increasing Load. 239 


* (3) Fixed Beam with Uniformly Increasing Load.— 
Let a span 4B of length Z have a uniformly increasing load, of zero 
intensity. at the point B, and let the intensity of Joad at unit 
distance from B be / units per ft. run. Then taking the end B as 
origin, we have in the case of the freely supported beam : 

A ee 
Meo = POG LE 
6 6 

Now let M, and My, be the end B.M.s, then the negative 

B.M. at distance x from B is equal to: 
yO i) 

b 

.. for the fixed beam 


M, = id ee _ i pcodi = My (Ma E My) ang 


6 6 l 
., slope of beam = BL Bh eo 
EI 
(2 OR TC ret ee Mae | 
at we ie M; x mp ye + cay 0) 
Wihenrae—No) Slope =O. nus Cy =O. 


Also when « = 7, slope = o. 
Mt, pit a pit 2 M,Z is (My HE M;) Te ae 


12 24 aye ® 
TAPING Se NA aes 
TER peaaat emer Sot 
; ki 
oo My + My Eo (2) 


To get another relation between M, and Mg, consider the 


deflectio 5) 
then deflection i i ad X 
E I 


Lema fipil neck ie apiatire wiNis 0? Mii) May x8 \ 
5 at irc ce Pied) Bat Sak ae? 
Deflection = o whenx =o. .. CG, = 0. 


Hf) 


Also deflection = 0 when x = /. 
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.. Combining (3) and (4) we get: 
M, a ip 1k i 28 
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The B.M. diagram then comes as shown in Fig. 98. In all 
the above cases we have assumed that the beam is of constant 
cross section along its length. If such is not the case, the end 
B.M.s can be found by taking the corrected B.M. diagram 
as explained in the previous chapter with reference to the 
deflections. 

Advantages and Disadvantages of Fixed Beams. 
—We have seen that, in the examples that have been considered, 
a fixed beam is stronger than the corresponding freely-supported 
beam, and that the fixed beam has smaller deflections and is 
thus more rigid. In most cases, moreover, the maximum B.M. 
occurs at the abutments, where the beam can be strengthened 
without adding materially to the bending momens and _ thus 
increasing the stresses. In the freely-supported beam, on the 
other hand, the maximum B.M. occurs at the centre, where an 
addition of weight to strengthen the section would add materially 
to the B.M. The reason why such beams are not more commonly 
adopted is because, in fixing in the ends securely, the tangents at 
each end to the beam must be adsolwfely horizontal, and any 
deviation from this will alter the stresses, and any difference of 
level at the two ends due to unequal settlement would cause 
considerable stresses in the beam. ‘There is also considerable 
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stress due to change in temperature if the beam is securely 
built-in to the masonry, and all these points make the actual. 
stresses in any practical case somewhat uncertain, so that many 
designers do not use this type of beam. All the above objections. 
can be obviated by cutting the beam through at the points of 
contraflexure and resting the centre portion on the two end 
portions. ‘This is the principle of the cantilever girder construction 
and for large spans is very economical. This is shown diagram- 
matically in Fig. 98a, in which a fixed beam A B is shown divided 





Fig. 98a. 


“at the points of inflexion c and p and the centre portion is 
represented as hanging from the end portions. The B.M. in the 
centre portion will be the same as for a freely-supported beam of 
span / loaded in the given manner. The B.M. for the cantilever 
portions will be the same as for cantilevers of span 4, loaded with 
the given loading and also with loads at the ends equal to the 
reactions at the ends of the centre portions. In the figure, 
uniform loading is shown, and in such case these reactions are: 
each equal to 24 It will be found that the resulting B.M. and. 
shear curves obtained in this way will be the same as shown in 
Fig. 95. The deflections can also be found by adding together- 
the deflections at the centre of the centre portion and at the end 
of one of the cantilever portions. 

Fixed Beam with Ends not at same Level.—Suppose 
that a fixed beam a 8, Fig. 99, has its ends at a different level, 
then apart from the loading on the beam, the deflected form of 
the beam will be as shown in the figure, the point of contra- 
flexure being at the centre point c. 

R 
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The deflection 4 ¢ of the portion A c, assuming the beam 
divided at c, will be equivalent to that due to a weight P hanging 
downwards at c, but for a cantilever with load at end 


R W B 
Soe 3E1 
In this case we have 
7 3 
Pa (h os 
ae © 
34 
p24 El x eb 
: An, ks 
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End B lower End A lower. 


Fig. 99.— Beams with Ends fixed at different Levels. 


The B.M. diagram due to this is a triangle c a, vp, A, D being 
if 
-equal to P x : 


nat 
12BIxd_ 6EI1d 
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Similarly the portion cB is as if it had a load P at its end 
acting upward, the B.M. diagram for this portion being c pn, &, 
R, E being equal to a, D. 

Therefore, this diagram must be combined with the ordinary 
diagram for a fixed beam if the ends are at different levels, the 
figure showing the effects for the case in which B is lower than a, 
and also that in which a is lower than pb. 

The condition that the end B.M. diagram must be equal in 
area to the free B.M. diagram still holds in this case, but their 
centroids are not on the same vertical line because there is a 
resultant deflection at one end. 

It can be shown by considering the stability of the imaginary 
cable of Mohr’s Theorem, that E I x d = area of B.M. 
curve x horizontal distance between the centroids of the free 
and end B.M. curves (g). 


pl 


c= 
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re BT x a 
Soar p in 
Now, if M, and My are the end B.M.s, the end B.M. diagram 
is a trapezium. 
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Z(M, — Mz) 
6 (My + My) 


6 M gr y [2 g 
M, - My = > (Mp : Ma) 8 = '6 x o£ - x 7 
te Eld 
= Pp 


Now, in the figure M, — Mz = 2 a, D 
M, — Mg — 6 E Id 
AyD) =: ; = ae 

This gives the same result as the previous reasoning. 

Beams with Cleat Connections, &c.—In building work 
the girders are usually connected to the stanchions or columns by 
means of cléat connections, which, owing to their rigidity, make 
it doubtful whether the girder will act as a freely supported beam, 
although their strength is almost invariably calculated as such. 
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Neither is an ordinary cleat sufficiently rigid for the girders to be 
considered as fixed at their ends. The actual B.M. diagram for 
such beams will be somewhere between that for a freely supported 
beam and a fixed beam. It has been suggested that these beams 
should be treated as ‘half fixed,’ that is, that the end B.M.s 


pr 


should, in the case of uniform loading, be taken as aoe The 

B.M. diagram then comes as shown in Fig. roo. It will be noted 
: : ; ; : 73 : 

that the maximum B.M. in this case is still P<" as in the fixed 


beam, but such B.M. now occurs in the centre, 
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ig. 100. 


In beams where the tensile and compressive strengths of the 
material are different, as in cast iron and reinforced concrete 
beams, it must be carefully remembered that at the ends, the ten- 
sion side is at the top, and so the additional strength must be 
placed at the top at these ends; we shall have further examples: 
of this in the chapter on reinforced concrete. 

It must also be carefully remembered that in all the cases we 
have assumed that the cross section of the beam is constant along 
its length, and the results obtained will not be true if such is not 
the case, 

CONTINUOUS BEAMS. 

If a beam is continuous over a number of supports a, 8, ¢, the 
deflected form of the beam has to take some shape such as shown 
in Fig. tor, the curvature changing in direction at the points. 


a & c d 


bed Geen ne | ern reg ie 


Fig. 101. 
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a, 6,¢,d. As in the case of fixed beams, this change in the cur- 
vature means that a negative bending moment occurs at the sup- 
ports, such bending moment being called in future the ‘support 
B.M.’ 





4 


BM Diagram “on ‘straight base 


Fig. 102.—Uniformly Loaded Continuous Beam 
of two Equal Spans. 


Consider first the case of a continuous girder, A, B, c, Fig. ro2, 
of two equal spans, each of length /, subjected to a uniform load 
of # tons per foot run, the supports A, B, and c being on the same 
level, and the beam being of uniform cross section. Now imagine 
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the centre support removed, then there would be a central deflec- 
tion 6, given by 
ee 5p (2e)} 
384 EI 
Now, if the centre support be replaced, the pressure R; on it 
must be such that as a central load it causes an upward deflection 
equal to é. 
ant Ro Ge 


0 





48 EI] 
Rox(22)? _ 5 p(22)4 
48 bh L 384 EK 1 
Ries Beek (iar Se 
cS) 4 


or if W is the load on one span, R = a 


.. Since Ry = Rey from symmetry, and Ry + Ry + Re = 2 W, 
W 
we see that Ry = Ry = 3 —— 3? 
3 8 


j : W 
In the ordinary case of two separate spans Ry = Rg = — 
2 


.. Support B.M. diagram will be as if there were an upward force 


~ 


ae j r 
or acting at Aand cc. This causes at Ba B.M. = u x t= ee 
8 8 5 

: W / 2 i 
so that the negative B.M. at B = 8 = ae and the B.M. diagram 


for the continuous beam then cames as shown in Fig. 102, 

As the reactions are 3 A/at a and c, the shear diagram will 
have an ordinate equal to 3 // at these points; the shear then 
decreases uniformly from c to 3 until it has a value — 2//at p. 
It then increases to + 2/ since Ry = >// and then decreases 
to — §p/ again at a, the shear diagram then coming as shown in 
the figure. 


The points of contraflexure G, H, where the BM. is zero, 
- i 
occur at distances © from pn. 
4 


This can be shown as follows :— 
Let'u be at distance x from c. 
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Then negative B.M. due to support B.M. = = = TEs 
positive B.M. for freely supported beam = Bee ae 
2 2 


These must be equal, so that 
Pil Die PLease 


& 2 2 


? : Riek yl 
*, distance from B= / — 2= => )— 
rete vas 
If the B.M. diagram be reduced to a straight base, the lower 


diagram shown on the figure will be obtained. 
The maximum intermediate B.M.s will occur at distances 8 
from c and A. 


This will be equal 


rob! 3! 2 (37) A? 30 
2° 8 2°N 8 8 8 
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, (3 128 64 
= eae ne, 


‘128 Ri 125 

* Two Equal Uniformly Loaded Spans with Sup- 
ports not on same Level.—Now consider the case in which: 
the centre support B is at different level from A and c, and let p 
be at distance % below a c (Fig. 103). 

As before, if the support % is removed, there will be a central 
5 p(2/) 
384 EI 

The reaction at B is now only sufficient to cause an upward 
deflection equal to 6 — 4%, 
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.. Reasoning as before, negative B.M. at B due to the second 


portion of Ry or Rg | 


DPE (1 Bh 
Fane § 


Le, M, = at ~ 5) eee eee ete over erevestenereseeee (3) 


.", the B.M. curve will be somewhat as shown shaded, the 
position of p depending on the value ofS, 
Now consider the following special values of 4. 
if k = 0, M, =2 


- as in the previous case. 

ie 8 , Mz = 0, and the B.M. diagram is the same as for 
two simply supported beams. 

Tfh = 8, My ih isla aml 

This is the same as we should have obtained for a simply sup- 
ported beam of span 2 /. 


Now let 4 = spew 
5) 


F pr Dil ree ; 
Then My = “ (2 + 3) =4—. This is the same as if the 
2 
‘supports A and c were removed and the beam were two cantilevers 


4 
paand sec. The free deflection at the ends is then = Ee rt and 


this will be found to be equal to 75 
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: — 36 
Now 4 must lie between 6 and — 5 for the beam to act asa 
‘continuous beam, therefore take points E, E’ on the vertical 
f We aa 
through B, such that BE’ = BE = A, then the closing line of the 


B.M. diagram for the continuous beam with the supports at 
-different levels must lie between A Ec and Arc. 











Fig. 103.—Continwors Beam with three Swpports 
not on same Level. 


The following example on this problem is interesting : 


A continuous beam of uniform section and two equal spans 1 has a 
uniform load of intensity p, and the supports AVC are initially level. 
The support columns are, however, equally elastic, the force necessary 
.to cause unit compression being e. Find the central reaction and BM, 
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2 [\* 
If the centre column is removed, 6 = 5p (22) 
384 EI 
os new 5 sysialee comers (20)8 : 
Che upward deflection due to Rg = 6, = BEI 


Then 0 — 6, = difference in level between final positions of A, B, and C. 
Now let Rp = A/+2/, 2/ being the additional reaction due to the 
beam being continuous, then 


Ree ey 


2 


pl+2f 


*, Sink of central column = 


Sink of end columns = 
.. Difference = 6 — 3, = : (FE a 3/) 


ey ele ) 
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Reasoning as before, we then get 
2 a : 
i Mp ee Hs ie TESS ie 


It will of course be noted that if the piers had been of the same 
material and of areas proportional to the reactions, the amount of 
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UL 


sinking due to their elasticity would have been equal, and the B.M. 


diagram therefore would remain as shown in Fig. 102, 


* The Theorem of Three Moments.—We will now find 
the relation which must exist between the support bending 
moments and the loading for a continuous beam of any number 
of spans, the supports all being on the same level. 

Let Aw and Bc be any two consecutive spans of length /, and 
/, of a continuous beam of any number of spans, and let Aen, 
b/c (Fig. 104) be the free B.M. diagrams for the loading on these 


Llashe Lire 





{ 
(Builders Journal, ) 


Fig. 104.—-Theorem of Three Moments. 


spans. Let G, and G, be the centroids of these free B.M. 
diagrams, and let them be at distances 4, 3’, respectively from 
A and c, the areas of the diagrams being respectively S, and S,. 
Then, if M,; My, Mg are the support moments at a, B, and c 
respectively, Clapeyron’s Theorem of Three Moments states that : 


M,4 + 2M, (4, + 4) + Mc4, = 6 {Pu ar “222 
ame 2 


252 The Theory and Design of Structures. 


‘We can prove this with the aid of Mohr’s Theorem* as follows : 
Let A’B'c’ be the deflected form or elastic line of the beam, then 
if the beam is of the same material throughout, and of constant 
cross section, the elastic line is of the same shape as that of an 
imaginary cable loaded with the B.M. diagrams and subjected to 
a horizontal pull equal to E x I. Now the tangent to the 
imaginary cable is common at the point 8’. Let such tangent be 
-at angle @ to the line 4’ 8’, and let the perpendicular from a’ on to 
it be of length g,, the tension in such cable at p’ being T3,; 
then considering the stability of the imaginary cable we have by 
taking the span a 8 and taking moments round 4’: 
Ty x ~,; = moment of B.M. diagram about a’ 


= $7, — moment of support B.M. diagram about a 


Lah ee Bo 
SEs CN es eae eek Meet ce = 
Sw AD 3 Bo at 
; M,Z te 
ih aera ~ 2Mp& Widener mataconatess (1) 
because the support B.M. diagram can be divided with two 
triangles of area Mat ond a the distances of their centroids 


from a’ being respectively 4 and =a Now 7, = 4, sin 0, and 


x 


Wisp = Z _ EI being the horizontal pull in the cable. 
cos 
tae E LZ sin Oe 
a Lge Xe = won —=HTZ, tand 


= Bl 1 tan 0 Sig, eee ae 





6 6 
2 EL tan6) = S171 - ~“ = oe AER ie Ht (2) 


1 
Now by considering ‘the second span, as @ is the same for 
both spans and EI is constant, we get 
Eltan@g= —-{—= = 
IP 6 6 
The — sign is used because the moments are taken in 
opposite directions. 





* See p. 201. 


Reactions & Shear Diagrams for Continuous Beams. 253. 


Then combining equations (2) and (3) we get 
SJ, Mad, 2MpG _ -(& 2 Mch 2 ce 


di 6 6 7, Cae agra 


or Myf, + 2Mp (4 + 4) + Mch = 6 (2 + 32d 
2 


“, 





Thas ts the gener ral Formula applicable jor all loadings. 


If the Toading is uniform over each span and of ‘different 
intensities f, and #,, we get 


Similarly 


Zp 3 3} 
ae an Fig + py f”) 
*. In this case we have 
M,4, + 2 Mp (4 + 4) + Mch = yh 18 + po hy’)..... (5) 
If the load is of the same intensity # on the two spans we get 
My 4, + 2 Mp (4 + 4) + Mod, =f ie ah (6). 
Reactions and Shear Diagrams.—As in the case of 
fixed beams, the shear diagrams for continuous beams will have 
their base lines shifted, due to the change in slope of the B.M. 
curve. 
Consider any support, say 8, and let 7, be the reaction at B: 


due to the span /, if the separate spans were simply supported, Ry 
being the corresponding quantity for the continuous beam. 


Then change in slope of B.M. curve = Lee 


eR = 7 + Ms 
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Similarly if 7, R, are corresponding quantities for the span /, 
~R,=%+ Tbe ts0) 
M; - M 
Ae aR air G 


.. Total reactionat B= Ry = R, + Rz=%4,4+7+ a. 7 
1 2 


Then R, and R, give the ordinates of the shear diagrams on 





Shear Diagram(Figs in Tons) 
, 
Fig. 105.—Continwous Beam of Three Spans. 


either side of sp. ‘This will be made clearer in the following 
numerical example : 

A continuous girder, & ¥ CD (fag. 105), consists of three spans, 20, 
10 and 15 ft. long, and the first span carries 20 tons, the second 15 tons, 
and the third 10 tons, uniformly distributed. Draw the BM. and shear 
diagrams. 

First draw the B.M. diagrams as if the separate spans were freely 
supported. 

Now take the first two spans, then by the theorem of three moments. 


1 {20 petal 15 } foe 


Ma X 20 + 2 Mp X 30 + Me X 10 = M30" ee j 
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But the end A is freely supported... Ma = 
A 103 ne 
. We Pet 60 My + 10 Mg = re (8 of 1s) 
OF 6° Mips4e) Mign=42377 Sees eee (1) 
Now consider the next two spans. Then we have : 


(i : , 
Msp X. 10 + 2 Mc X 25 + Mp xX 15 = pte Io? -- — 153 


The end D being freely supported, we have 

1o Mp + 56 Mc = 5 [12 SP 18} 

or My + 5 Mc = 93°75 Baureoucod EEN (2) 
Solving the two simultaneous equations (1) and (2) we get 


My = 37°75 
Me'= 11°20 
*. Putting up these values we e get the B.M. diagram as shown on 
the figure. 
To get the shear diagram we first calculate the reactions as follows: 





Ue Re Ee ESL RMI = 811 tons 
2 Uf 2 20 
Ea estes ° + — 3 i = ae ae = 11°89 + 10°15 = 22°04 tons 
Re = eee 65 Shea ere cada 4°85 + 5°74 = 10°59 tons 
2 10 2 15 
Ry = — ares = 4°26 tons 
2 15 
Total ite orn 45°00 tons 





The shear diagram then comes as shown in the figure, the conti- 
nuity of the beam altering only the base lines, and not the form of the 
curves. 

‘ If there are more than three spans, consecutive spans are taken two 
_together, and a series of equations obtained by the theorem of three 
moments. Further numerical examples will be found at the end of 
the chapter. 

* Continuous Beams with Fixed Ends.-—TIf the end of 
a continuous beam is fixed, the end B.M. is obtained by imagining 
a beam to exist beyond the fixed end of the same length, and 
loaded in the same manner as the last beam. ‘This is because the 
fixing of ends makes the beam horizontal at such ey and. this 


p an Mo-Me 4 phe + Nes 
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occurs at the centre of a continuous beam symmetrically loaded.. 
An example of this will be found in the worked examples at the 
end of the Chapter. 

Equal Spans with constant Uniform Load.—In prac- 
tice the spans (7) are often equal, and the uniform load (/) per 
foot run constant, the extreme ends being freely supported. A 
diagram is shown in Fig. 106, from which the support B.M.s and 
reactions can readily be obtained for any number of spans up to six. 
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Fig. 106.—B.M. and Reactions on Uniformly Loaded 
Continuous Beams of Equal Spans. 

Above the span lines are the support moment coefficients, 
which have to be multiplied by p 72. 

Below the span lines are the reaction coefficients, which have 
to be multiplied by / Z. 

From these the B.M. and shear diagrams can be readily drawn, 
The student should check these by working them through by 
means of the theorem of three moments. 


*GRAPHICAL TREATMENT OF CONTINUOUS BEAMS. 


In dealing with a considerable number of spans with irregular 
loading, the application of the theorem of three moments becomes 
a somewhat laborious process, Although the following general 
graphical is somewhat involyed and takes considerable time to 
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explain, it is interesting and useful, and shows to what extent the 
graphical method of reasoning can be pursued. 

Consider the imaginary cable of Mohr’s theorem which gives 
the elastic line of a beam. It is a link polygon for the bending 
moments, drawn with a polar distance equal to E x I. 

Now the slope and position of the first and last links of a link 
polygon are quite independent of the exact distribution of the forces, 
provided that they have the same resultant in magnitude and direction. 











KG Y 


‘Fig. 107.—Continuous Beams—Graphical Treatment. 


This will be clear by considering the figure in Chapter IIT. 
with reference to this construction. 

As we shall see later, we shall be able to obtain the support: 
moments if we know the support tangents to the elastic line. Let 
A 8, Fig. 107, represent a span of length / of a continuous beam, 
and let A c B represent the free B.M. curve for the loading on it, 
A a and B 6 being the support moments, M, and M,. If the: 
centroid of the curve A c B is G then the vertical G G is called the: 

S 
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centroid vertical, and if the support B.M. curve be divided into two 
triangles A a 8B and B a 4, the areas of such triangles act down the 


right and left hand third lines Xx and yy. Now replace the 

















Fig. 108.—Continwous Beams—Miwed Points. 


actual B.M. curve for purposes of finding the elastic line by single 
forces acting down and up the lines G G, X X, Y Y. 
On a vector line, 


set down 1, 2 = area of free B.M. curveacB = 5 
> 97 0, 1 = area of triangle A a B SIS 
Eile a fii ee ACENCOON aie FF) me OAs = Sy 


Then with pole p at polar distance (f#) = EI if a, @ is drawn 
parallel too P,@/torp,zgto2pand gb, to3rp,¢dhandig 
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are called the mid links, and a,d@ and g 8B, give the support 
tangents. 

Now in our problem we do not know the position of the points 
o and 3, and we see that these would be known if the mid links 
were found.‘so that our problem now reduces to that of finding 
these mid links. 

On both sides of the centroid vertical G G draw lines at distance 
/, and set down lengths r, 2, equal to 1, 2 and join them across, 
intersecting on the centroid vertical. These lines are called the 
cross lines. 

Now draw any vertical U u, then clearly the intercepts made by 
the vertical on the mid links and cross lines are equal. From this 
it follows that if a point on one mid link is known, a point vertically 
below it on the other mid link can be found. 

Again, let the right-hand mid link of this span meet the left- 
hand mid link of the next span in a point 7, Fig. 108, on a vertical 
line QQ. 

Then consider the triangles ¢7 %, P 2, 3. 

ii he ane 
ee i gee a 


ip ie Been heey 


They are similar 


= %, X area b’a B 
ois Cy 
2 
Similarly considering the triangle g, 7 4, we should have 
: MZ 
PT =e 
5 2 
Where /, is the length of the next-span. 
aetna acon 
Further «, + #, = - (7, + 4) 
3 
Hy Ls 
3 
os = 
" 3 
-. QQis at a distance = ~ from y y, and is thus called an 
3 


inverted third line. 
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Determination of ‘ Fixed Points.’—Let a 8 ¢, Fig, 108, 
represent two consecutive spans of a continuous beam, and let the 
third lines be drawn as shown. 

Suppose that we know that the right-hand mid link of the 
span A B passes through a fixed point r. Let this mid link cut 
the inverted third line Q Q in j and the third line y Y in 1, then 
LB must be a support tangent. Produce tp’ to meet the first 
third line of the span Bc in Lv’, then JL’ is the left-hand mid link ; 
and then join r B’ and produce it to meet jv’ in ¥’, then F’ will 
be a fixed point on the mid links of the second span. ‘This is 
shown as follows: 

Let the vertical through r’ be at distances 2, 2, from the 
third lines. 

Then the triangles ¥’ J N, ¥ K’ 1’ are similar. 

PENS vege oly 


ak ee (1) 
and triangles B’ K’ L’, B’ K 1 are similar. 
gine 
PUR ee a eas ioe he acibatata (2) 
further the triangles F L K, ¥ J N are similar. 
K Teter 
JN | Fe ee ee ee i acy (3) 


Multiplying together (£), (2) and (3), we get 


Spe / i 
& F ¢ 











oo) Jn 4 

% — 4h _ Sh 
By bh 

bb, 

also 2, + 2 = nagee 

% -th= -%+ 54 
—~%+4h Ah 
% bh 
h ih, 


Citas si 2 
3% Lh 
eae 
; aes] ae Ae 
ae yay, constant. 
*, ¥ is a fixed point. 


: 
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In this way a number of fixed points right along the various 
spans can be found as hereinafter further explained. 

A fixed point is found at the terminal spans, as follows : 

Cask (1). Freety Supporrep Env.—The end B.M. here 
must be zero, therefore, support tangent and mid link must be 
collinear, so that a’ is the first fixed point. 

Casr (2). Burir-in or Fixep Enp.—Support tangent is 
horizontal, so that first fixed point is where horizontal through 
A’ cuts the first third line. 

Graphical Construction for any Given Case.—We 
are now in a position to set out the construction for obtaining the 
B.M. diagram, which is as follows : 

Draw the free B.M. diagrams and the third lines, the inverted 
third lines and the centroid verticals. Fig. 109, shows a con- 
tinuous beam of three spans, one end being freely supported and 
the other fixed, x x representing the left-hand third lines, y y the 
right-hand third lines, Q@ Q the inverted third lines, G 6G the 
centroid verticals. 

Now draw the cross lines at the bottom of the paper, such 
lines being obtained by setting down the areas S,, S,, &c., of the 
free B.M. curves on vertical lines at each side of the centroid 
verticals at distances representing the value of E I reduced in © 
some convenient ratio, the scale of E I being the same as that of 
the areas. If the support moments only are required and not the 
deflections, and EI is the same for each span, E I need not be 
calculated, any convenient polar distance being taken. 

P, P,, and P, are the intersections of the cross lines. 

Now find the fixed points. The end a is fixed, so that © is 
the first fixed point ; now set down F r’ equal to the intercept //, 
on the cross lines and draw any line r’ J, to the inverted third 
line, cutting y y in L; join 1B and produce to meet the third 
line x, X, in L,; then the intersection of 1 J, and EB’ gives the 
fixed point Fr, on the second span. ‘This is repeated as shown, 
and the points r,’, ®, ¥, found. 

Now start at the other end pv. This is freely supported, 
therefore, as we have seen before, D’ is the first fixed point Hy. 
By means of the cross lines, we then get the corresponding fixed 
point H,', and by repeating the same construction as for the 
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points Fr, we get a number of other fixed points H,’, H,, H’, H. 
‘The mid links and support tangents are now drawn in, and there 
will be two checks on the accuracy of the construction, viz. : 

(a) Mid links must meet on centroid verticals. 

(4) When adjacent mid links are joined, they must pass 
through points of support. 

Now, from the points 1, 2, &c., on the cross lines, draw parallels 
to the support tangents, and obtain the poles R, Ry, R, and then 
draw parallels to the mid links, thus obtaining the points 0, 3, &c- 
Then DSS Goi 

M, = ip 
and so on, the support moments then being set up and the true 
B.M. curve for the continuous beam thus being found. 

Another interesting graphical method of finding the support 
moments in a continuous beam, has been devised by Professor 
Claxton Fidler, and will be found in his book on Azidge 
Construction. 

Advantages and Disadvantages of Continuous 
Beams.—It will be seen by considering the B.M. diagrams 
for continuous beams, that the maximum B.M. is less than that 
which would occur if a number of separate simply supported 
beams were placed across the same supports (except in the case — 
of two uniformly loaded equal spans, when it is the same), and 
that such maximum B.M. occurs at the abutments. The prin- 
cipal disadvantages are : 

(a) It is not easy to ensure all the supports remaining at 

exactly the same level. 

(6) The method of calculation of the stresses assumes thar the 
beam is of uniform cross section throughout, this condition 
not being an economical one. 

(c) The method of calculation does not allow for rolling loads 
which often occur in practice. 

Many of these disadvantages can be obviated by making sec- 
tions through the beam at the points of contraflexure, and resting 
the centre portions on the support portions, or cantilevers. This 
is the principle of the cantilever girder bridge, and has been used 
with great success for bridges of great span. As span of a beam 
increases, the relative effect of its own weight on the stresses 
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increases rapidly until a span is reached, when it is impossible to 
use a simply supported beam, because the stresses due to its 
weight are greater than the allowable stresses. In the case of the 
cantilever girder bridge, the maximum B.M. occurs at the sup- 
ports, and it is easier to increase the strength at such portions 
without adding materially to the B.M. One of the best examples 
of this is the Forth Bridge, a good account of which is very instruc- 
tive and interesting, and should be consulted by those who wish 
to follow the design of bridges of great span. 

It is largely on account of the above disadvantages that British 
designers do not commonly adopt continuous beams, although 
under favourable conditions they may be safely adopted with 
considerably increased economy, 

Beams Fixed at one End and Freely Supported at 
the other.—If a beam is fixed at one end and freely supported 
at the other, the B.M. and shear diagrams will be the same as 


§MOOCOCODCOORE 


AX 
Bending Moment 








(Builders' Journal.) 
Figs. 110 and 111.—Beams Fixed at one End and 
Supported at the other. 


for the half of a continuous beam of two equal spans of the same 
span as the given beam, and loaded in the same manner. 

This is because fixing the end of a beam makes such end 
horizontal, and this is what happens at the central support of a 
‘continuous beam with two equal spans loaded in the same manner. 
The consideration of the following two standard cases should 
amake this clear. 

(a) BraM, FixED ar ONE END AND FREELY SuppoRTED AT 

THE OTHER, SUBJECTED TO A UNIFORM Loap.—The B.M. 
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and shear diagrams in this case are the same as for one 
span of the first case of continuous beams that we have 
considered, and will therefore be as shown in Fig. rro. 

(0) BraM, Fixrep AT ONE END AND FREELY SUPPORTED AT 
THE OTHER, SUBJECTED TO A CENTRAL Loap.—Let the 
central load be W and the span /. 

Then, if B is the fixed end, a the freely supported end, and a’ 

the imaginary freely supported end existing beyond the fixed end, 
we have, by the Theorem of Three: Moments, 


\ WE ireple iia ba fo AL 
M,Z + 2 My (+1) + Myf = 6 {x2 xt i xox 5} 
Now M, = My =o 


eee ne et 
“ 2My.2/= 


3677 167 


The B.M. diagram then comes as shown in Fig. 111. 
"To get the shear diagram we first work out the reactions. 
W , Ma - My 


Re= : + are ek 
say sae 
2 16/7 
as: W 
16 
W 
Re 7 


The shear diagram then comes as shown in the figure. 
We will conclude this chapter with a further number of worked 
examples of fixed and continuous beams. 


WORKED EXAMPLES. 
(1) A beam of 20 ft. span is built-in at one end and ts supported at 
a point 5 feet from the other end. Draw the B.M and shear diagrams 
Sor auniform load of § ton per foot run. 
Let A B (Fig. 112) be the beam, fixed at the end A and supported 
at the point ¢. 
The portion BC of the beam acts as a cantilever, and therefore the 


B.M..at Cc = Mg = 5 x i ee 6°25 ft. tons. 
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To find the B.M. at A, we imagine a span AC’ exactly similar to AC 


to exist within the wall. 
Then, by the Theorem of Three Moments, we have :— 


Mc X15 +2Ma(15 +15) + Mc.15 = 5 (i8* + 15%) 


but My = Me = 6725 


. 60 Ma + 30 X 6°25 = g (2 x 15°) 
I 2 
“4 Ma + ike = : 
pedi TS” = 12's 


4 
= 56°25 — 12°5 = 43°75 


. Ma = 10°94 ft. tons nearly. 


C) 
Bending Moment (Ft Tins) © 4 


K— — — 5’ —— 








(Builders Journal.) 
Fig. 112. 


The B.M. diagram is then as shown in the figure. To get the re- 
action at C we proceed exactly as in the case of continuous beams, 


Ze., Ro = eA Me — Ma io! he Me — Mx 
2D 15 Bee 5 
= 3°75 — 31 + 125 + 1°25 
= 344 + 2°5 ° 
= 5°94 tons. 


The shear diagram then comes as shown in the figure. 

(2) A rolled joist is firmly built-in at one end, and the other end 
rests freely on the top of a cast-iron column. The span of the joist is 
16 feet, and it carries a single load of 10 tons, 12 feet from the column 
ends. Determine the reaction on the column, and draw the BM. and 
shear diagrams, (B.Sc. Lond. 1907.) 

Let AB represent the beam, fixed at the end A, the load being at. 


the point C, Fig. 113. 
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Then the free B.M. diagram is a triangle A DB, C D being equal to: 


a ; Ose eer = 30 ft. tons. 


an p J 
Chen area of B.M. diagram = 5 X 30 x 16 = 240 sq. ft. tons. 


The centroid G of the B.M. diagram occurs at a distance } £¢ from. 
E the centre of the beam, 7.2., at a distance 9} ft. from A. 






26% 
Fb. Tons 


Shear Diagram 
86 
ons: 


Fig. 113..—Example of Beam Fixed at one End and 


Supported at other. 


Then, imagining a span exactly similar to 4B to exist beyond the 
fixed end, we have, by the Theorem of Three Moments, 
ah y a 
16 Mg + 2 My (16 + 16) + 16 Mp = 61 240% 98 4. 240 x 98) 
Oa a6 16s) 
My = My =0 
6 X 2 X 240 x 28 
64 Ma = fox 5 = 7% 240 
My = 1X, 240 — 210 
Ms, = 64 


= 26°25 ft. tons. 
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The reaction on the end B for a freely supported beam 
Io X 4 


pe lato Geaiae 2°5 tons. 
. My; — 
. In this case Rp = ~ + — = Th 
; Oo — 26°25 
= 29 ate = 
= 2'5 — 1:64 


= ‘86 tons. 
2Tons ber Fron 





Shear Diagram 


Fig. 114. 
(3) A continuous girder consists of two unequal spans of 100 ft.and 
120 ft. respectively. The girder is 300 ft. long and overhangs the end 
supports at each end, and ts loaded as shown (Fig. 114.) Draw the 
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BM. and shear diagrams and show the points of inflexion and mag- 
nitude of the supporting forces. (B.Sc. Lond. 1907.) 
In this case the end pieces A B, D E act as cantilevers. 


40 X I$ X 4oO 








. Mg 1200 ft. tons. 


= 1600 ft. tons. 


The free B.M. curve for span BC is a parabola with maximum 
14 X T00 X I00 
rs vee 
The free B.M. curve for the span CD is a parabola with maximum 
2 X 120 X 120 
eee 
Then applying the Theorem of Three Moments we have : 


ordinate = = 575 ft. tons. 


ordinate = 


= 3600 ft. tons. 


100 My + 2 Mc(r100 + 120) + 120 Mp = : (1% X 100% + 2 X 120°) 


8 120,000 + 440 Me + 192,000 = 375,000 + 864,000 


440 Me = 927,000 
Me = 2107 ft. tons nearly. 
We now proceed to the determination of the reactions. 
be I I Mz = Ma I I My — Mo 
Rp => xX 40x15 + ao Hz % OORT St rae 
aa) Sorat See Zyoin Oley 
= 60 + 65°93 = 125'93 tons. 
7 Mc —-M 
Re Oars ie ee Pee oe 
2 2 100 2 120 
= 75 + 9°07 + 120 + 4'22 
=84'07 + 124'22 = 208'29 ,, 
ee Mp- Mc 1 My — Mz 
Rp = 5 X 2.x 120+ ee +5 x2x 40+ 40 
= 120 — 4°22 + 40 + 4o 
= 115°78 + 80 = 195°78 4, 
Totals v5) 530) ‘tons! 





The shear diagrams then come as shown on the figure, and the 
points G H KL are the points of inflection. 
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(4) 4 continuous bean of total length L has three spans and is 
uniforiily loaded. lind the most economical arrangement of the spans. 


It follows from symmetry that in the best arrangement, the two end 


spans will be equal. Let the end spans be of length /, and the centre 
span of length /,, Fig. 1140. 


Then L=4+24, 
Now by the Theorem of Three Moments : 
Mii Dea Magid, ZS Migr mee (7.8.08 8) 


) 
4 
My 
also Masa =o. 


From symmetry Me 


Mis (2, 130s) = f GATS 





Fig. 14a. 


We now require to find the relation between /, and /, to make 
Mg a minimum, and then see if My is then greater than the inter- 
mediate B.M.s: if so, this relation will give us the most economical 
arrangement. 

p (43 + 1,3) 
Mp = 4 
(24 + 34) 


IN OWA 25) — oy — aes 


p ANG 3) 
A{(L 2h) + 1,3} 


Mey 
Be ee Oe 2 Z,) 
This will be a maximum when d Mp _ oO 
vl, 


sen d e -6124,+4+12L4°-7 at Zz 
Z.¢., when aE, Sere eT oes 
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Zeé., when (3 L — 44) (— 21 4? + 244,L — 6 L) 
=i (es NG ees Z, eae ae 7278) 10 
Bibs; 5649 — 111 LZ? + 727 0 — 14 =o, 


The solution of this equation will be found to be 4 = -35 L, such 
solution being found by plotting. 

Thus we see that the least value of the support moments occur 
when the end spans are each 35 L and the centre "3 L. In this case 
the intermediate B.M.s are less than the support moments, so that this 
gives the most economical arrangement. 


CHAPTER xX. 


*DISTRIBUTION OF SHEAR STRESSES IN BEAMS. 


WueEn a beam is deflected there is a horizontal* shearing stress 
at every point of the beam, resisting the sliding of one layer over 
the other. We have already shown (p. 12) that in an elastic 
material a shear stress must always be accompanied by a shear 
stress of equal intensity at right angles to it; in the case of the 
beam we see that the horizontal and vertical shearing stresses at 
any point of a beam are equal. Now the total shearing force over 
any vertical cross section of a beam must be equal to the shearing 
force, obtained, as in previous chapters, by considering the forces 
on the beam; but the intensity of stress will not be the same 
across the section, so that by dividing the shearing force S by the 
area of the cross section A, as is commonly eae we do not get 
the maximum shear stress. 

The existence of the horizontal shearing stress can be seen 
clearly from the following diagrammatic representation. “Fig. 115 
A shows a short beam deflected under some loading, Now imagine 
the beam to be replaced by a number of plates placed one above 
the other. ‘They then take the form shown at B on the figure, the 
plates sliding one over the other as shown. ‘The second case will 
not be nearly as strong as the first case, and it is clear that in case 
A there must be stresses tending to make one layer slide over the 
other. 

We will now obtain an expression for finding the shearing 
stress at any point of a beam, and will consider later certain 
special cases. 

GENERAL Case.—Let A 8, A, B, (Fig. 116) be two cross sections 
of a beam at a short distance « apart, and let the cross section of 





* We will assume through this investigation that the beam is horizontal. 
If it is not, the words * parallel to the axis of the beam’ and ‘perpendicular 
to the axis of the beam’ should be substituted for ‘horizontal’ and ‘ vertical.’ 
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such beam be symmetrical about a vertical axis, and let the load- 
ing be wholly transverse. .Then ECG and £, C, G,, as we have 
previously seen, give the intensities of transverse stress at any 
point. Now consider the portion of the section aB above any 
line pp. Consider an element of area a at a point P at distance 
PN from the neutral axis. 


Fig. 115.—Horizontal Shear in Beams. 


Then we have by the theory of bending that the intensity of 





‘ MxPpn : : 
stress at P = fp = eR: where M is the B.M. at the point and 
I the second moment of the section. 
M x PN 
=. Horce onvelement ai—w/p 6 aa— Tae 
an M x PN 
.., Total force on area above DD = 3 8 


M . 
==> 24-PN 


ll 


x first moment of area above Dp about N.A. 


I 
M 
I 


274 The Theory and Design of Structures. 


Where a is the area above Dp and y the distance of its centroid 


from the N.A. 
Similarly taking the section 4, B, and taking the force above a 


line D, D, we have 


M, 
Sn ener eal 

Total force on area above D, D, = F, = 7 
1 


Now, if x is small, and the beam has no abrupt change in 
cross section, we may put @ = a, y = J, and I = I,. 


an ves hates 1 ate LEE OD SL (2) 





Fig. 116.—Distribution of Shear. 


Now this difference in transverse force is the shearing force 
which has to be carried along the line p p,._ We will write this 


ae M-M,. j 
Now, if x is very small “'—*"1 is the rate of increase or de- 


crease of the B.M., and this we have shown to be equal to the 
shearing force S at the given point. 


7) Wehave P= ii = BN Ge OL | oh Nie (3) 
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Now the area over which this shearing force acts is equal to 
DDXDD=DDX “=< x b. 


.. Mean shearing stress along DD = oae0 
Sx aye 
ie ae 
Saal 
Sp = I ; Ti a (4) 


We can express this in terms of the mean stress m = : over 


a 


the whole section as follows :— 


We may call va the shear coefficient. 


It will be noted that @ x y increases up to the neutral axis 
and then decreases, because the first moment of the area below 
the N.A. is negative. 

We thus see that the shear stress ts amaximum at the neutral axis. 

It must be remembered that sp gives only the mean shear stress , 
along pp. This stress is not uniform along p D, but for sections 
which are narrow at the neutral axis, the sections used in practice 
generally falling under this head, the maximum shear along the 
neutral axis will be not much greater than the value of sp at the 
neutral axis as given by the above result. For sections like the 
square and the circle the maximum shear along DD will be from 
5-10% greater than the mean shear, while for sections such as 
an oblate ellipse or a broad rectangle the difference may amount 
to as much as 25°/. It is beyond our present scope to go further 
into the question as to the variation of shear stress along p p, but 
we should remember that such stress is not uniform; the maxi- 
mum stress for various cases has been worked out by St. Venant. 

Consider the following special cases (Figs. 117, 118). 

(1) RecrancuLar Srcrion.—Mean shear along a line at dis- 
tance x from N.A. of a rectangle of height 4 and breadth 4 
iy 
Rb 


=S, =m. 
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In this case a = C - ) b 


yous L(Soa)at(t+a) 
2\2 2\ 2 
fee 
12 
n(? - = )o2(4 + x) 
Sx = - 
ENG 
12 


2 
By 


Parabola 





Circl e 


Reclangle 


Big. 117. 


This depends on x, so that the curve showing the mean shear 
stress at various depths will be a parabola. The maximum value 
of s, occurs when w = 0, ze. at the neutral axis. This gives 

m Z : 
a 15m. Thus we see that in a rectangular beam the 


2 


So 


maximum shear stress occurs at the centre, and is equal to 1°5 
times the shearing force divided by the area of the section. 
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(2) CircuLar SEcTION.—This case is not quite so simple as 
the previous case, but we can find the shear stress at the N.A. 
simply as follows. 


In this case we have 








x 1)? 
a= 
8 
2D 
a= 
37 
Py? 
16 
Ula) 
ss eee) 
. = ip SB 
N.A D? L 
16 
ee 
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So that the mean shear stress along the N.A. is 1} times the 
mean shear stress over the whole section. 
In this case it is interesting to note that the maximum shear.' 
. stress along the N.A. is 1°45 m. ‘ 


(3) Pire Srcrion.—Let a thin pipe be of mean diameter 
D and thickness @ 


ae x Dt 
Then a 
2 
D 
— 
T 
BR D? 
See Pac 
Bawa 
ae DLS «ST 
a, = 
Sy. = EX ee = 2 
ra RANE. 


So that the mean shear stress along the N.A. is twice the 
mean shear stress over the whole section. 
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(4) I Sxcrion.—To calculate the proportion of the shearing 
force carried by the flanges and web, respectively. 

Take a beam of IE section of breadth J and height %, and let 
the thickness of the flanges and the web be 7 and w, respectively. 





Fig. 118. 


First consider a horizontal line Pp P in the flange at distance . 


x from the top edge, Fig. 118. 
a. 
Then mean shear along Pp Pp = #2 .——- 
3 hk? ob 


wa 


(amr 


m.b «(hk — x) 


ra, bh 2 
m 3 
= Sup ET St) nor oon sean can (1) 


This depends on «?, so that the curve showing the variation 


of stress is a parabola. 
When «x = 4 “¢., at the junction of web and flange, 


m ' 
se 5 pt — #) BiRislied eau e nee (2) 


Now consider a horizontal line Pp, P,; in the web at distance », 


from the top. 
aR M.A ¥V 
Then mean shear along P, P, = ary 
R™ 
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In this case— 
ay = first moment:of area above P, P,; about N.A. 


= by @ ria + w (x, — #) {e -(7 ae 2 = ‘yh 


oe UENM ic 1) Bee) A = inate) 
a 2 2 


also. 6 = w in general expression for shear stress, 


m. {bt(h- 2) +) (oy — 2) A= m - ap 


= Sp | . @ } 
‘g ek ie t As ) eye? aie 29 
a oy (hx, - 2,2) + BM - a 7) aie (3) 


The second term of this expression is constant for all values 
of x, and the first term is the shear stress which would occur aff 
the oon extended down to P, P,.” 

Ve thus see that the diagram of distribution stress is obtained” 


as Mie 5 
First draw a parabola a kK p, the centre ordinate J K of which 


: ; 5 We F 
is obtained by putting « = > in equation (1). 


f mn fe fe _ mie 
Ee ae ea ee eee ma 


At the points B and c¢. corresponding to the inside edges 
of the flanges set out GE and ur equal to the expression 
mt (h — t) (b — w) 

PUSS TD 
between the points E and r, then the curve AG ELF HD gives 
the shear stress at the various depths of the cross section. 

Then total shear carried by web is equal to area of piece 
B ELEC of curye multiplied by width of web. 


and re-draw the portion G K u of the parabola 


; : 1 h he 
Now take the case in which ¢ = —and zw = — and 6 = — 
10 20 2 
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this being about the proportions for a rolled steel joist, then 


Bes = ag (hi- 2) 
mn { }? 
~ 2 (3 ~ =) 
ne gh? 
Beek oo 
We P= Oe m 16 /? Me = A FP 
Sar ae le Cif? Gong | Sian 
also (ey EG — 2) ie ui) 
2k? w 
m i oy fp Ia) Is 04S) 
7 aie 10 Yo. ido B 
m 81 7? 
~ 2 h® * 100 
m 9 fh? m 81 7? 
PATS Ft, POS ee © ee 
TE 9 
Sy i) 
, Area of curve BEL FC= BC (BE + ; M K) 
lk Gb. OMe BUR 
=* : ma (e+ =} aay (4) 
Now in this case I = alt - ies pal a ae ut 
12 12 
eights 1 (' “y ie 
24 20 5 12 
= ‘0417 At — ‘0192 hi! 
= O22)5 t= 
The area of the section = bh - (2 — w) (h — 2 2) 
2 oh 4h 
rier Bo He). 
= ray 
vs ee = a ones = +1608 2 
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Returning to equation (4) we get area of curve BEL FC 
~4mh lie PP 
ogee ae 
_ 4mh x 1-007 1? 
10 x ‘1608 7? 
jhe Seri O}O) 
1608 — 
= PPC 7): /Uaanahandesesodioea socaesAbte (5) 


=a 


.. Shear carried by web = 2°505 mh x width of web 
= 2505 mh x 
SANA IN7) [R  ro ge AN REE IIo: (6) 
Now area of whole section = ‘14 A? 
.. Total shear S on section =. ‘14 22 x m 
Shear carried by web _ ‘1252 _ 89°4 % 
Total shear ‘14 Zr 

It is commonly assumed in practice that in plate and box 
girders the whole of the shear is carried by the web, and the above 
calculation shows that in an I beam, in which the flanges are 
larger in proportion to the depth than in most plate and box . 
girders, this is true within 10% so that in plate and box girders 
designed according to the common rules,* this assumption will be 
quite justified for all practical purposes. 

It must, however, be remembered that in girders built up of 
joists and plates, such as the comparatively shallow and heavy 
girders used in buildings, that this assumption will not be so 
nearly true. The error, however, lies on the right side, because 
the stresses in the web will be less than assumed. 





GRAPHICAL TREATMENT FOR FINDING DISTRIBUTION 
OF SHEAR STRESS ON A CROSS SECTION. 
Consider the section, composed of joists and plates, shown in 
Fig. 11g. ‘The first step is to ‘mass the section up’ about a 
vertical centre line: this is done by drawing horizontal lines 
across the joists, and adding on each side of the centre joist the 


* See Chapter XVIII. 
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corresponding horizontal ordinate of the outside joists. This gives. 
the section shown in the figure (7.2. ad = ab + bc+ cd). 
Consider any line p p. We have shown that the mean shear: 


a.y 
stress along PP = sp = m. —->. 
8 ° Bb 
Now a. y = first moment of area above Pp p about neutral 
axis « x. Draw the first moment curve of the section above x « 


about the line x w, as explained on p. 73. As the section is. 





Pig. 119. 


symmetrical about a vertical axis, we need draw the curve for one 
half of the area only, x Q c being such curve. 
Then a x’ y7= 2°area J XO Nx) 7. 

MN PX ISON XA 

Roo I 

Now find the sum curve J R s of the first moment curve taking 

pe 

= 

Then NR x # = area of first moment curve above p Pp 
.NR xX # 


oa — 


h 


.. Mean shear along p Pp 


.. Mean shear along p P, = 


the polar distance p = 


area JXQN 


Il 


m 2NR. 
ava ae 
bk h 
2NR 
b 


= mM. 


Buté=pp=2NP 
NR 


.. Mean shear along p p = m. 
N P 
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‘Then the maximum shear stress, which occurs at the neutral 
cs : 
cB 

Nove.—Fig. rrg is diagrammatic only and is not drawn to 
scale. The student should work this case as an example, taking 
the plates 20” x 4” and 16” x 6” beams. For accuracy the 
drawing should be done to a large scale. 

Deflection of a Beam due to Shear.—In considering 
the deflections of beams up to the.present we have dealt only with 
the deflection due to the bending moment. We will now see to 
what extent the deflection due to shear is comparable with that 
‘due to the bending moment. 

Let c c, Fig. r20, represent a short length x of the centre line 
of a beam subjected to a shearing stress s. 

Then the shear causes the line cc to take the position c c,, 
the slope being o. 


axis, ism. 


5 
re 

The deflection c c, of the short length of beam is equal to 
x X o@, as o is small, 


Then if G is the shear modulus, we have « = 


*. Deflection of short length « of beam = = = : 
3 Cea 
-. Total deflection due to shear = 3” G : 
Now we have shown that s = m. ae Pp where # = ., S being 


the shearing force at the point, and A the area Aa the section. 


If the section is uniform along its length, 7 a +5 ’ will be constant 


and equal to, say, /. 





*. We have: deflection due to shear = = x. ps G 
By 

AG": S 
But &.«S = area of shear curve up to given point 
B.M. at point 


=M 





i 
| 
Is: 

= 

Ss 


. Deflection due to shear 
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Now consider the following special cases : 


(1) Isolated Central Load. 


: 3 W 
Deflection at centre = pp = Lg ae 
AG nig 
As we have previously shown, the deflection 6 in this case due 
: W 2 
to B.M. is equal to 8 = I 


ais Bp Wi inde 
Pe er CC eee ae oT | 
tee = el 
G AP 





Fig. 120. Fig. 121. 
Taking = = 5 ing that I = A 2” 
aking G == and noting that I = A & 
3h? 
= 30-3 Se Ste DRA t ia kepaseers ORONO (2) 
(2) Continuous Loading. 
F 3 W/ 
In this case pp = a : - 
Mee er 
- 384 ET 


Pe BSG 18 I 


RRND ware SCG AC 
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‘Taking z = Jas before, 
2 


U EAD 
5 PAB Fy cece eset tte reer teeeeees (3) 
ei ie 5 it 
For rectangular section 6 = 1°5 and 4? = —, f# being the 
12 


depth of the beam. 
.. (2) becomes - = 3°75 () 


(3) becomes £ = 3 (5) 
} 


It follows from this that it 7 = = the deflection due to: 
Io 


| 


| 


NN 


shear is 3°75 per cent. and 3 per cent. respectively of that due 
to B.M. in the two cases. 

We see, therefore, that for solid rectangular beams in which 
the span is more than ro times the depth, the deflection due to: 
shear is negligible. 

It must, however, be remembered that for rolled joists, plate 
girders, and the like, the deflection due to shear will be quite 
appreciable for sections which are deep compared with their 
span. Bridge engineers often state that the deflection of a bridge 
is more than the calculated deflection. Part of this difference 
may be due to the giving in the riveted connections, but certainly 
the measured deflection would agree better with the calculated 
deflection if the latter included the shear deflection. It has been 
suggested that this could be remedied by taking E about 10,000 
tons per sq. in. instead of 12,500 in the ordinary deflection 
formula. 

It should also be noted that we have taken only the strain 
due to the maximum shear stress, neglecting the fact that it is 
variable. ‘This gives results a little too high, but is better than 
taking the mean shear stress. 


Distortion of Cross Section of Beam due to Shear, 
&c.—In finding an expression for the relation between the 
stresses and the B.M. on a beam, we made use of Bernoulli’s 
assumption, that the cross section remains plane after bending. 

The two causes tending to distort the cross section are (1) 
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shear stress, (2) differences in lateral compression due to extension 
in fibres. 

Consider two cross sections of a beam at distance « (Fig. 121) 
apart, and let the B.M. at the sections be M and M, respectively, 
and consider points p and Pp, at distance y from the centre line, 
the section being the same at the two points. 


ir My M 
Then stress at P = af ate = — 


F 5 M, y 
.. Lateral compression strain at P = » #2, at P, = 7 ae 


stress 


because longitudinal strain = — Ez and lateral or transverse 
4 


strain = » x longitudinal strain. 


.. Difference in lateral compression strain = (M, - M)y 


1) 
Tye 
.. On a short length @ y of the section, the difference in lateral 


compression = P’ P,’ (M, - M).y.d@y 


= vy 
Et 

{ ; P’ Pp,’ n M, -M 

a = slope of pp,’ = Pee aii ae Paes, 

but we have shown that when w is very small 


My a spe the shearing force S 


.as Ey: S94 

To find the total change in angle between any section and the 
line originally parallel to the centre line, we must add all the 
elementary changes in angle. 


Lom: SIN7 
-. Total ch = @ = — - 
otal change EI y.dy 


Sie May 2 Mon y* 


2 I 2 i h2? 


because # = 
A 


Distortion of Cross Section of Beam due to Shear. 287 


Now we have previously shown that due to the shear there is 


a change of angle equal to canst 


ag 
(NS ie 


.. Total change due to both causes 


g PLO SGT 
~ B ( Gis ") 


ss es nV? G 
GRN\ b 2E 


G Derrek m [ay y? 
“and » = — this comes to te 
‘Ae one 


2 


; 5 
ie ba Ger ee 

From this relation the slope at any portion of the section can 
be found, and the distorted form of the cross section can be 
obtained. Our present scope prevents us from dealing with this 
interesting problem further, but what we have given should serve 
as an indication of the method in which the problem may be 
attacked. 
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Summary of Shear, Bending and Deflections 
for Beams. 


(SPAN L). 
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CHAPTER XI. 
FRAMED STRUCTURES. 


Introductory.—A theoretical framed structure is built up of 
a number of straight bars, pin-jointed together at their extremities. 
If the centre lines of the bars all lie in the same plane, the frame 
is termed a plane frame; if in different planes, it is termed a space 
Srame. 

For the present, we will deal only with the plane frames. 

A framed structure is designed so that, as far as possible, there 
are only pure tension or compression stresses in its members, 
bending stresses being obviated. In Continental and American 
practice it is common to make the framed structures pin-jointed, 
but in British practice the joints are nearly always riveted. 
There are points in favour of both systems: In the pin-jointed 
frames—or /russes as they are called—we can determine the 
stresses in the members with greater certainty than in the case in 
which the joints are riveted; but on the other hand the pins 
often become troublesome to design, and in the case of failure 
of one pin, the structure probably collapses, whereas in a 
riveted joint we may have warning by the giving of one or two 
rivets. : 

In any case, the stresses are always calculated as if the joints 
were pinned. ‘These joints are often called nodes. 

Kinds of Framed Structures.—A framed structure may 
be one of three kinds, viz.: Deficient or under-firm ; perfect or 
firm, and redundant or over-firm. 

A deficient or under-firm frame is one which has not sufficient 
bars to keep it in equilibrium for all systems of loading. Such a 
frame is shown in Fig. 122 (rt). For certain values of the forces. 
acting on it, the frame would be in equilibrium, but it would 
collapse if the forces were changed. 

A perfect or firm frame is one which has a sufficient number 

U 
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of bars—and no more—to keep it in equilibrium for all systems 
of loading. Such a frame is shown at (2) in the figure. 

A redundant or over-firm frame is one which has more bars 
than are necessary to keep it in equilibrium for all systems of 
loading. Such a frame is shown at (3) in the figure. 


A B A B 





Fig. 122,.—Kinds of Framed Structures. 


Objections to Deficient and Redundant Frames. 
—If a deficient frame is actually pin-jointed, it is in unstable 
equilibrium ; if its joints are riveted, then its stability depends 
‘on the stiffness of the joints and its members are subjected to 
bending stresses which it is the object of the framework to avoid. 
Redundant frames have the following disadvantages :— 

(1) Any stress in one member caused by bad fitting or change 

of temperature causes stresses in all the other members. 
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(2) ‘The stresses in the members cannot be calculated -by any 

simple mathematical or graphical process. 

Such frames are sometimes called ‘statically indeterminate.’ 
‘The stresses in the members depend on the relative sizes of such 
members and the elastic properties of the materials ; they can be 
found by the Principle of Least Work. Our present scope 
prevents our going further into this, but the reader requiring 
further information .should consult Statically Indeterminate 
Structures, by W. H. Martin, published by Lugineering. 

Semi-member or Counterbraced Frames. — Some 
frames which have the appearance of redundant frames act a: 
perfect frames and may be treated as such. Fig. 122 (4) shows 
such a frame. There are two diagonal bars Bp and ac, but 
each can act in tension only, so that if the loading is such as 
would tend to put one of the diagonals, say a c, in compression, 
such diagonal would go out of action and the frame would act as 
if B D were the only diagonal. 

The diagonals a c and B D are called semi-members or counter- 
éraces and are commonly used in practice, especially in the centre 
panels of railway-bridge trusses in which the crossing of the load 
causes a reversal of the stress in the diagonals. 

Relation between Bars and Nodes in a Perfect or 
Firm Frame.—Consider a firm frame such as shown at (2). 

The first bar p c has 2 nodes. 

It requires two more bars 4 p and a c to produce the next 
node A, and so on. 





Fig. 123. 


Therefore, if there are 7 nodes, 2 of them go to the first bar 
and the remaining (z — 2) require 2 (7 -- 2) bars. 
.*. Total number of bars = 2 (7 — 2) +1 = 2-3. There- 
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fore, in a perfect or firm frame the number of bars is equal to 
twice the number of nodes minus 3. 

If the number of bars is more than this, the frame is 
redundant ; if less, the frame is deficient. 

The student should test this relation with the framed structures. 
shown in the following figures. 

The converse of the above statement does not hold. The 
number of bars might be = 2 7 — 3, and yet the frame might not 
be perfect. 

Fig. 123 gives an example of this. In this case the number 
of nodes is r2 and the number of bars 21, so that this fulfils the 
above condition, although it is not a perfect frame. 

Ties and Struts.—Ifa member of a structure is in tension 
it is called a “#e, and is designed in the simple manner previously 
explained ; if it is in compression it is called a s¢vw?, and has to: 
be designed with an allowance for buckling, as will be explained 
in a subsequent chapter. 

It is desirable to distinguish between the ties and the struts in. 
the drawing of a framed structure. ‘This can be done by any of 
the following ways :— 

(1) By drawing the struts in thicker lines than the ties. 

(2) By drawing a short single line across the ties and a double 

line across the struts, e.g:, | and |. 

(3) By indicating the struts with a A/s sign and the ties with, 

a minus. 

Loading of Framed Structures. — Framed structures. 
must always be taken as loaded at the nodes only. If a given 
bar is loaded between the nodes, then it acts as a beaim and dis- 
tributes to the nodes at each end the reaction of the beam. We 
will deal further with this question later on. 

Curved Members in Framed Structures.—In some 
cases the members or bars of a framework are curved. For ob- 
taining the forces in the bars (not really the s¢vesses, although this. 
term is most often used), we replace the curved bars by straight 
ones; but it must be carefully remembered that such bars must 
be designed as bars with eccentric loads and allowance made. for 
bending stresses, as explained on p. 168. See also the example: 


on p. 332. 


Simple Roof Truss. 


is) 
\O 
ies) 


STRESSES IN PERFECT OR FIRM FRAMED 
STRUCTURES. 


When the forces, including the reactions, acting on a perfect 
frame are known, the stresses in the individual members of the 
frame can be found by any of the following methods :— 

(1) Clerk-Maxwell’s Reciprocal Figure method. 

(2) The method of Moments or Sections, or Ritter’s method. 

(3) By resolution. 

In any important structure the stresses in all the members 
are obtained by one of these methods, and those in some of the 
members are checked by one of the other methods. 


RECIPROCAL FIGURES. 


Two figures consisting of lines and points lying in a plane are 
said’to be reciprocal when— 

(1) To any wode or point of one figure at which a given 
number of lines meet, there is a corresponding fodygon in the 
other figure, bounded by the same number of sides. 

(2) To every line of one figure there corresponds a parallel 
line in the other figure. 

(3) To a line of one figure joining two nodes there corre- 
sponds a line in the other figure separating the polygons 
corresponding to these nodes. 

Clerk-Maxwell enunciated the theorem that if one of these 
figures represents a framework with the forces acting on it, the 
other or reciprocal figure will give the forces on the framework 
and the stresses in the individual members. 

We see, therefore, that we can find graphically the stresses in 
a framework by drawing its reciprocal figure. 

Example of Simple Roof Truss.—Take the case of the 
simple roof truss shown in Fig, 124. In this method we will 
adopt Bow’s notation of lettering or numbering the spaces between 
the bars or forces. In this case we take the vertical loads on the 
nodes as equal, the reactions then being equal and vertical. 

To commence the reciprocal figure set down lengths 1, 2; 2, 3, 
&c., on a vertical line to represent the forces, to some convenient 
scale, the reaction 4, 5 being equal to half the total load, and 
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giving the point 5 as shown. At the left-hand end of the truss 
three lines meet, viz., 5,1; 1,4; 4,5. On the reciprocal figure, 
therefore, we require a corresponding triangle, so draw 1,a@ parallel 
to 1, A, and 5, @ parallel to 5, a, their point of intersection deter- 
mining the point @ on the reciprocal figure. From a@ draw a 








b 


RECIPROCAL, DIAGRAT 


Fig. 124.—Stresses in Simple Roof Tris, 


parallel to 4p, and 2% parallel to 2 p, thus obtaining the point 4; 
then 4 ¢ parallel to 8 c, and 5 ¢ parallel to 5 c, thus obtaining the 
point ¢, and so on, 

‘To serve as a check on the accuracy of the drawing, the line 
joining the last point e on the reciprocal figure to the point 5 
should be parallel to the bar © 5 of the frame. 

Then the lengths of the lines of the reciprocal figure give—to 
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the scale to which the loads were set down-—the stresses in the 
corresponding bars of the frame. 

To Distinguish between Ties and Struts.—To ascer- 
tain which members of a framework are ties and which are struts, 
the following method is adopted and can be applied for all sys- 
tems of loading. 

Consider any one of the nodes of the truss at which the direction. 
ot one force is known, say the node x. Corresponding to this 
node we have the polygon 1 2 4a x on the reciprocal figure. The 
direction of the force 1 2 is known to be vertically downward, so 
continue the arrow-heads in this direction round the polygon 
12¢a1. Now transfer the direction of these arrow-heads to the 
corresponding bars close to the given node. Then if the arrow- 
head on a given bar points towards the node, the bar is a strut ; 
and if it points away, the bar is a tie. In this way it is seen that 
the bars 1 A, AB, and B 2 are all struts, 

Now consider the node y. Corresponding to this we have the 
polygon 5a@éc5. Since 8 is a strut, the arrow-head at the node 
Y points towards the node, and so the arrow heads go round the 
polygon in the direction a 4, 6¢,¢5, 5a, as shown. ‘Transferring 
these arrow-heads to the Frame Diagram, we see that the bars 8 c, 
C5, and 5 A are all ties. Et 

With practice one can tell by inspection in most cases whether 
a given bar is a strut or a tie by the following rule:—If, on 
imagining the given bar cut through, the forces would tend to in- 
crease its length, such bar is a tie; if the forces tend to decrease 
its length, the bar is a strut. 

Example of Warren Girder with Uneven Loading. 
—As a further example of reciprocal figures, take the example of 
the Warren girder loaded as shown in Fig. 125. 

We must first find the reactions before. we can proceed with 
the reciprocal figure. ‘These reactions, found in the ordinary 
manner by moments, come 4°75 and 5'25 tons at the left and 
right hand ends respectively. Choosing a suitable force scale, we 
set down 1, 2 and 2, 3 to represent 2 and 5 tons respectively ; next 
set up 3, 4 to represent the reaction of 5°25 tons; and then set 
down 4,55; 5,6; and 6, 7 to represent 1 ton each, the length 7, x 

. checking back to give the reaction 4°75 tons. We now proceed 
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as before, drawing 1 @ parallel to 1 a, and 7 a parallel to 7 4 ; then 
aband 1 4é parallel respectively to AB and 78, and so on, the 
reciprocal figure coming as shown, and / 3 coming parallel to L 3, 
and thus serving as a check on the drawing. 

In cases of complicated frames where some difficulty is expe- 
rienced of getting the last line to check, it is well to start the 
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Fig. 125.—Warren Girder wnevenly Loaded. 


reciprocal figure from each end of the frame, the errors being in 
this way minimised. 

Points of Difficulty in Reciprocal Figures.—In some 
cases we shall find that when we attempt to draw the reciprocal 
figure for a framed structure we get to a certain point and can 
proceed no further. If we start drawing from the other end, we 
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shall get stopped at a corresponding point. This happens when- 
ever we reach a point when there are more than two bars with 
unknown stresses in them. 





Fig. 126.—Stresses in French Roof Truss. 


The most common example of this is that of the French truss 
‘shown in Fig. 126. For simplicity we will take the loading as 
uniform, although this is not necessary for the problem. It will 
be seen that when the point ¢ on the reciprocal figure is reached, 
we cannot proceed further. 
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The difficulty may be overcome by the following methods :— 

(1) By calculating the stress in 0 G by the method of moments, 
and then working back from the point g in the reciprocal figure. 

As we shall see later, the stress in 0 G as determined by, the 


method of moments is equal to he where M is the bending 
dj 


moment at the centre of the span due to the forces, and / is the 
height from the bar 0G to the ridge. og is then set out on the 
reciprocal figure to represent this force to the given scale, and the 
points f, e, @ are obtained by working backwards from the point yg. 

(2) By Barr's method, according to which the diagonals D & 
and & ¥ are replaced by a single bar zr. We can now proceed 
and find the points z, 4 and g on the reciprocal figure. The diago- 
nals DE, EF are now replaced, and by working backwards from 
the point / the points ¢, ¢ on the reciprocal figure can be found. 

The remaining half of the figure is drawn in exactly the same 
way, and so is not shown. 

It will be found that for uniform loading the lines @ 6 and e/ 
come in the same straight line, and so the point f could be found 
in this manner, but it must be carefully borne in mind that this 
rule is not true in the case in which the loading is irregular. 

Reciprocal Figures for Various Cases.—ligs. 127-132 
show the reciprocal figures for various forms of framed structures. 

The student should draw these out to obtain familiarity with 
the construction. 

With regard to the truss shown in Fig. 132, we proceed as 
follows :— 

Consider first the forces on one half of the span. Assuming 
them uniformly distributed, they are as shown in the figure. Now, 
since there are pin joints at B and c, the reaction Ry, must pass 
through both 8 and c, this being the only force on the right; 
therefore, by joining pc, and producing to meet the resultant 
force W, and joining such meeting point x to a, we get the direc- 
tions of Ry and Rg, and the reciprocal figure can then be drawn 
as shown. ‘The reciprocal figure is shown in the figure in two 
parts, one for each half of the truss, to avoid complication of the 
figure. The stresses are found in a similar manner for the forces 
on the other side, and the stresses are then added together. 


hig. 127.—Pratt and ‘N°? Trusses. 











a,b 


Fig. 128.—Station Roof Truss. 





Fig. 130.—Hog Back ‘N” Girder. 





Fig. 131,-—Crescent Roof Truss. 





u 


Fig. 132.—Truss with two portions Pin-jointed together. 
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Reciprocal Figures for Wind Pressure on Roof 
Trusses. *—-In the design of roof trusses of span greater than forty 
feet, it is necessary to determine the stresses due to the wind 
blowing on either side. The principal difficulty in obtaining such 
stresses consists in finding the magnitude and direction of the 
reactions. ‘There are three principal ways of finding such re- 
actions, viz. :— 

(1) Assuming one end of the truss fixed and one end on 
rollers or ‘ free,’ so that the reaction at the free end is vertical. 

(2) Assuming one end of the truss fixed and the other end to: 
rest on a metal plate, so that the reaction at such end is inclined to: 
the vertical at the angle of friction for metal on metal (about 18”). 

(3) Assuming each end of the truss fixed and each reaction to: 
be parallel to the resultant wind pressure. 

Now it is most common in practice for no provision to be 
made for movement of one end of the truss, although in some 
instances rollers are provided at one end and in more-instances: 
the holding-down bolts are placed in slotted holes. It would 
therefore at first sight appear that, in the cases where no such 
provision is made, the third method above would be the most 
satisfactory. But in such cases some prefer to use the first 
method ; because even if both ends are fixed we cannot say that 
each end gives equal resistance to the wind, and the stresses. 
according to the first assumption will in most cases be most 
severe. The first method really assumes that all the resistance to: 
the horizontal forces is given by one end or supporting wall or 
column, whereas the third method assumes that each end gives. 
equal resistance. Having decided on which assumption to make,. 
we then proceed as follows :— 

We will take first the case of a roof with a straight rafter. 
Fig. 133 shows a simple case of this. We will assume that the 
end a is fixed and that the end B is free, and that the wind is 
blowing on the fixed end. Having decided on what wind pressure 
to allow per sq. ft. of vertical surface, we find by the table given 
on p. 50, the pressure for a surface at inclination 6. Multiplying 
the pressure by the area exposed to the wind (ze., length of 
rafter x distance between trusses or principals) we get the total 


* See also Appendix, page 583. 
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Fig. 133.—Wind Pressure on Roof Truss. 
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and their variation by this method it is necessary to draw two 
such combined diagrams, corresponding to the wind blowing on 
either side.. It will often be found that the drawing of these two 
‘diagrams is more troublesome than drawing the three separate 
‘diagrams—one for the dead load alone, and two for the wind on 
either side. 

Fig. 135 shows an example of a combined diagram drawn in 
this manner. 

The resultant of the dead load and wind load for each node is 
first found as shown in the figure. The reactions have first to be 
determined, and this is effected best by the link and vector 
polygon construction as follows: Set the loads down a vector 
line P, 1,2,3....Q and take any pole o, preferably on the side 
‘opposite to that on which the reciprocal figure will come : then 
starting at the fixed end Pp and drawing the first link parallel to 0 1, 
draw the link polygon pa, 4,¢,d,e,/; jom pfand draw 015 
parallel to it, meeting the vertical through Q in 15; then Q,, 
gives the reaction Rg at Q, and 15 P gives the reaction Ry at P in 
magnitude and direction. An alternative method which is not so 
cconyenient is to find the resultant of all the forces by the link and 
vector polygon construction, not necessarily starting the link 
polygon at p, and producing the resultant to meet the vertical 
reaction as in the previous cases, and thus obtaining the direction 
of Ry. The reciprocal figure is then drawn without much 
difficulty ; 15, r4 is drawn parallel to 15, r4 and 1, 14 parallel to 
1, 14, thus fixing the point 14 and so on, the reciprocal figure 
being shown in the figure, which also shows the manner in which 
the question of tie or strut is settled for the node: 2, 3, 10, 12, 13. 

Wind on Roof with Curved Rafter. —This case is more 
complicated than the previous ones because the wind pressure 
will have different intensities according to the slope. ‘The manner 
in which such a case is worked will be clear from considering 
Fig. 136. This roof truss is of 50 ft. span and 8 ft. rise, the 
nodes lying on arcs of circles, the depth of the truss being 8 ft. 
The end x is fixed and the end y is free, and the wind is blowing 
on the fixed end. The inclination of the bays 2a, 3B, 4D are 
measured and found to be 55’, 37, and 19, respectively. Using 
a vertical pressure of 56 lb. per sq. ft. the pressures on the bars 
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Fig. 136.—Wind Pressure on Curved Roof Truss, 
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— obtained from tables or curves—are 49, 39, and 23 Ib. per 
sq. ft. respectively. Multiplying these by area covered by each 
bay, ze. length of bay x distance between principals, the forces 
carried by each bay are 2, 1°58 and ‘94 tons respectively. Placing 
half of these at the ends of the bays we get the wind forces 
on the truss. Now set these forces down on a vector line, Ze., 
12 = 22) = 1 ton; 2’3 = 33’ = ‘79 ton; 3'4 = 45 = ‘47 tons; 
then joining 2, 3; 3,4 we get the resultant forces 2,3; 3,4. To 
get the values of the reactions we draw parallels through the 
nodes to the resultant forces at them and take any pole p; then 
as before we start at x and draw the link polygon x m, x, ,g, the 
first link being parallel to p 2, and draw a parallel through Pp to x ¢ 
to cut the vertical through 5 in 6, then 56 = Ry, 61 = Ry, 
Having obtained the point 6 the stress diagram can be drawn 
without much trouble, but great care must be taken in seeing that 
long lines such as 2 @ are accurately parallel to their comparatively 
short bars, In some cases on important work it is advisable to 
calculate the inclination of such bars in order to get accurate 
parallels to them. 

Loading of Framed Structures.__Local Bending.— 
It must be very carefully remembered that the stresses in a framed 
structure obtained by the method just given are worked on-the 
assumption that the loading curves wpon the nodes only, or that 
there is no local bending. If in any actual case a load curves 
upon one of the members between the nodes, then there will be 
a bending moment on that member, and, treating that member as 
a beam, the reaction at each end will be treated as the load, at 
the two nodes, from which the reciprocal diagram is obtained. 

Let AB, Fig. 136A, be one of the members of a framed struc- 
ture, and let a load F be applied at a point c between a and p, 
Then there will be a bending moment between a and x, the 
amount of which is easily obtained by projecting horizontally 
as to the base A, B, the maximum B.M. being equal to ae 
3y projecting vertically, this B.M. diagram may be placed on a5 
as shown in the figure. ‘The reactions at a and p for a B con- 


d Wo Wa : a 
sidered as a beam are equal to 7 and aa respectively. Then 
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loads f;, f; equal to these are placed on the nodes a and x, and 
the reciprocal figure is obtained by replacing the load F by loads 
Js, J» Vhe method of allowing for this should be quite clear 
from the following example from practice :— 

A saw-tooth roof truss, shown in Fig. 137, 7s of 20 feet span, and 
carries a uniform load of 40 lb. per square foot of ground plan, the 
principals being 10 feet apart. Shafting ts carried from the ties, in the 
position shown, each load being 10 cw. per truss. Draw the stress 


D 
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Pig. 136a,—Local Bending in Iroamed Structures. 


diagram, and find the maximum stresses tn the ties if they are of 
2 angles, 3h" x 2k" x placed %" apart, with short legs horizontal and 
at the botton. 

The total load carried per truss, apart from the shafting, is equal to 
40 X 10 X 20 = 8o00lb. This is distributed along the rafters as fol- 
lows :—The bar 2 carries 5 x 10 X 40 = 20001b., tooolb. at each 
end being taken as the load on the two nodes from this. The bar 3 B 
carries 10 X 7°5 x 40 = 3000 |b., half being taken at each end. Thus 
the load at node 24 B83 is 1000 from 24 and 1500 from 3 B = 2500 in 
all. The load of 1ocwt. on the bar A 8 will cause a B.M. diagram as 
shown, and will contribute its reactions, viz., 750 and 370 lb. approxi- 
mately at its two ends ; this makes the total force 1,2 = 1000 + 750 = 














Fig. 137.—Saw-tooth Roof Truss with Local Bending. 
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1750lb. The load on the bar D6 has a B.M. diagram as shown, and 
contributes 560 lb. at each end. ‘The two reactions at the ends of the 
truss are each equal to one-half the total load, 7.2., 3 (8000 + 2240) = 
5129lb. By setting down the loads as shown on the figure, we can 
now draw the reciprocal diagram. On scaling off from this diagram, 
we see that the forces in the bars A8 and D6 are 1950 1b. and 5250]. 
respectively. 

NoTE.—We have assumed in this working that the tie is in three 
separate portions pin-jointed at the nodes, although this will be prob- 
ably untrue in actual practice. 

To obtain the stresses in the bars, we see from the tables, using our 
previous notation, that 

[=2x 320 = 640;-A = 2 x 2°752 = 5:50; a = I20;d,. = 2°30 
Py Tans CAO. 


PREM ar 
Zo = pes et 2°81 
23 
ae : : : Whee Ni 
*. Taking bar A 8, maximum tensile stress = rN an 7 
f oi 
¢ 12 4 
= ecb —, = 2°4 tons per sq. in. 
bn5O-X (2240 Fs 5:30 ; 
F : Meare 
Maximum compressive stress = aan 
2 1950 ; 
ee 930s 4°05 tons per sq. In. 
2°81 5°50 xX 2240 





Fig. 138.—Roof Truss with Knee-bracing. 
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Taking bar D6, 





p : 250 ¢ : 
Maximum tensile stress = ecient $7 = 2°09 tons per sq. in. 
5550 x 2240 5°38 
it g 250 : 
Max. compressive stress = 2. = BUEN = 2°78 tons per sq. in. 
2°8 5°50 X 2240 


Roof Truss with Knee Bracing,—In order to give to: 
roof trusses further rigidity against wind pressure, ‘ knee bracing,’ 
consisting of bars a, X; Q, X, Fig. 138, is often provided. The 
columns supporting the roof may be considered as pin-jointed at 
y and z, and in order to get the stresses in the truss we will assume 
that the support of the columns is such that each can resist an 
equal horizontal force. We then find, as in previous cases, the 
resultant wind load on the rafter, and then find the wind load 
at the side. Producing these to meet, and finding their resultant, 
we produce this resultant to meet yz in a, (Fig. 138.) ‘Then, 
dividing the resultant o 7 at its mid point ¢, we project o 7 horizon- 
tally to meet the vertical through ¢, in 4, ¢, and divide it at x so 


(ab oo PE te is q 
that Z. SIN, aig lo draw the reciprocal figure we must first 
1 a oo : 


assume additional bracing as shown in dotted lines, and can then 
proceed without difficulty. At the junction of knee brace and 
column there is 4 B.M. equal to od, x dist. from base to junction. 

If the columns are securely fixed at the ends, the points y z may 
be taken halfway up. 


THE METHOD OF MOMENTS OR SECTIONS.” 


This method is also known as Ritter’s method, because 
Ritter extended the method and showed its application to: 
several cases; he deals with it at length in his book on 
Bridges and Roofs. In some cases, such as parallel flange: 
girders, it is just as quick as the reciprocal figure method, 
and in other cases it is very useful as a check on the stresses . 
in some of the bars found by the latter method. Let a pep 
(Fig. 139) represent one bay of a framed structure. Suppose 
we cut it by a line x x. ‘Then since, if the actual bars were cut 
the whole structure would collapse, it follows that the forces in 
the bars a B, BD, Dc must neutralise the forces acting on the 
structure to the right or left of the line xx; therefore, the 


* See also Appendix, page 584. 
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moment of the forces in these bars about any point whatever must 
be equal to the moment about that point of all the external forces 
to the right or left of xx. Thus, by taking moments about one 
of the points where two bars meet, we see, since the moment of a 
force about a point in its line of action is zero, that the moment 
of the force in the remaining bar about such point is equal to the 
moment of the external forces about that point. If, therefore, we 


xX B 








Fig. 139.—The Method of Moments. 


require the force in az, take moments about the point p, then 
moment of force in A B about D 


= fx X 3 = moment of external forces about p 
= bending moment at D 
= My 
Similarly, to get force in c D take moments about p, then 
Joo X «& = My 


Again, to get force in Bp take moments about £, where BA 
and cp, produced, meet, then tne) 
So» X y = moment of external forces to left or right of xx about E. 


318 The Theory and Design of Structures. 


In this last case we cannot say the B.M. at £, because that 
would include the moment about E of the forces between E and xx. 

As a simple example, take the roof truss shown in Fig. 140. 
In this method it is simpler in many cases to letter the nodes 
than to adopt Bow’s notation. ‘ 

Take first the bar an. If this were cut through, the structure 
would collapse and the bar a j would turn about the point Jj 
relatively to the remainder of the truss. 

.. Force in AB x distance from J = moment of forces to 
left of bar a B about point J ; 

Reh ine his le 3) — ex ease 
oO 


ete. 
Aap = me ee 33 _ 8-0 tons 





Fig. 140.—Bxvample on Method of Moments. 


It is clear that if 4 B is cut through it tends to shut up, so 
that A B is a strut. 
Next take the bar aj. If it were cut through, the structure 
would collapse, the bar a B turning about the point p. 
.. Force in a Jj x distance from B = moment of forces to 
left about B; 
DOW RGits 25 Or =" Soe TOMO 


Che ig te vine aes tons 


Aj will clearly open out if cut through, and is therefore a tie. 
Consider next the bar j w. If cut through, the whole structure 
collapses about the point p. Therefore, reasoning as before, 
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Jie $195) = 93 X20) = 2) X13 33) = De2 6°07) = 36 

36 
o 
au ie EO OALOMS 
Son 9°5 ro) 

Consider, finally, the bar Jp. Then considering a section such 
as X X as in the general case, the moment about any point of the 
forces in the three bars cut must be equal to the moment of external 
forces about the same point. Take moments about c; then 

Tm X 3°25 + Son X 5°75 = 3 X 13°33 — 12 X 6°67 
Ss X 3°25 + 3°68 x 5°75 = 32 





Fig. 141.—Method of Moments using B.M. Diagram, 


Vertical Members in Method of Sections.—If it is 
required to find the stress in a vertical member of a framed 
structure by means of the method of sections, we have only to. 
imagine it slightly inclined. If, for example, the stress in a p, 
Fig. 139, is required, imagine it slightly inclined, then two of the 
bars D G and B A meet in E. 

“. fav X %@ = moment about E of forces to right or left of 
given section. 

Method of Sections applied to Graphical Con- 
struction.—Let a K G, Fig. r4r, be a truss or other framed 
structure loaded in any manner and let the B.M. diagram, drawn 
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with a polar distance /, for the given loading treated as loads on 
a simple beam be abcdefg. Then, as previously explained, 
considering one bay, 
My 2x mf 
Jiu = Ree re 
My, px Ze 
ie. sRolRiel > onbaghig 
f moment of forces to right of r about P 
Tt 


o 
PX gr 
cal 
Where g and » are points on vertical through P, where 7 m 
and e f produced cut it. This follows from the reasoning for the 
link and vector polygon construction given on p. 61. 
Similarly— 


a 


- ‘moment of forces to right of G about p 
Inv = Ey Fo aNd = ME 

IP OS 

“eae 

Where » is point where / g produced cuts vertical through p. 

Girders with Parallel Flanges.— The method of 
sections is particularly simple in the case of girders with parallel 
flanges, because the depth in each case is constant. 

Let Fig. 142 represent a Linville truss loaded in any way. 

Then stress in C D = fQy = a stress in PO = foo = we 

Therefore to some scale the B.M. diagram gives the stresses 
direct, or by drawing the B.M. diagram with a polar distance 
equal to the depth d, the B.M. diagram will gives the stresses to 
the load scale. 

When we come to obtain the stresses in the verticals and 
diagonals, we cannot take moments as before because the top and 
bottom flanges do not meet at finite distances. 

Consider any diagonal, say 0 ©; since po and CD are 
horizontal, the forces in them cannot have any effect on the 
vertical force acting on the bay. ‘Therefore, vertical component 
of force in 0 C = resultant vertical force over bay = what we have 
previously called the shearing force on the bay. We thus see that 


Girder with Parallel Flanges. 321 
we obtain the stresses in the diagonals by resolving the shearing force 
in the direction of the diagonal, z.e., drawing ¢ d parallel to oc we 
get the forces in oc. Similarly, the force in any vertical is equal 
to the shearing force at the given point, z.e., force in D 0 = ce. 
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B.M Diagram 
Fig. 142.—Method of Moments for Parallel Girder.. 









Girder with Parallel Flanges — Trigonometrical 
Solution.—In the above case, if all the diagonals are of the 
same angle the stresses can be very simply calculated as follows: 

Take first the stresses in flanges. 


Rigas : ‘ 
tie 7 = Ra cote 
Reva B 
Tor = “< Pa : = Ren cot 6 
R,.ac — W,BeC 3 : 
ig =e : 1 = (2 Ry — Wj) cot 6 = fi 
; R,.AD—W,eD-W,cD  ,_ ., = aD 
ip - = = (3 Ra 2Wi = Wi ieotil = fon 


and so on. Y 
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If we take the x” bay from end 4, the diagonals remaining in 
the same direction, 
Stress in lower flange 
=[z Ry — (2 -— 1) W, —- (x -— 2) Wy... .. — Wy] cot 0 
‘Stress in upper flange =[(# — 1) Ry — (z — 2) W,.... Wy_»] cot 0 
Now take the diagonals. 
Sag = Ra cosec 0 
jsp = Ry cosec 9 — W, cosec 6 = (Ry — W,) cosec 0 
and so on. 
Stress in z'" bay, the diagonals remaining in constant direction, 
Veen tingonale OM Vay wee We COBECHO. 
Finally take the verticals, 


Sox = Ry 
Soc i Ry = W; 


and so on. 
f ti 
Gisowardon = Ry a iW el eRey oc Wea 





Fig. 143. 


_ EXAMPLE.—Take the Warren girder shown in Fig. 143. For 
@ = 60°, cot @ = °577 . cosec 9 = 1155. a 


Gaia = NCOLIOOn == hy Xe h77 = 2°885 tons = fas 
Sxu = (5 X 3 — 2) cot 60° = 13 X °577 = 7°501 tons = fsx 
Si, = (5 X &§ — 2 x 3 — 2) Cot 60° = 17 X “577 = 9'909 tons = fr 
Sc = (5 X 2) cot 60° = 5'770 tons = far 
Sev = (5 X 4 — 2 X 2) cot 60° = 16 X °577 = 9'232 tons = frr 


Jon = (5X 6—2x 4-2 X 2) cot 60° = 18 x 577 =10°386 tons = fap 


fae = Jax = 5 cosec 60° = 5 x I'I55 = 5°775 tons = faa = Sax 
Saxo = fom = (5 — 2) cosec 60° = 3 X 1°155 = 3°465 tons = /yw = rx 
Ju = fou =(5 — 2 — 2) cosec 60° = 1°155 = 1155 tons = fxn = fun 
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Stresses in Framed Structures by Resolution.—This 
method consists in resolving the resultant force acting on any 
particular section in the three directions of the three bars cut by 
the section. It is particularly applicable to finding the stresses in 
verticals and diagonals of girders, with non-parallel flanges, sub- 
jected to travelling loads. 

Let ABCD, Fig. 144, be one bay of a framed structure, and 
let F be the resultant force acting on it. The line x x cuts three 
bars AB, BD, Dc, and the stresses in these bars must have a 
resultant equal and opposite to F. 








Fab 


Cc 
Fig. 144.—Resolution Method. 


Produce one of the bars, say 4 B, to meet the line of action of 
F in a, and join a to p, the point of intersection of the other two. 

Set down a line dc to represent F, and draw 6d parallel to 
ap and cd parallel to AB; then draw /e parallel to pc and de 
parallel to D B. 

Then cd = Fup; 4¢ = Foo; Ge = F pp. 

Stresses in Framed Structures from Line of Pres- 
sure.—If we have any framed structure, and the line of pressure 
for the forces on it is known (see p. 139), we can readily 
determine the stresses by the method of moments. In arches 
and other similar structures the whole real difficulty lies in finding 
the line of pressure, because the reactions have to be determined 
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before such line can be drawn. We will deal later with this in 


Chapter XIII. 
Let ABEcD, Fig. 145, be a portion of a framed structure, and 


let abcd be the line of pressure, the resultant forces for the 
separate portions being F, F,, F,. 





Fig. 145.—Stresses from Line of Pressure. 


Then to get AA, take moments about c. 
Then fan x “A, = Fx ee 
big 2, Sues oe 
j hy 


To get stress in Dc take moments round a, 
Then foc X % = F x x 
jena Bp 
fo = 
To get fg produce aB and pc to meet, and let perpendicular 
distances from this point to a c and /c be respectively & and 9. 
Bey 


Then) Fito. = h 
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*Stresses in Parallel-llange Framed Girders with 
Uniform Rolling Loads.—In finding the stresses in a parallel- 
flange framed girder with a uniform rolling load of length not less 
than the span, thé maximum stresses in the flanges are obtained 
by the method of moments or reciprocal figures by considering 
the span fully covered. To get the position of the load to 


bath 


AAA 


OOO NOOO 













Fig. 146.—Maximin Stresses in Diagonals for Rolling Loads. 


give the maximum stresses in the diagonals we proceed as 
follows : 

Divide the span into a number of equal parts, one less than 
the number of bays, obtaining points such asa, Fig. 146. Ona 
horizontal base line A, B, set up and down lengths a, c, B,D, each 


equal to pl (‘ = ‘) where 7 is the intensity of the load, L 
2 h 
the span, and 4 the number of bays. Through ¢ and p draw 


parabolas with vertices at B, and A, and project points such as a 
down to meet these parabolas in points such as e, e’, and project 
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horizontally across the bays as shown. Then the maximum 
stresses in the diagonals are obtained from this stepped curve, as. 
explained on p. 321. 

The proof of this construction is as follows: Let each bay 
be of length », and let the load have gone a distance « beyond 
the end & of the 7‘ bay. 


=) 


bhenishear-at t= 5, = kn — i , since the portion / x of 
2y 


s Se ees Re ¥ x 
the load is distributed as _ at F and px (: - ) at E. 
2 , 


2y 
Now Ry x L = py? + 2p9? +....(u— 1) py 


+ ny a + per nha } +0e (+ 1) Pevvens (1) 


2y/) 


= py{” Ma om OLE 4 pay ~ ALE sp APE BE (9) 


2 E {3 (2 —n +n) tanny + a? 

= f {x + ny\ BOGUnG, TASC SOOAEe wr ey CII Soe ces Ae Eee (3) 
Rs f {= ae 
s, = { a ee id 23 Pu essen (4) 


This is maximum when 7 2 
x 


Z.e., when Ae ig BEA 
oy, 
ies, (x + ny) y =aLbL 
a (L —y) = ay? 
‘ ny Was Ve eae 


~€=9) “Gy =9~ O-7 
Z.¢..% = m x the length of one bay + one less than the 
number of bays. 
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Putting this value in equation (4) we get-— 
WY (2 2” 4 
Sa = alle srr ae = =i! 
at | i, y 
FA Rea NOU) oat once Jiege|| 
2\L(-— 1) yo -— 1) 
BB ica 075 8 Mince ate 2 VN OZ) 
ER YS Ce ENR AE HY Gk eG De 





LP set NO ae EEO" 
BN (Ge) oe ial BS eb? (0 =) 
fds ees 
20 (O°= 2) 


This is obviously a parabola. 
At end x = (6 — 1) 
oe Pe CST) ad (nd) 
Ste Sa ee = 


26 2 b 


SUPERPOSED FRAMED STRUCTURES. 


Many framed structures, which are in reality redundant 
frames, are often treated for the purpose of finding thé stresses. 
in them as being composed of a number of superposed firm 
frames, the load being equally divided between them, and the 
stresses in bars common to the frames being added together. 

The following trusses show typical cases of this kind ; 


Lattice Girder (Fig. 147).—This can be broken up into. 
two N or Linville girders as shown in the figure at (2) and (3), 
the reciprocal figures for which are obtained quite simply and 
are shown in the figure at (4) and (5). The stresses in the bars 
common to (2) and (3) are added together to get the stresses in. 
the actual truss (1). 

Whipple-Murphy Truss.—This form of truss is shown. 
in Fig. 148, which shows the manner in which it can be 
broken up, (4) being the reciprocal figure for the portion (2) and 
(5) that for the portion (3). If the loading is not equal, the 
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diagrams are drawn in a similar manner, and do not present any 
difficulty. 

Bollman and Fink Trusses are of the form shown in 
Fig. 149, these trusses being used largely in America and on 
the Continent for timber bridges. We can obtain the stresses. 
in one diagram for these trusses, the same method being 
also applicable to the Lattice and Whipple-Murphy_trusses.* 
It is based on the fact that where a vertical member is con- 
nected to the horizontal member without inclined members, 
e.g., bars BC and FG in the Fink truss, the load in such verticals. 
must be the load at the given node. ‘Take the Fink truss, which 
is loaded unevenly, and letter every space, then Bc and A K are 
the same bar, and so on. Set down the loads 1,2; 2,3; 3,4; 
4,5; 5,1. Uhrough 5 draw parallels to 5 4, 5 K, then since the 
stress in AK is equal to the load 1, 2 the line 5 a, 5% are pro- 
duced until the vertical intercept is equal to 1,2; this determines 
the points a, &, the points 4% being similarly obtained. These 
points having been obtained, the stress diagram can be drawn 
according to the ordinary rules and comes as shown. 

Next take the Bollman truss shown in the figure. The stress 
diagram is in this case more troublesome, but can be obtained as. 
follows. (The figure shows the diagram for half the figure, the 
loading being uniform). From 7 draw 7 ¢, 74 parallel to 7 8, 7K, 
and produce them until the vertical intercept e# is equal to the- 
load r, 2, thus obtaining the points ¢ and &. In similar manner 
obtain the points 47, 5,s°. From / and # the point 7 is obtained 
by drawing paralleis to K J, LJ; and d, w are then found by making 
jd = force 1, 2, ju = force 2,3; g being found in similar 
manner. g’ is next obtained ; either by finding 7’, or in our case 
with uniform loading by placing g’ the same distance below the 
horizontal through 7 as g is above. g¢, g@ are then drawn 
parallel to Q 7, Q’ v until #7 = load 3, 4. Then in similar manner 
the points f, 4, ¢c and then x, g, 6 are obtained ; a, /, m then being 
easily found. 


* The methods shown here are not suggested as the quickest for these 
trusses, but are given for their general interest. It is usually simpler to divide 
up the trusses into a number of firm trusses, as shown for the lattice girder, . 
remembering the above-mentioned fact as to stresses in verticals. 








FINK TRUSS. 
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(Builders Journal.) 


Fig. 150.—Curved Tie Roof Truss. 


Further Worked Examples on Framed Structures. 
~The following additional worked examples should be of value 
in clearing up some points of difficulty which often arise :— 

(1) Find the stresses in the roof truss shown in Fig. 150, taking 
suitable loading. Ts the curved T bar strong enough ? 

Taking the load, including the wind pressure, as 4o lb. per 
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we 





Fig. 3. 
(Builders Journal.) 


Fig. 151.—French Truss with unusual Loading. 


sq. ft. of ground plan, we get the load carried by the truss equal to 

ont 

235 X 13 X 4o ee a 4 t 
: mo 4° = 108 ewt., about. Dividing this load up in propor- 


tion to the length of the different portions of the rafters, we get the 
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loads on the various nodes as shown in the frame diagram, Fig. 2, in 
which the curved tie is replaced by two straight ties, Ao, A’o. From 
this frame diagram the reciprocal diagram shown in Fig. 3 is obtained 
‘according to the ordinary rules. Scaling off from this figure, we get 
the force P in the tie bar Ao equal to 120cwt., or 6 tons. The maxi- 
mum distance + between the straight tie and the curved tie is 1°3ft., 
or I°3 X 12 ins., so that the bending moment due to this is equal to 
) - 
P 4. The combined stress in the T bar is equal to — * (: ar =) 
where A is the area of cross section of the bar, # the radius of gyra- 
tion, and d@ the distance from the centroid of the section to the edge. 
From the tables we see that for a 4 by 4 by $ T, A = 3'75 sq. in. ; 
kh? = 1'44 in. units; @ = 116 ins. Therefore in our case maximum 
1B XIX TOM OSX 11356 
144 Sha) 
per sq. in. This is too much. For two 5x 3x3, placed with long 
legs vertical, the maximum stress would come about 9°5 tons per sq. in. 
This is also high, but the 1 in. bolts have a strengthening effect, and 
the timbers are heavier than necessary to carry their stresses, so that 
this would probably be safe. 

(2) Explain how to draw the reciprocal figure and so obtain the 
stresses for the roof truss loaded as shown in full lines in Fig. 151. Ts 
2t correct to draw the diagram by assuming that the loads X and V are 
transferred to the positions shown dotted 2 

To obtain the stress diagram for this case we must first calculate 
the stress in the bar OH, by the method of moments. This is obtained 
iby taking the moments about the node Z of all the forces to one side 
of it, and dividing by the veriical distance from z of the bar 0 H. 
Taking the loads X, Y, as equal to the loads 1, 2, &c., and equal to 
W, this gives the force in 0H equal to 4°88 W. If the loads have not 
ithis value, their actual value must be used in calculating the moment 
about the point Z. The points 1, 2, 3, 4, &c., are then placed on a 
vertical line, as shown in Fig. 2 to represent the loads, and 0,4 is 
drawn horizontal, equal to the value calculated for the stress in 0 H 
(4°88 W in this case). Having obtained the point 4, the reciprocal 
figure is then drawn by the ordinary rules, and comes as shown in 
Fig. 2. This diagram would not be the same-as if the loads were in 
the position shown dotted in Fig. 1. This will be seen by considering 
Fig. 3, which shows the reciprocal figure drawn for the loads X, Y, in 
the dotted position. The force in O H in this case comes 4°59 tons by 
the method of moments, but this need not have been calculated in this 
case, as the diagram could have been obtained by Barr’s method of 
replacing the bar D FE, E F, by a single bar. A comparison of Figs. 2 


; 6 
tensile stress = — I+ 21°6 tons 
3°75 
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and 3 will show the difference in the stresses for the two methods of 
loading. 

Stresses in Tripods and Shear Legs.—Although the 
treatment of space frames is beyond our present scope, we will 
-deal with the stresses in shear legs or tripods. 

Draw the structure in plan and elevation, and let W be the 
load at a, A B being the back leg and ap, 4 £ the fore legs. 
Resolve W down a B and down the plane of the other two legs, ze., 
set out a 6 equal to W and draw @ ¢ parallel to a B,.and ac parallel 
to ac, then dc is the force in AB. Now swing the shear légs 
‘down horizontally in order to get a, D8, the true shape of the 
triangle A DE, then setting out @ ¢ horizontally and drawing ad 
cand ¢d parallel to £ A,, D Ay respectively, we get the stresses in 
the fore legs. 





Fig. 152.—Stresses in Shear Legs. 


CHAPTER XII. 
COLUMNS, STANCHIONS, AND STRUTS. 


‘THE question of strength of columns of compression members 
is of very great importance, and has formed a field of discussion 
and investigation for many years. Interest in the subject has 
recently been aroused by the regrettable failure of the Quebec 
Bridge, and within the next few years many investigators will pro- 
bably direct their energy towards giving us further information in 
this direction. Although the subject certainly presents difficulties, 
much of the confusion which is in the minds of many draughts- 
men and designers is undoubtedly due to insufficient grasp of the 
meaning of the various formule in use. We will endeavour to 
make this subject quite clear by approaching it in the following 
manner, which the author believes to be new. 

In the design of a tie bar we use a constant working stress, 
that is to say, the stress does not depend on the shape’ or the 
length of the tie; but in struts or compression members the working 
stress depends on the shape and the length and the manner in 
which the ends are fixed. The quantity which determines the 
working stress, and thus the strength of a pin jointed strut, column, 
or stanchion is equal to 

Length of column 
Least radius of gyration about centroid 
This quantity we will call the Buckling Factor of the strut. 

For struts with ends fixed in other ways the buckling factor is 
obtained by dividing the egwévale7it length of the strut by the least 
radius of gyration. We will show later how the equivalent length 
is obtained. 

The reason why a variable working stress has to be used is 
that struts fail by buckling and not by crushing, unless their length 
is extremely small. If for some reason the centre line of a strut 
is not quite straight or the load comes out of centre, there are 
bending stresses caused in the material, and the distortion due to 
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these bending stresses tends to increase the eccentricity, and failure: 
may ultimately occur due to this reason. : 

Strut Formule.—A large number of formulz, some theo- 
retical and some empirical, have been proposed for obtaining the: 
working stress in compression in terms of the buckling factor of 
the strut and of the crushing strength of the material. Before 
these formulae can logically be compared we must be careful to: 
see that they are for the same crushing strength, and for the same 
manner of fixing the ends of the strut. We will consider the 
following :— 

(a) Euler’s Formula.—This formula is intended for long 
struts in which the direct stress is negligible compared with the. 
buckling stress. It is usually given in the following form:— 

peered, au 
Ly 
where P = the breaking load (not the working load) 
E = Young’s modulus 
I = east moment of inertia 
L = length of pin-jointed strut. 

We will now put it into more convenient use for practice as 

follows :— 





I 


AL? 
_wE _E 


ies 2 ¥ Pele 
ape 
Adopting a factor of safety of 5, we get 


: 2 
Working stress = fp = Preakness = a 


For mild steel, E = 13,000 tons per sq. in. 
: mE _ 25,600 


Il 





at = breaking stress 





tons per sq. in. 





So 5 Oo re) 
For wrought iron E = 12,500 
ag 24,600 
Onl hs) 7) ” ” 
Mtge ‘ 12,000 
Similarly for cast iron f, = — © hithee i 
fora __ 1,600 
or timber 4, = a af as 
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PRooF oF EULER’s Formuta.—The proof of Euler’s formula 
is found by many students to be somewhat difficult to follow, as it 
involves the solution of a differential equation. Suppose that a 
column in some way or other becomes deflected as shown in 
Fig. 153 (1). Then there are bending stresses induced in it, and 
the strut will exert a force P on the supports tending to straighten 
itself, Now, if the load on the strut is less than P, the strut will 
straighten, and so is safe: but if the load is greater than P, the 
strut will continue to deflect, and will ultimately break. When 
the load is equal to P, the strut is in unstable equilibrium, and 
so P is called the critical, or buckling, or crippling load. 

Consider a point a on the strut. 

The: BM apa = My= Px. 

Now, if R is the radius of curvature, 


De cong ae ety Mane a Rae 
R dy" Bey! Ba 
FOE Ta pips tex tint PMS Ie assualt 


TOR OE. | 
assuming that I is constant, or that the strut is of uniform section. 
The general solution of this differential equation is 
x = Acosmy + B sin my Aeeirtte oak efits (2) 
where A and B are constants, which are obtained as follows :— 


When y = and ye =0 


m I, mi, 


o = Acos —— +B sin pes (3) 
o = A cos ae + Bsin aoe Hon anit (4) 
=A cos — Bsin m 1 
2 
.. B must = 0 
PAW COSIIEY {seni nan toucn ean mtinnnse 4 (5) 


When y = 0, x,is finite, .. A is not zero 


g m I, 
if A cos. —— = "0 
2 
mJ, 
cos - must = 0 
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The general solution for this condition is that 
TEM Pas 


2 2 
Ye ithe 
ee 
re: se agate? 
EI We 
phen: Li Ea AS ACN “A(t 


1? 
The lowest value of P is given by x = 1, and as this is the 
most important for us, we write the result as 


It should be noted that P is independent of the quantity «x, so 
that the force necessary to keep the strut deflected at large radius 
of curvature is the same as that to keep it at a small radius. and 
so if the load is the least amount greater than P the strut will go 
on deflecting, and so break. 

Usr or EuLer’s Formura.—It must be remembered that in 
this formula we have not taken into account the direct compression 
stress on the strut. If the safe stress given by Euler’s formula is 
greater than the safe compressive stress for very short lengths of 
the material, then obviously we should not use Euler’s result. 
Thus, if Euler for mild steel gives f, greater than 6 tons per sq. in. 
we should use 6 tons per sq. in. t 


Method of Fixing Ends — Equivalent ieee of 
Strut.—In the above working we have considered the ends 
as pin-jointed. If the ‘ends are fixed in any other way we 
must take as the length of the strut the length of the equivalent 
pin-jointed strut; this we will call the egurvalent length of the 
strut. 

Now consider the following methods of fixing the ends (see 
Fig. 153). 

(1) Pin Jomrs ar Each Enp.—This is the standard case. 

(2) Born Enns Fixep in Position and Direcrion.—In this 
case the buckled form is as shown in the figure, and zc is the 
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equivalent length, z.e., a pin-jointed strut of length BC is as strong 
as the fixed strut. 
in this case equivalent length of strut = 











2 
P 10; 
Buckling factor = ¢ = oe 
@ 3 4 5 
L 
2b 
ahs Ad 12) 
! 
‘ 
H 
L ' 
\ 
‘ 
‘ 
‘ 
\ 
A 
Pp 


Fig. 153.—Methods of Fixing Ends of Columns. 


(3) Born Enps Fixep 1n Direction ONLY.—The buckled 
form in this case is as shown in the figure. On comparing with 
Case 1, it will be seen that the portion BC is equivalent to one- 
half the strut in Case 1, and so in this case, since Bc E 
2 

equivalent length of strut = L 


.. Buckling factor Is 


; 


c= 
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(4) Onz Enp Fixep 1n Direction anp PosITION, OTHER 
Enp Piy-jointep.—It will be clear from the figure that in this case 


equivalent length of strut = <6 ; 
.. Buckling factor = ¢ = “5 


(5) On End Fixep IN Di RECTION AND Position, OTHER END 
FrrE.—-In this case 
equivalent length of strut = 2L 
2L 


=a 
SUMMARY OF VALUES OF BUCKLING FACTORS, 


. Buckling factor = ¢ = 








| Case 1. | Case 2. Case 3. | Case 4. | Case 5. 
ies See Sh SSE | Ne a ! oS ee 
Buckling factor 165 ab L 2L | 2L 

= h 2h h 32 nea 





These values should be used in Euler’s and the other formulee 
involving the buckling factor. 
(6) Rankine’s Formula.—This formula is sometimes called 
the Gordon-Rankine formula, and is of the form 
f= a 
r+a(— 
(:) 
209, Aah 
Where I+a.2 
J: = safe compressive stress for very short lengths of the material 
a = aconstant depending on the material 
¢ = buckling factor of the strut 
Jy = working stress per sq. in. for the strut. 
The following values of @ may be taken according to different 
authorities. 





; I I ; 
Mild steel = b= t6 = 6 tons per sq. in. 
goco 0000, 
p it I 
Wrought iron a = —— to —— fo =4 » » » 
gooo 8000; 
= ae u I 
Cast iron a= — to — Tg iy oy ae 
2500 1800, 
rp: I 
Timber a= — Jc = ii as ue meet 


‘ 2000, 
In each case we prefer to use the higher value of the constant a. 
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There is a very large amount of variation in the values of the 
constants as given by various authorities, and in comparing the 
above with those given by others, the reader should be careful to 
compare the safe stresses given with the above figures with the safe 
stresses given by others, because the value of /. also varies in the 

_ various forms of the formula and thus, although the constants may 
be different, the resulting safe stress may be nearly the same. 
Care must also be taken to see whether pin-jointed or fixed ends 
are taken as the standard case. 

CONSTRUCTION OF RANKINE’s ForMULA.——Rankine’s formula 
may be looked upon as a corrected form of Euler’s. 

If cis very small, z.e., if the strut is very short, the term @ ¢ is 
negligible, and so we get ip = Se 

This is, of course, the result which we ought to obtain. 

If-c is great, z.e., if the strut is very long, the term ac? will be so 
great that 1 may be neglected in comparison with it, and so we get 


pares 
ac 
This will give the same result as Euler it Ze amr 
fj a 
dy toa irl Resell DW BU afolo 
We Wit as ae SIE Ea 6H 
ie ise toufe 6 oe 


Although some writers state that constants obtained in this 
manner agree with experimental results, the constants are not 
usually calculated theoretically in this way, but are obtained from 
experiments. : 

It is believed that the figures recommended above will agree 
well with the best practice. 

It is interesting to note that in one form of Rankine’s formula, 
giving the breaking or crippling stress, viz. 

P j 


A Ns 
Noein (z) A 
/ is the stress at the elastic limit. 

In an earlier chapter we pointed out the desirability of obtain- 
ing the working stresses from elastic limit, #e., basing the factor 
of safety on the elastic limit. 

An interesting and important recent paper by Mr. C. P. 
Buchanan, in Lxgineering News, Dec. 26th, 1907 — published 
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after the Quebec Bridge disaster—gives the results of tests on full- 
size built-up columns such as are actually used in bridge practice. 
The tests extend over a period of fourteen years, and show that 
even for the short columns the buckling or crippling stress is not 
more than 9o per cent. of the tensile yield point (see p. 4). 

We thus see that in columns as actually used in practice, the 
buckling stress is certainly not more than the elastic limit stress 
and so the only reasonable factor of safety is that based on the 
elastic limit. 

(c) Straight Line Formula. —These empirical formule are 
used principally in America, and give very good approximations 
for rough working. They are of the form 

: L 
“ths Sete Risa) 
=f. (1 — e.6) 

Where f, and f, are as before “ 

e = a constant depending on the material. 


The following values of e may be taken :—- ' 
For mild steel @ = 0053 
» Wrought iron e@ = ‘0053 
»» cast Iron 6. =) "068 
» timber ~€ = | 10083 


As in Rankine’s formula the values of constants vary consider- 
ably according to different authorities. 

(¢@) Johnson’s Parabolic Formula. — This is also an 
empirical formula devised to agree with Euler for long lengths, and. 
to agree with the ordinary compression strength for short lengths. 
It is of the form 


J» 


ii 


[ LN 
fie - 8G) } 
— Tapia ee stay) 
g is a constant of such value as to make the curve of /, plotted 
against ¢ tangential to Euler, and the curve is used up to the point 
where it meets the Euler curve. 
The following values may be taken for g:— 
For mild steel & = *000057 
», Wrought iron = 1000039, 
» ast iron = ‘o0o0t& 


o 

5 
o 

ro) 
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(ec) Gordon’s Formula.—This formula is often confused 
with Rankine’s, and was used largely for some time, but it is now 
quickly going out of use in favour of the Rankine formula. This 
is probably due to the fact that designers are now more used to 
making calculations involving the radius of gyration, a quantity 
which practical men have usually looked upon with suspicion. 
Now that tables are published giving & for most sections, it is as 
easy to use as the diameter @. 

Gordon’s formula is of the form 


Us — PEE o 
Uy te Avo (i 


Where f, fp, and L have their usual meaning. 


7 is a constant depending on the material and on the shape of 

the section. 

a is the least diameter or breadth of the section. 

‘The objection to this formula as compared with Rankine’s lies 
in the fact that one has to use different constants for different 
shapes of section for the same material. Otherwise it is very 
similar to Rankine’s. 

The following values for 7 may be taken, /, being the same as 
in Rankine :— 











¥ 
* DOF 7 Spcr (a) tage 9 | eet zs . 2 Soe elk. Roe : oe 
SHAPE OF SECTION MILD WROUGHT Cast ae 
|) SARS, TRON TRON oe ie 
ih ys I | I I 1 
Solid circle cee, | 370 500 0 125 
i I I I I 
Hollow circle sis 600" 24 Boo 555 Ea 
; I I I I 
| B: | ois eae 
L, T,.H, &c. ae Se $55 a6 oa 
Built-up sections ... Bey pei) ee Be de (tiene 
400 559 
| 
Rectangle (solid) ...) 0 2 a es 1 
Sc Ora N ) | 500 TOO cals iy 120) 160 
| | 
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(f) Fidler’s Formula.—tThe reader is referred to Fidler’s 
Bridge Construction for a very complete analysis of the strut 
problem. ; 

The formula which Mr, Fidler obtains gives the breaking 
‘stress, and is: : ee 
Minimum breaking stress = f+ R+vVF+ BP = 2mfR 


m 

Where / = ultimate pure compressive strength of material 
om 
siueds : nm E 
R = Euler's breaking stress = —— 


m = a constant of average value 1°2. 
The following values of /,, the safe stress in tons per sq. in. 


for struts, are suggested by Fidler and are used by some 
-authorities. 





ib, MILD STEEL | Wroucur IRON Cast IRON 


| 
Rk | 


| | | 
Pin Ends | Fixed Ends} Pin Ends | Fixed Ends! Pin Ends | Fixed nds 
| | 


20 5°20 5°29 3°92 3°99 _| 8°07 8°65 
40. | 4°76 5°09 3°64 3°89 568 | 7°56 
60 | 4°02 AcOge Ae Sonia ul a Sei3 3°35 | 6°10 
80 315 | 4°45 260 | 3°48 196 | 4°68 _ 





100 2°40 4°00 203) ETL ae aw 3°35 
120 183. | - 3°46 gy. | 282} "93, |} 2°37 
140 1°42 2°96 1°24 2°48 | "70 1°78 
160 wn 2°51 oki pe awl *56)0) Lo 

















180 | ‘QI Beer store nif cen they. 43 Tale 





Use of Strut Formule.—Fig. 154 shows curves of /, for 
mild steel for various values of the buckling factor according to 
the first four formule. It is advisable to draw such a curve to a 
“good scale, choosing one of the formulee—say Rankine—with 





I 
a= aaa? such curve can then be used whenever the value 
000 


of f, is required. 


Fd 
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‘It will be remembered that f/, gives the safe stress per sq. in. 
for struts wth central loads. If the loads are eccentric we must 
proceed as described later. 

Then if A = area of section of strut, 

sate load = Ps; = 7, . A. 
If, as often occurs in practice, we are given the’ load but have 














king Stress (Tons per Sg. In) 








he 











f =Wor 






o 2040 
Buckling Facto, = 
Fig. 154.—Curves for various Column or Strut. Formule. 


not designed the section, so that we do not know the buckling 
factor, we can often get a rough idea by taking a trial value of /, 
equal to about 2/,, Ze., 4 tons per sq. in. for steel, and finding 
the area requisite for this stress. This will give us an idea of the: 
area required, and we can choose a section with roughly this area, 
and see by finding its buckling factor what is the safe load On it. 
Many of the leading constructional steelwork firms publish, 
tables of safe loads on various struts. Having previously checked 
one or two to see that these firms work with similar formule, we- 


Braced Columns, Struts, and Stanchions. 347 


-can choose a suitable section for our case, and then apply our 
formula and see if such section is satisfactory. t 

Braced Columns, Struts, and Stanchions.—Struts are 
often formed of rolled sections such as beams and channels braced 
together by diagonal bracing or plates. The strut that failed in 
the Quebec Bridge was a braced strut, and the report of the 
Commission states that there is not yet sufficient information for 
the design of such struts for very heavy loads. For ordinary 
comparatively light work, however, braced struts such as shown 
in Fig, 154a@ are satisfactory and economical. The unbraced 
length of one of the beams or channels must be such that the load 
per sq. in. on them is not more than the safe stress for them con- 
sidered as struts. We can get an idea of the maximum unbraced 
length as follows :— 


Let ¢ = buckling factor of whole’strut. 
,», 4, = least radius of gyration of one channel or beam. 
,, P = total load carried by strut. 
, 2A = total area of strut. 
» S = maximum unbraced length of channel or beam 


7 ae eas gt ae PB mE B 
Then, using Euler’s Formula, = SS 
barat BCH cae 


Each channel or beam carries } load 


em ui es stress = eat = ee 
A 597 S* 
cana es 
yO eae 
i = Aye 
ay ae Equivalent length of strut” eae 
i Least radius of gyration of whole strut & 
She 
Dolch 


L 
~ = least number of panels = = 
. Aa . 
_ __ Least radius of gyration of whole strut 
Least radius of gyration of channel or beam. 
__ Asa rule a spacing of 2 to 3 times the breadth B or 30° to 45° 
Inclination of the diagonals will be found to be satisfactory, and 





154a.—Cohumns with Open Webs, 


ig. 


a 
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in practice would be adopted, unless the calculation required theny 
to be less. : 

The strength of the strut in this case is calculated as if the 
section consisted of the two channels or beams held at the 
requisite distance apart. See worked Example No. 4. 

Least Radius of Gyration.—The least radius of gyration 
will be about or at right angles to an axis of symmetry if there be 
one, so that in this case we need only calculate %£ for the axis of 
symmetry and at right angles to it. If there is no such axis, we 
should proceed as indicated on p. 67. 

Examples on Struts, &c., with Central Loads.—The 
following numerical examples should make the question of the 
design of struts, &c., clear. 

(1) A 10" x 6” & 42 Standard 1 beam of mild steel is used as a 
stanchion, the length being 16 ft. and one’ end being fixed and one end 
pin-sjointed. Lind the safe load for tt to carry. 

From the table of standard sections we see :— 


A = 12°35 sq. in. 


Least # = 1°36 
.*) Buckling: factor =¢ = equivalent length _ 2 L 
1°36 3k 
aR about 
oT TE 1°36 = 94°2 
.*. Safe stress = 7, = — s = using Rankine’s formula 
1 ee 
6000 
2) So 2°43 tons per sq. in. 
1 + 1°47 


.*. Safe load = 12°35 X 2°43 = 30 tons. 


(2) A solid cast-iron column, 6 inches in diameter and 15 feet long, 
ts fixed at the lower end and carries a load at tts free upper end. 
Calculate the load the column will safely carry, assuming a reasonable- 
Tactor of safety. (B.Sc. Lond. 1907.) 

: D ; 

In this case # rae 5," 
Equivalent length = 2 L = 30 


tie = a 5 
= 240 
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7 
i patelstress persqem =p — = 9 aie nciage 
Tis Ties 
tte! ul 
Sed + 32 
= ‘212 tons per sq. in. 
¥ 7X 36 
Safe load = °212 x Z *— = 6 tons 
Bie 
; ‘ m™” E  *12,000 
According to Euler f, =——; = —— 
5a Ge 
12,000 g 
= a) 
240 X 240 A 
‘ 208 X x X 36 : 
Safe load = i %= = 5°88 tons. 


(3) A steel rolled joist ts used as a-strut with built-in ends, the 
length of the strut being 15 feet. Iind from the data given below, the 
cross section of the Jotst, tf it has to support a compressive load of 
40 fons with a factor of safety of 4, 

(a) The total depth of the cross section of the joist ts twice the width 
of the flanges, and the thickness of metal ts to be } of the width 
of the flanges. 

(6) The crushing strength of a short strut of this quality of steel is 
24 tons per sguare inch. 

(c) The constant in Rankine formula ts = — (B.Sc. Lond. 1907.) 

’ 


In this problem we must first find the breaking stress from the 
formula. In this case we do not use the equivalent length of the 
strut because the constant is given for fixed ends. 


Breaking stres “4 
reaking stress = Shar 
ar 36, x (bY 
Pe een ed e 
Srfersieke t/t breaking stress _ _ me 
4 i+ 36,000 AG ) 
Now let A = area of section 
and Jet B = breadth of flange 
then = depth of beam 
B 


°g ~ thickness of metal. . 
Then A = 28 une 8 e((2 Bir 22) 


Be B? 32 
+ ee == ore - 4687 B? 
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The least radius of gyration will be about an axis perpendicular to 
t he flanges. 


= 28, 28 ey 
Then Ia> 4+ G) 


Bt 7 BI 
= 748 + te x 204s 02H Bt 
eels PexcO2 TT cane okey Cama, 
ee Am user mein a 045 B 
6 
+. Safe stress = . = 15 X 12 X 15 X 12 
: ae 36,000 X ‘o45 B2 
Jahon! 6 
fan Ci a i 
4687 B* noe eee 
9 


=eigex “4007 1B” 
. BY (15 x 4687 x 45) -"45 B?-g =0 
3:16 Bt — 45 B® — goo =o 
The solution of this quadratic gives 
B? = 18:2 nearly 
say B = 4} 

*, Adopt a joist 10” x 5” with metal = thick, 
We could work this problem roughly by the given rule, as follows : 


take fy= 3x 6=4 


‘ 
"4 iy = : = 10 sq. in. 
15 B? 
== 16) 
32 
g  L0iX 32 2 04 
a arr rome hr 
8 ” 
B =——= 4162, say 5 


(4) A steel column in a bridge-truss Aas pin-jointed ends and ts 
26 feet long. It consists of tzvo Gtandarr d 10" X 33" x 28°21 1b. channels 
placed 4% inches apart. Find a safe load for the section. (See 
Fig. 154). 

On looking up the tables, we see that for a 10” x 3” x 28:21 Ib. 
channel, 


A = 8:296 
Amex. OH, 
Renin. = 994. 


Dieek of C. G. from edge = P = 933 
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Then for whole strut 
yy = 3°77 
9 D \e 
ky? = G +p) ae Renin” 
= 37183? + "9947 
*, kxx = 3°33 


edi /Bengthy yer. 20) x 32! 
© ~ Least radius of gyration — 3°33 
= 936 
6 6 
A Tp = ise 936 X 938 = 2°46 
= 2°44 


*, Safe load = 2°44 < area 
= 2A ano 200 
= 4074 say 40 tons 


STRUTS WITH ECCENTRIC LOADING. 

If the thrust in a strut is out of the centre, 7.e., where there is: 
bending moment as well as direct thrust on the strut, we cannot 
use the same rules for design as in the ordinary case. 

In such case we may proceed as follows: Let the load W be 
at distance « from the centroid of the cross section, then 
M = W. x (Fig. 155). ; 

Cast 1—Very SHorr Struts.—If the length is less than 
10 times the least diameter of the strut, the stresses are obtained 
as shown on p. 169. 


w M 
Bees Ke= A ate Ti 
M W 
Ta IS 
Ww ,W 
In this case Soro + 7 
W , Wew.d 
ace Ak? 
WwW ark. 
= aC + a) 
sae Cole 
oS 


This gives the safe load W for a compressive stress (‘This 
case is fully dealt with in Chapter VI. 
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Casr 2—Srruts Loncer THAN 10 DIAMETERS.—In this case 
we must make some allowance for buckling tendencies, and we 
may proceed as follows. ; 

As in the previous case we have : 





d : ‘ W wie 
Combined compressive stress = 4 {1 + - 





Fig. 155.—Columns with Becentric Loads. 


Now in this case this compressive stress should not be more 
than the safe stress per sq. in. obtained by considering the 
buckling formule. 


\ 
“Oy T(r + # ds £)- Wis 
W Sp 


AVE (« ie Se); 


De ; Safe central load on strut 
7.¢., Safe eccentric load on strut = ( a 
Tee 


=) 
where « = eccentricity of load 
d, = distance from centroid to edge of section nearest load 
k = radius of gyration about axis perpendicular to the 
plane containing the centroid and the load. 
AA 
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This formula may be put into a form which is sometimes 
more useful as follows : 

Let W, be the central load, which is equivalent to the 
eccentric load W. 


Then W, = w(x + =) 
y 


W 
Then W may be called the eccentricity factor for the strut. 


In using this formula it should be noted that it is worked 
on the assumption that the buckling will take place in the plane 
of the figure, and so the value of & for the strut in this direction 
should be used in finding the safe central load. 

If the safe eccentric load according to this formula comes 
more than the safe central load for the least value of # (this can 
of course only occur when the least value of % is about the axis 
DB), the lower value should of course be used. 


Stanchions with Web and Flange Connections.— 
The loads on stanchions are often communicated from girders 
connected by cleats, &c., to the web or flange of the stanchion. 
If such connections come on one side only, or if the loads 
communicated from the two sides are not equal, the load will not 
be central, and allowance for the eccentricity should be made. 

NUMERICAL EXAMPLE.—A mild steel stanchion 30 feet long and 
with ends fixed has the section shown in Mig. 155. Lind the safe 
central load and also the safe loads communicated at the points Band C. 

In this case A = 40°59 sq. ins. 
kxx = 4°87 35 yy 
ky = ae » » 
legac} 





Buckling factor = ¢ F = a = 52° 
A 6 6 : 
f= 1 eee TL SaGa ee 
Safe central load = 40°59 x 4°10 = 166 tons nearly. 
LSOQA ab Ce B= 2:28 575 = 2:725 
heen 
tad, 27725 X 6. 
7B a a I'4t 
.. Safe eccentric load at c = - pala = 69 tons nearly. 
1+ 1’4t pet 
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Load at B.—We must now first calculate /, as if /xx were minimum 





: f : 30 X 12 é 
wradius of gyration, z.2., ¢ = : aT ae 30°9. 
6 
Sy 14 38 
t=O" 
d. es 6” 
Tete SAE eS 18) 8 Rye 
he 4°87? mies 
Safe eccentric load at B = eb ao 08 
I + 1°52 
_ 489 x 40°59 
TS 2 


= 77°7 tons nearly. 
In this case the eccentricity factors for C and B are 241 andl 
ng 214 re tivel 
= = 2°14 respectively. ; 
77°7 
A rough rule is to use 24 and 14 as eccentricity factors for flange: 
and web connections respectively, but such rule is not very good for 
the above case. It is more nearly true for XZ beams used as 


stanchions. 

Cast-iron Struts Eccentrically Loaded.—In dealing 
with cast-iron struts with eccentric loads it must be remembered. 
that they will probably fail by tension. ; 

The safe load W from the tension standpoint 

fA 


(- 5) 


where f, is the safe tensile stress, and this should be compared 
with the safe load from the compression standpoint, and the 


lower value adopted. ; 

Conclusion. —In concluding the chapter on struts, we 
should like to emphasise again the fact that the chief difficulty 
lies in the choice of the safe stresses per sq. in. for various yalues 
of the buckling factor. In using various formule: for obtaining 
such stresses, the reader is warned that he should be very careful 
to see that they are based either on the results of very reliable 
experiments, or that they conform to the two conditions that for 
very small values of the buckling factor they agree with the safe, 
pure compressive stress, and for large values they agree with 


ew 


356 The Theory and Design of Structures. 


Euler's results. The best thing to work from is a curve plotted 
as suggested, or a table as given for Fidler’s formula, or as given | 


in Messrs. Dorman, Long, & Co.’s Section Book. 


The worked example on eccentric loading of stanchions 
should show how quickly the strength is reduced for a small 
eccentricity, and thus how desirable it is in practice to have the 
loads as central as possible. 

We will deal with further practical points in connection with 
stanchions and with stanchion caps, bases, and foundations in 
Chapter XVI. 


CHAPTER XIII. 


SUSPENSION BRIDGES AND ARCHES. 


SUSPENSION BRIDGES. 1 


Stresses in Hanging Cables.— Suppose a number of 
weights W,, W,, W,, be suspended from points (Fig. 156), on a 
cable held between two points A and E ; then if the cable is perfectly 
flexible it must be straight between the loads. Consider the point 
at which W, acts; the load W, is kept in equilibrium by the two 








Yeclor higare 


Fig. 156.—Stresses in Loaded Cable. 


tensions T, and T,, and therefore these three forces can be repre- 
sented by the triangle 1, 2,0. Similarly W, is kept in equilibrium 
by T, and T,, and these forces are represented by the triangle 
2, 3, 0, and so on for all of the weights. Since all the loading on 
the cable is vertical, there can be no difference in the horizontal 
component of the tension in the cable at various points along the 
span. It will be seen from the vector figure that such is the case 
Since 0 w is the horizontal component of each of the tensions. It 
will be seen by comparing the two figures that they bear to each 
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other the relation of link and vector polygons, and so we get the 
following rule for loaded cables : 

The shape which a loaded cable takes up is the same as the link 
polygon for the given load system drawn from one support to the other 
with a polar distance equal to the horizontal component H of the pull 
rn the cable. 

Theoretical Arch. —Since there is only tension in the 
cable, the portions between the loads could be replaced by pin- 
jointed links. If the whole were then inverted to the dotted posi- 
tion, there would be compression only imthe members. 4 8 Cb’ E 
would then be the ¢heoretical arch for the given system of loading. 

Suspension Bridge with a Uniform Load.—Take the 

case of a suspension bridge carrying a uniform load by a number 


Parabola  * 


Ww oO 


fot 





a Veckr Figure 
Big. 157.—Suspension Bridge with Uniform Load. 


of cables. Let the span be L (Fig. 157), the dip or sag of the cable d, 
and the weight carried by each cable W. Then the shape of the 
cables will be parabolic, because the link polygon or B.M. Diagram 
tor a uniform load is a parabola, and the horizontal pull and the 
maximum tension in the cable can be obtained by considering 
one-half of the cable. It is kept in equilibrium by, the three 
forces Ty the tension of the cable at 8, H the horizontal pull, 


W an A 
and : the load on half the cable. ‘The forces meet at a point, 


and by taking moments about B we get 
Wiper 
H xda= x - 
Cea 

WL 


ae ah ~ 
8d 


It 
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It will be noted that this is the same as the force in the flange 
at the centre of a framed girder, and as the approximate force:in 
the flange of a plate girder of the same depth and span. The 
tension at any point Pp in the cable can be obtained by drawing 
0 # on the vector figure parallel to the cable at the given points. 
‘The value of the maximum tension T, or T, can be found from 
the vector diagram as follows : 

01? = 03? + 3,17 
T2 = H? (2) 
2 
Wee We 
64 a? a 


he bigi 12 
4 16 a 
only acta Ww 7 EP 
Headly 3) J 
Le.y Ly 3 /(: =r 16 a) 
.. If A is the area of the cable and / the safe tensile stress 
W Tee 
a : + ——; 
Hh a V(: 16 >) 


LrencrH or Capie.—If a cable is hung in a parabolic curve 
of span L and dip @, then the length of the rope is approximately 
given by 


OriD eee end (Trautwine, ) 


STRESSES IN ANCHOR CABLES. — There are two chief 
methods by which the cables of suspension bridges are anchored 
down :— 

(t) In the first method the cable passes continuously over 
rollers at the top of the pier. 

In this case the tension will be the same in the anchor cable 
as the maximum tension T, but if the inclinations of the anchor 
and bridge cables are not the same, there will be a horizontal over- 
turning force on the pier and, as the latter will be of considerable 
height, the effect of this force in causing bending moment at the 
base will be rather great. 


360 The Theory and Design of Structures. 


In Fig, 158, let @ 6 and ae be equal to the tension in the 
cable, then 4¢ and de are the horizontal components of the 
tension 

“ b¢-—ed 


ll 


horizontal force acting on pier 
T (sin 6 — sin a) 


a(; — sine 
sin 0 


a cand a dare the vertical components of tension 


I] 


. . . 
‘. ac + ae = total vertical pressure on pier 
= T (cos 6 + cos a) 


qT 


But) D cos 0) = (see Fig. 157) 


ees ; Ww COS a 
Vertical pressure on pier = — (1 + ——* 
2 





Trig. 158.—Stresses in Anchor Cables. 


(2) In the second method the anchor and bridge cables are 
attached to saddles mounted on rollers on the top of the pier. As 
a result of this, the tensions in the anchor and bridge cables will 
not always be the same, but there will be no horizontal force on 
the pier. ' 

Yo get the tension T, in the anchor cable set out ad = T, 
Fig. 159, and resolve horizontally and vertically ; then 4c is the 
horizontal component of the tension. Since there is no hori- 
zontal pull on the pier, the horizontal component of T, must be 
equal to dc. Therefore draw ae in the direction of the anchor 
cable until the horizontal component de is equal to 6c, then a e 
gives the tension T,. 

Then we have dc = de 

Fer site G m= Une Glin co 
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The vertical pressure on pier = T cos 0 + T, cos a 
T sin @. cosa 





= T cos 6 + ——, 
sin a 
= T cos # (1 + tan @ cot a) 
W 


i (1 + tan @ cot a) 
2 





Fig. 159.—Stresses in Anchor Cables. 


Stiffened Suspension Bridges.—Suspension bridges are: 
unsuitable for rolling loads, since the shape changes as the load 
crosses and oscillations are then set up. In order to lessen these 
oscillations they are often ‘stiffened’ by means of stiffening girders.. 
If these girders are pin-jointed or hinged at their centres, and are 
simply supported at their ends, the stresses in them can be ascer- 
tained simply as follows :— 

Pin-jointed Stiffening Girders.—Loap UnirormM OVER 
Har Span.—Take first the case of a uniform load covering half 
the span, then the B.M. curve aec/é, Fig. 160, for this load can 
be made to pass through the point ¢, by suitably choosing the 
polar distance 7. Let H be the horizontal component of the pull 
in the cables, then the moment of H about ¢c = — H x d, while 
the B.M. due to the load at ¢ = p~ x d. 

. Resultant B.M at ¢c = (# — H)@. Since there is a pin. 
joint at ¢ the resultant B.M. must equal zero, .. 6 = H. 

Consider any point # on the cable through which a vertical 
is drawn cutting the B.M. curve in / and the horizontal through. 
bin kh. 

Then resultant B.M. at 

=pxki-H.km=H(Rl = km) 
= Holm 
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3 
Now B.M. at ¢ due to load = De Let 
8 2 16 
) # pl’, pL 
ISPS ia 6 ie dels saad 


We see from the above reasoning that cross-hatched curves 
give the B.M. acting on the girders. ‘These two curves are them- 
selves parabolas, and the maximum ordinate of each is equal 


pv 
Hs 
) li 


ieee es ae B 

















B.M Diagram 


Fig. 160.—Suspension Bridge with Hinged 
Stiffening Girders. 


"This can be shown for the mid point 7 of 4 ¢ as follows :— 


Ordinate of parabola = ta 
” straight line = } @ 
., Resultant B.M. at 7 = H C pe a 57) ea IU, “hd 
mies, Ley d oo i? 


TOO oan eas 
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Similarly considering the point e¢ in the portion ¢ a j 
Ordinate of parabola Sh pe : ad 
Ordinate of B.M. curve =e —3fL lL _ pl fee 
8 4 Aeon 8 
ie 
= i. (ie. he = d) 
Resultant B.M. ate = 2 ~ H. 3 d 
16 4 ’ 
. pa? BU 
16 64 64 


Summing up the above results, we see that between a and c 
the girder pulls down on the cable, and is thus subjected to a 
downward uniform load of intensity Zr while between c and x 

12 
the cable pulls up on the girder, and thus the girder is subjected 


2 


2 


to an upward uniform load of intensity ~, the B.M. diagrams 


being as shown. 

Unirorm Loap over WuHoLE Span.—In this case there is 
no B.M. on the girders, the whole behaving as an unstiffened 
‘suspension bridge. 

IRREGULAR Loap.—If the load is irregular, the B.M. is 
obtained as above by drawing the B.M. curve to pass through c, 
and taking the distance between the parabola and this B.M. curve, 
and multiplying by the polar distance to get the B.M. on the 
girder. The construction in this case is the same inverted as for 
a three-pinned arch (p. 375). 

*Isolated Load rolling over Suspension Bridge 
Stiffened with Pin-jointed Girders.— Let an isolated load 
W per cable roll over a stiffened suspension bridge, a c », Fig. 161. 

When the load is at distance a from the end a, and is on the 
portion pc, the B.M. on the stiffening girder c at a point 
‘corresponding to m on the cable is equal to H x 7m. This 
Rp. L 
2d 
@ being as before the dip of the cable, so that H is a maximum 
when Ry is a maximum, Ze, when W is above the point c. 


is a maximum when H is a maximum, and H = 
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Thus the maximum negative B.M. curve is a parabola of 
Pac W . 
height , since the ordinate of the parabola is 3 d, so that the 
4 


ole WL ie WL 


13 Mls = 
D ate 4a 4 16 





Max. B.M. Diackams 


Fig. 161.—Hinged Stiffening Girders with Isolated 
Rolling Load. 


Now consider a point between p and r at distance x from p. 
Mx, = Rp.x — Hugh 
Wo Wa.L 


beg WEE ae eh 
Eo pee 


{2x a. oh 
=W = 
(+ 10 2d “) 


_w f(L-a)a _a.gh) 
ai) 2a 


; x oh 
= W {e-4(F +65) We eratdtnctoetotents wiv Es 
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As a increases, this decreases, so that the B.M. is a maximum 
just as the load leaves the given point. Now take a point beyond 
the load at a distance y from the centre c. 





Then My = R(Z + v)- Hide 
2 
= Rs (34 x)- Ry. L.de 
2d 
LOWE CL ON sO) 
aehsiet| (- +9) ya eae hol) 


This increases as a increases, so that B.M. is a maximum just 
as the load reaches the given point. 

We thus see that when the load is on one of the girders the 
B.M. is a maximum at any point when the load just reaches it. 


Therefore, putting a = Ws y in equation (2), we get 
2 


W (z — ») 
Max. My = NA eal {(3 + v) - Hae} 








1, 2 
Nowde = d —- sess 
w(l _ 
<n aty= N2) -Ha(- 9) 

Mele i 

as nies J ya 5) ey Ae 
WE) gan 

hate em (epee. 2LJ 
w(- -¥) (at ee 

aeeny it 
Wv( -y)(L+2y) 

SER ACh Bocoleano (s)) 

= ae (LG?) Siaeea lee cased neces mates «+(4) 
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The maximum value will occur when 
aM, aan a" 
ale 0, 22, L2-4y? + y(-8y) =0 

I2=12)7.= 0 
eS aes 4.¢.,°289 L 
*, Maximum B.M. occurs when load is ‘289 L from centre. 
W x-289L(L2- =) 
then M = —— * Sa 2“ ="096 WL 


The maximum B.M. diagram is then as shown in the figure, 
the positive and negative B.M.s being measured above and below 
the base line respectively. 


*Uniform Load rolling over Suspension Bridge 
Stiffened with Pin-jointed Girders.—Let a uniform load of 
intensity # per cable be rolling over the span, and let the front 
have reached the point G, Fig. 162. ‘Then the B.M. at any point 
along the girder c 8, when the load is on the other side will be 





proportional to H = at a and so the maximum B.M. at each 


point along c B, for the load on a, c only will occur when R, is 
a maximum, z.c., when the front of the load reaches c. 
Now consider a point © between c and G and at distance 7 


from c. 
Mz = Rg.B, E — Hd, 
Reg 2p 


= Rg.(7+y)- pia 


Ra f+ (4 - ay} 


G 


Ly? 
R, ( ots 7 ) 


Ray (1+) Sabiotaaigaivrayenetgite oiseas eens (1) 


This increases as Ry increases, 7.¢., aS the load comes farther 
on to.the span. 

Next consider a point r between a, and G and at distance z 
from Cc. 


Il 


Il 
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Ma Ra Be ele 
By reasoning similar to above, Ry.B,F-Hd, = Ras ( woe ; 
oi My = Raiz( am + ; Ai jos) SR Pe (2) 
p(l—x)? z b(g— x)? 
= ane —“f 31+ vi ees Pada cca (3) 
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Fig. 162.—Hinged Stiffening Girders with Uniforie 
Rolling Load. 


d My 


This will be a maximum when ee He 
—2 — %)2 Z 2.p(2- x 
Epilpocic! at Ca a (809) 282 
21L Z 2 


Put Leo 





ie. — p fee za oe 8) ( x) } = 0 
- F, Che & ain aye Ge ry} = 0 
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) 
Se) vy See ais B 26+ 3) 
dation 0.  uerci ere an 
ne ea eee (a) 
er perma n es oe Sane 
PC eae) ine Sah e Vat ea = 228) 
Rae gt We (al eyes (5) 


We now require to find the maximum value of My anywhere 
along the span. 


, d My 
We therefore treat z as the variable and make d =O 
Ze. (2¢ + 2) (227-327) —- (P— 2)z =0 
Ute <Q)LB =e BUieac Ona ccueaaah osemen wes atsasienneneds pen (6) 


A solution of this equation by plotting gives 2 = "53 / 
Then M;,='0753 p?? 
PE spout. 
53 

*Stiffening Girders not Pin-jointed at Centre.—If the 
stiffening girders are not pin-jointed at the centre they will have 
to bear considerable stresses due to the difference in dip due to 
changes in temperature, and such stresses may amount to as 
much as half the safe stresses. In this case the stresses are more 
difficult to calculate, but in the case of uniform loading they may 
be obtained as follows: 

Let acs, Fig. 163, be a suspension bridge cable provided 
with a stiffening girder a,B, supported at the ends, and let a 
uniform load of intensity / per cable, rolling on the bridge, have 
reached the point £ at distance x from A,. Then, since the cable 
1Is:made to hang as a parabola, there must be a uniform load of 
intensity g pulling down on the cable and therefore up on the 
stiffening girder. 

Then we have total load on cable = gL = pu 


ig = oe Bik PR (1) 


.. px and g L form a couple of moment = / x (hi 
2 
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This couple must be balanced by the reactions Ry, and Ry, 


Rp RAN ay pices) 


TOR Mee ue CL PONS: bees (2) 











Fig. 163.—Stiffening Girder without Central Hinge. 


Now consider a point r between © and A, and at distance 
y from Ay. 


Then B.M, at FS Mpc Rani) ao a Sietea, Sia: (3) 
sD. 6 Ye eee) ae ( Pay? 
i B15 ID 263 
wie e = &) {xy oy yp 
OE aa iran 1) Mere ay (4) 


20 


Next consider a point G betweeen F and 5, and at distance 
@ from Ay. 
BB 
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Then Mg = Ry, 2 — (pf — 9g) x. ( 


wR 
I 
tS) 
Sort 
—~ 
ions 
SS 


SS is Sage ah 
ae 17 ore cue eh 
_ px Cc oie = 2) 
Fs RR (6) 
In equations (4) and (6) the B.M. = o when x = » and 


x = 2% respectively. 
.. Front of load is always a point of contraflexure of the 
girder, and we will assume that B.M. in a, § is a maximum at the 


; he x 
mid point, 7e., when y = 
74 
. F Ieee oie base 
.. Maximum B.M, in a, E = Bie) ; 


20 4 
x? (L — x) 
BI | A Zac 
8 L (7) 
This is a maximum when a™ = 0 
ax 
Z.é.,.when 20 (lL — «) + #2(—1) =0 
ie, n=? Deresiess 1 Mu shen (8) 


0 
Thus the maximum B.M. for a load of indefinite length occurs. 
when the load covers two-thirds of the span, and is equal to 
pe Avqg le? pe ( 


Bi 5a AiG 54 
pi? 


The maximum B.M. is therefore equal to a and occurs at 
4 


Maximum B.M. on span = 


one-third of the span. 

The maximum B.M. diagrams are then of the form shown in 
the figure, the dotted diagram being for the load approaching 
from the other side. 

ARCHES. 


An arch may be looked upon as an inverted suspension bridge 
or vice versa, the cable in the suspension bridge being in tension 


é L 7 We 
* For a load equal in length to ; the maximum B.M. comes equal tof : 
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and the portions of the arch being in compression. For any given: 
system of loading a theoretical arch can be designed so as to be im 
compression only, the centre line of the arch coinciding, as we shall 
show later, with the link polygon drawn with the polar distance: 
equal to the horizontal component of the thrust in the arch. 
If an arch were made up of jointed links as in a cable, it 





t 
o 2 
Cel nN 
2 $ 
< 
4. 
fas 


Fig. 164.—Stresses in Arches. Hddy’s Theorem. 


would be in unstable equilibrium, as it would collapse if the load’ 
were altered, and so in practice we have to make it capable of 
resisting bending moment. 

The arch is a structure of great antiquity and of considerable: 
beauty, and is also a very economic structure. 

Line of Pressure or Linear Arch.—For any given: 
arch, if the link polygon be drawn for the loading on it with a 
polar distance equal to the horizontal thrust in the arch, such 
Polygon is called the ine of pressure or linear arch. Throughout 
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this chapter we will use the former term as we have previously 
used this in similar connections (see p. 138). 

Eddy’s Theorem.—Let a Bc, Fig. 164, be the centre-line 
of an arch loaded in any manner, and suppose that the line of 
pressure is @bcdef. Then take any point p on the arch and 
draw a vertical through Pp, cutting the line of pressure in L and the 
line afin M. 

Then B.M. at Pp = LM x polar dist. - moment of H about p. 
Tai Mie XE = PoMica EL 

= H(LM —- pM) = — He(pr) 
SSE 0, 

Therefore the B.M. at any point of an arch ts equal tothe pro- 
duct of the Horizontal Thrust into the vertical intercept between the 
centre line of the arch and the line of pressure. 


I 


This is Eddy’s Theorem. 

Stresses in Arch.—To obtain the stresses in the arch 
consider the point p, and first resolve the corresponding thrust 
O, 3 along and perpendicular to the direction of the centre line of 
the arch at the given point, thus obtaining a thrust Q and a 
shearing force S. 

Then if A, Z., Zi, 4 7 have their usual values, we have 





M 
Maximum compressive stress = /. = + 7 
! # 
(OB sS 
ca ae iy ea (1) 
; i M 
Maximum tensile stress = Sa Q 
VE iar N 
Vial yy oi (0) 
= aE ay, We (2) 
rf S 
Mean shear stress over section coliey Vee (3) 


Determination of Horizontal Thrust (H).—It follows 
from the foregoing that as soon as we have determined the 
horizontal thrust (H) in an arch, we can easily determine the 
stresses in it. . Practically, the whole difficulty in the design of 
arches consists in the determination of this horizontal thrust. It 
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can be determined accurately by quite simple means in three 


cases only, viz. : 
(1) A parabolic arch uniformly loaded. 
(2) A parabolic arch with uniform load over half span. 


(3) A three-pinned arch. 
In other cases, we shall have to find the horizontal thrust by 


means of the Theory of Rigid Arches, which we will deal 
We will now deal with these simple cases in turn. 


with later. 
Parabolic Arch Uniformly Loaded (Fig. 165).—In 
this case the line of pressure coincides with the centre line of the 
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Fig. 165.—Parabolic Arch with Uniform Load. 


arch, so that the moment of the horizontal thrust about the centre 








pales 
must be equal to the B.M, at the centre, that is 
pL? 
oe LX, Fee ee 
8 


pu 
Oni a> 


In this case there will be no B.M. on the arch, and the thrust 
at any point p on the arch is obtained by drawing through 


c 


Q 
© on the vector line a line at direction a parallel to the direction 
of the arch at the given point, or else obtain the thrust by 


calculation since 
Q'= Hsec a 
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Parabolic Arch with Uniform Load over Half 
Span.—lIt follows from symmetry that, in the case of the 
parabolic arch uniformly loaded, the load on each half of the 
span must contribute equally to the horizontal thrust, so that in 
the present case the horizontal thrust will be half that of the 
previous case. ‘Therefore, in this case, 

Huey 
167 
and the line of pressure comes as shown on Fig. 166. 








Fig. 166.—Parabolic Arch half covered with 
Uniform Load. 


Three-pinned Arches.—TIf an arch is provided with three 
‘pin-joints or hinges—in most cases one at the /op or crown, and 
one at each end of the abutments or springings—the line of 
pressure must pass through each of these three joints, since there 
can be no B.M. there, and the horizontal thrust can be determined 
by this means, as follows : 

Let A, B, Cc, Fig. 167, be an arch with pin-joints at 
A, B, and c, and let it be subjected to any load system o, 1, 2, 3, 4. 
‘Set down the loads on a vector line o, 4 and taking any pole P, 
draw the link polygon a 6 ¢ de f—preferably well above or below 
the arch to avoid confusion. Draw P, X parallel to the closing 
link a f, and draw a horizontal line through x and a vertical 
through p,, thus obtaining a new pole p,. If a fresh link polygon 
were drawn with p,, the ordinates would be the same as those of 
the polygon a 6c de f, but the base would be horizontal. 

‘Through c draw a vertical line cutting the link polygon in ¢ & 
and A B in D. 
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Then if a point 0 on p, x be taken so that o X = P = ~ ga 
the link polygon would pass through c, because the ordinates of 
the link polygon are inversely proportional to the polar distance. 

If the link polygon a 4, ¢, @, e, B be drawn with the new pole 
0, this link polygon is the line of pressure, and oX gives the 
horizontal thrust H. 

PX x gh 


cirp 





Fig. 167.—Three-pinned Arch. 


Having obtained the horizontal thrust and the line of pressure, 
the stresses are obtained as previously explained. 

Three-pinned arches have thus the advantage that the stresses 
in them are easily determined ; they have also the advantage that 
they have no stresses due to change in temperature. Compared 
with rigid arches, they have the disadvantage that the deflections 
are greater. 

Line of Pressure through any Three Points. — 
Although the joints in a three-pinned arch are almost invariably 
in practice placed as indicated in Fig. 167, they need not theo- 
retically be so. In fact, the stresses would be less if one pin 
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were placed at the crown and the other two between the crown 
and the springings. The following construction will enable us to 
draw the line of pressure through any three points, and will thus 











/ 














Trig. 168.—Link Polygon through three given Points. 


enable us to deal with the case in which the three pins are 
placed in any position. 

Let a c B, Fig. 168, be an arch or other structure subjected to 
any load system 0, 1, 2, 3, 4,and let it be required to draw a link 
polygon through the three points D, c, £. 
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Setting down the loads on a vector line 0, 4, and taking any 
pole o, draw the link polygon aécde/. Let the links a 4, de, 
across the spaces in which the outside points p k lie, be produced 
to meet in Q. ‘Take any point J on the vertical through @ and 
join yj p, J B, and from the corresponding points 0, 3 on the vector 
diagram draw o P,, 3 P, parallel to y p, J &, thus obtaining a new 
pole p,, With this pole draw the portion of the link polygon 
Diy oy a E. 

Join D &, and draw a yertical through c cutting D & in 1 and 
the link polygon in k. 

Now take a new pole o on the horizontal through Pp, such that 


Ox KL 
Pyne lenny 
. KL X Py, X& 
4.é, OX = ————— 
CL 


Then the link polygon a, 4, c d, e¢, f, drawn with the pole o 
will pass through the three points b, c, B. 

Rolling Loads on Three - pinned Arches. — ‘The 
bending moments on a three-pinned arch as a load crosses will 
be the same as those on a suspension bridge stiffened with pin- 
jointed girders, and so will be as shown in Figs. 161 and 162, for 
isolated and uniform loads. 


* RIGID ARCHES. 


General Conditions of Strain.—We will first find the re- 
lation between the shape of an arch and the thrust and B.M. for 





a x Cc 
Fig. 169.--Rigid Arches. 


the general case, and will then take the application to special 
kinds of arches. 
Let p be any point on an unstrained arch apc, Fig. 169, the 
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-ordinates of p being x and y, and let the inclination of the arch at 
p to the vertical be 0 and the inclination at A, a. 
Consider a short length 6s of the arch at p, then we have : 


és 
Ro Fy ae a (1) 


R being the radius of curvature at p and 60 the angle between 
the tangents at the extremities of the short length. 
IM oy) 36 9015" fun GO) = IRSA) TO) eoareqenuan ssban (2) 
OV =" ONS nCOSIG ee Ra COSI Mane ete ene tials (3) 
After strain let the various quantities be written with subscript 
1, then we have after strain— 


és 
Ried ape Ahh nea Mite risk Mamie ei eee oat 
1 > v, (4) 
OX, = Ow sin6, = Ry Sin Oy 010)... sacvaewan- (5) 
OW 1 ONS COS 0) = RaiCOSiG}) Olid cage. cetera (6) 
.. X — X, = w = change in horizontal position of P 


P 
= 3 (5x - x) 
A 


Pp 


= (ss sin @ — 65, sin 0) 
A 


P 
= {85 (sin 0 — sin #,) — (65, — 65) sin 0, | 


A 


sie {3 pier in. Ce 1) ee (° = 2G (6s, — 6s) sin 0, } 


aa 
2a s. cos 4 (8 — 6,) — (6s — $5) sin 6, ) (7) 
iat ; Lp ieee ‘I 
‘because since 6 — @, is very small, we may write : 
cos (A +") = cos @ and sin (= “) ells 
2 2 2 
Now we have already proved that for bending generally — 
ik re ysl ONE 
Re eRe, es SET 


G ks eee 
Ro Rafe Oo) bs, 


"The term 


Again oes 
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6.54. = 
i 


$0 - 86, = 
Now 0 = 

a, = 
6-0, = 


55, 


és 


‘Q being the thrust; 
‘sectional area. 

We may also write to first approximation— 
65, — os 
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5 88 80, 08) 8.0, 
eas Ba os oi 
O10 i $6, sah MO resis 
és os bs, 
86 — 86, 
( sz’) Aine ol ate ae (8) 


r) : 
cs 2 being of the second order and negligible 


I I 
ie nS = Be 


M 


rye 
9 
a+3é0 
A 
Pp 
a, + 2 6 6, 
Pp Pp : 
Kai = +350- 258, 
A A 
p 
(a - a,) + a (0 - » 6,) 
p 
(a = ay) + x = ARO ERE AIMS 3 cotta (9) 
unital strain of 65 = aS 


5s, 


E, Young’s modulus; and A, the cross- 


Putting these results in equation (7) we get— 


x 


x Més 


Noe Red 


at 


ram 


me lls a) 289 +3 5s 3 {6y3 


sf 
eee ” 


(a - «) . 8scos@ — — 5s, sin 0,} 
PMss\_ Q5x) 
cy E Fil ) == Ee y Cet nenecevscce (11) 
y Mos _ oe) 
A oidebel | EA 
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OVO Ge Lae 
Since, as we shall show later, the term ay + is comparatively 
small, we may replace it by Oh: cr 
= . “sy gms SCR a ier 12) 
=(a —a,)y¥ + > a) ear Brn ues ( 
ite S (sy GMOs). ygMos_EMy 
Nos WL he aR EY 


This will be clear from consideration of the curve of & 


plotted against y (Fig. 170). 
.Més EN Mivsowi nt Oloee) 
Ca (13) 


~, We have « = Y (« = 0) ot cS EI \ EI oo EAI 


This is the general expression for the horizontal movement of 
the point p due to the given loading. 





Fig. 170. 


Again considering the vertical displacement, 


Y ~ Y, = change in vertical position of P 
P 
Ly a3 (5-5) 
(85 cos # — 85, cos a) 
(55 (cos @ — cos 6,) + (8s, — 8s) cos 6, \ 


J 
aS pet . 6, -— 6 
= 28s. 2 sin 1, sin 1 4.(§ 5, = §s) cos 8, 


| 
> M3 >My >My el 


4g 


{0 — 0). 8s sin 6 + (8s, -— 8s) cos 0,} 


| 
>b 
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Using the same reasoning as before— 


P P 
Evie ah Wie O rent. or.) ORO 
2{(« ectoderm 9 


=- x(« = CAL a oer) oP Sees ~ RAE cies) 
Rep agit aA Be AU yas 
‘This gives the general expression for the vertical movement of 
the point p due to the given loading. 
Now consider the following special cases. 
Two-pinned Arch, #.¢., an arch with pin joints at a and B 
In this case as the span is inextensible, « for the point B = o, and 
y for point B = o. 
*. We have for point B 
ot aes SU Mye ots Olorx)\ ( 
° real El POC TAT ap silos mie Wiarleadeneg T4) 





Fig. 171.—Two-pinned Arch. 


Now M depends on the loading and on the horizontal thrust. 
Let 0, 1, 2, 3, 4 be the load system, Fig. 171, and let abcdef 
be the link polygon drawn with a trial polar distance H,; also let 
the ordinate of the link polygon at the point p be'm. 
Then if H is the horizontal thrust, the B.M. at the point iP 
r= Vin, = os Yr a 292 
~My.és FLV? 05 <a gOS: 


~ = Seeenes 


EI oo as E 
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.. From equation (14) 
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.. Assuming # is constant 


A 
We will now find a superior limit for the second term. For 
flat arches Q is nearly equal to H. 


B B 
Taking arch as parabola 2 y26s = 23.v65.~ 
A A 2 


2 x rst moment of area about base a B (approx.) 
Aue eS laze 


ll 


= BK see 
15 15 
BzQ ox p2 re fe 
Sr Seer” gee ap ae = ea H (approx. ) 
Sv? hs a a 


Putting this in (15) 
B 

Ho=myv Hxis 2 
poe ee Ue ME ET 
Saye 

A 

H,sm Y r 

or = — ate Ee 
Si (« + ea) 


A 





The term — » 1s neglected by many writers who give 


PROCEDURE TO FIND H.—We see, therefore, that in order to 
find the horizontal thrust for a two-pinned arch we first draw a 
trial line of pressure with a polar distance H,, and then draw a 
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number of vertical lines, say 10 or preferably 20, at egual distances: 
along the arch apart. We then add together the products of the 
ordinates of the arch and the trial line of pressure, and also addi 
the squares of the ordinates arch—thus obtaining quantities which 
we will call the /oad-arch sum and the arch-sqguare sum respectively. 
The horizontal thrust = H, x Se CURE approximately 
arch-square sum 
or more accurately as shown in equation (16) above. 

The link polygon drawn with this polar distance gives the true 
line of pressure, and the stresses are obtained as explained on, | 
Basie: 

: : Bi Bee lU, 

If the arch is parabolic the value of x vy? 6 51s em 

Thrust in Two-pinned Arch due to Changes in 
Temperature,—Let the temperature be ¢ degrees above that at 
which the arch was erected and let (3 be the coefficient of expan- 
sion of the material. Suppose that the increase in temperature 
causes a horizontal thrust H;. Then, if free to expand, the span, 
would become L. (1 + 6B 4) = L + L Pz As the supports keep. 
the span fixed the stresses will be the same as if we had given 
one support a movement inwards of L /3 z. 

That is coming back to our general expression of equation (13). 





3 3 MBs \n ve ouit Mabe sane 2) 
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In this case H; is the only force acting, so that M = H, y 


Loves BHeyés . $Q.d% 











Ae see Pega Oe i, 
avy os 15h? 
BSL, al (: + a approx. (See p. 382.) 
an H, = E I L B : BY 6/4168) 0/0 fagu' os 4:6leloialeyer elajejeibia (18) 
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15 k? 


2 
For flat arches, of dimensions such that F is negligible, 
we may take 65 = 6 x, f 
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In this case — = no. of sections of arch taken to obtain the 
C 
arch-square sum = 2 
a : Elupt 
Phen LAE aks aie tc tlplis Mali vs Sige (19) 


arch-square sum : 
Doubly Built-in Arches.—Now take the case of an arch 
in which the ends of the arch are fixed in direction as well as in 
position. 
Using the same notation as in the general case on p. 378, we 
see that considering the point B, 


<0 

v=o 

6-0, = 0 

Also considering the point a. 
aT ay = 0 


From equation (9). 





B / 
6-0 =(aa-a) +™M 5 
; Terrie 
We see that for the point p, 
Mos 
= LN Sy aves 
nae a El 
B 
‘ 2M os = Chat A AS on ant A La (20) 
From equation (13) we have 
PIU NL Vics @ ors 
ees Ea Fiat O's sid ails dlenisiicrend ngs Meeeines 2 
a + HA Jo Orrtttstrtsteeeerten encase (21) 
Neglecting the oe term we get n 
s IME O25: SMO Aaa eh Abs aes Sela, nono) 
A 
Similarly from equation (13 a) we get 
B 
SVS OAs SaINON ventemiatetcacate act a Mallat sane (23) 
A 


Now let a, 4, ¢, d,e, Fig. 172, be a trial link polygon drawn 
with a polar disiude H, and let uv be a line— called the reduced 
éase—such that Sg = oand Sgx = o. 

Let a, 0, ¢ d@, e, be the true line of pressure of the arch, and 
zz the rediiced base of the arch; and let the reduced base vu vu cut 
the trial link polygon in points v v,, which projected vertically 
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upwards cut zz in t7,. Then these points 7 1; must line om 
the true line of pressure, since this is the trial link polygon drawn. 
to a different vertical scale. 

As soon, therefore, as we have found the true horizontal thrust. 
H, we can draw the true line of pressure, since it must pass 
through vT and 7. 





Fig. 172.—Arch with Ends Built-in. 


Now, Més = H(P/A-fh)bs5 

= Hés (Pg -f8) 

= (H.P¢— Hy. ¢) os 
H2Pg.6s5-H,3¢.d5 
= o, since u uU and zz are the reduced bases. 


preeralvl 


ll 


Therefore equation (20) is satisfied. 

Again 2Mxés =H2Pg.xbs-H,3g.xds 
Sy 

Therefore equation (23) is satisfied. 
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From equation (22) 
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A= i etecies .. (24) 
Dey 7 
A 
Now, if the arch is symmetrical, g'4 is constant. 
B Bo B B 
Now, S.v.m= 2(4 4+ ¢4)% = 272+ eh U7, 
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A 

This is the same as for the two-pinned arch, except that the 
ordinates 7, and g are measured from the reduced bases. 

_ H, x reduced load-arch sum 
~ reduced arch-square sum. 

The procedure is thus the same as in the previous case, when 
the reduced bases have been determined. When H has been 
determined in this way, the line of pressure is drawn through 'r 
and ',, and the stresses are obtained as before. 

The expression (25) can be shown, as similarly in the two- 
pinned arch, to be more correctly expressed as 








B 
Ho 7m Tae, I 
= -—__, 
ey} Ab ea Nisciendatsicne asain (26) 
7. ai (: # 477 


‘This corrective term is more important in this case. 
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The Determination of the Reduced Base Lines.— 
The conditions giving the position of the reduced base lines are 
almost the same as those for the base line of the B.M. curve of 
a beam with fixed ends, if the number of elements taken is large 
enough, and so the position of the reduced base can be found as 
shown on p. 232 for the fixed beam. 

In symmetrical flat curves—as the arch will nearly always be— 
the height of the reduced base line above the base will be equal 


s area between arch and base. 
to the mean ordinate, or equal to - span) Gr as 


. . : 2 
and in the case of the parabolic arch will be < 7, 
2 


re) 
Thrust in Doubly Built-in Arches due to Tempera- 
ture, —By similar reasoning to that on p. 383 we get 
PM wat (gO 
UGt = oe 
Pa 2 ee 
In this case the only load is vice Mall and line of pressure 


closes up into the reduced base line. 
‘. Reduced base line is line of pressure for temperature 





stresses, 
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Tf, as before, we neglect the term oe on “ , We get 
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Live Load on Rigid Arches.—In dealing with live loads 
on rigid arches it is generally assumed that the maximum stresses 
occur when one-half of the span is covered. The actual amount 
of span which has to be covered to produce the maximum stresses 
in arches depends on the ratio of the rise to the span, and on 
the nature of the load, and is a very troublesome problem to 
determine. For a circular arch with a uniform load it is very 
nearly 2 of the span. In most cases the assumption of half-span 
is close enough, and it has the advantage of not requiring a 
separate calculation from the thrust due to dead load. 

If the dead load is uniform and of intensity 7, and produces 
a horizontal thrust H, and if the live load is uniform and of 
intensity ,, and produces a horizontal thrust H, when the span 
is half covered, then 
pH 

2p 

Note on Drawing for Arches.—In ordinary compara- 
tively flat arches the distances between the centre line of the 
arch and the line of pressure wiil be extremely small, and thus 
the bending moments will be difficult to determine accurately. 
For this reason it is desirable to magnify the vertical ordinates of 
the arch five or ten times—a circular arch thus becoming elliptical— 
in dealing with the stresses in arches. If this is done, the polar 
distance for obtaining the line of pressure must be reduced in the 
same ratio. 

The above treatment of rigid arches is necessarily incomplete 
owing to our lack of space to deal at greater length with it. 
For the best theoretical treatment the reader should consult 
The Graphics of Metal Arches, by L. W. Atcherley and Prof. Karl 
Pearson, F.R.S. (Drapers’ Company Research Memoirs, Technical 
Series III., published by Dulau & Co., London), 

Masonry arches are dealt with in the next chapter. 


H, = 


CHAPTER XIV. 
MASONRY STRUCTURES. 


General Conditions of Stability.— Masonry structures 
are generally designed so that there is only compression stress 
between the blocks of which the structure is composed. Although ~ 
mortar has some tensile strength, it is usual in British practice to 
assume that the mortar can bear no tensile stress, and also that 
the adhesion between the masonry and the mortar is negligible, 
so that the shear or tangential force must not be greater than the 
natural friction between masonry and’ masonry. We have, there- 

- fore, the following conditions to be satisfied in masonry structures. 

(r) There must be no tensile stress across a cross section. 

(2) The maximum compressivé stress must be within the 
safe stress for the material. 

(3) The shearing force must not be greater than the natural 
friction between the masonry. 


Lg 


Conpirion 1.—Let pe (Fig. 173) represent the cross 
section of a masonry structure, C being the centroid, and let the 
line of pressure (see p. 138) cut the cross section at the /oad-point 
k, R being the resultant force on the cross section. Then R can 
be resolved into a shearing force S and a direct thrust Q. Then 








Fig. 178. 
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: i : ( 
the direct compression stress per sq. In. = . where A = area of 


cross section. 
There will also be a bending moment equal to Q x cE=Q x x, 


and if # is the radius of gyration of the cross section there will be 
INE LO) song oe eh 


a compression stress due to bending equal to , qr 
Ze Ak? 
Meter elton ie M_Qx#xd¢@, 
and a tensile stress equal to 7” AP 
s | 5 ( Oats 
Combined compressive stress = /. = : oF Lis : 
Ql, . e% 
mae ata Ve pee (1) 
; J ad 
Combined tensile stress =f, = ” atta Q 
ENS eX 
Q (x ad, 
=A 7 Te (2) 
Our first condition is that there must be no tensile stress. 
xd, : 
Ze 7 1 must be negative, 
xd, 
oH must be less than r, 
ke 
x ” ” ” a; 
The maximum possible value of w is given by 
pee 
5 FT Geaape valet aes (3) 


Now consider the following special cases (Fig. 174) : 
(a) Solid Rectangular Cross Section. —Vhis is the most usual 
case in masonry structures. 


i b 
if Dye =e aed pep 
12 2 
Ha be PSA 
Our limiting condition becomes « = — * 5 = 7 
Teer eh ea 


E may he anywhere between points r and G, whose distance 


; b i 
apart = x FG is called the Middle Third of the cross section. 


Therefore E must lie within the middle third. ‘This is called the 
Law of the Middle Third. 
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With regard to this law it must be carefully remembered that 
it applies to rectangular cross sections, and is not applicable, as 
sometimes stated, to all masonry structures. 

(6) Solid Circular Cross Section. — Vf Z is the diameter of 
ad 


a? 
the circle, 4? = 6 and Ge de 


uel ition} q* gene a 
r limiting condition becomes x = — = 
u g f es 6 OR 


.. E may lie anywhere between points r and G, whose distance 
emits F } ‘ ; 
apart =~. ‘Therefore in this case the line of pressure must lie 


within the #ddle quarter of the cross section. 

(c) Hollow Rectangular Cross Section.—Let the cross section 
‘be a hollow rectangle of the section shown in the figure, 
then 42 = EET OT = a and rG can be found 
from this. 

(d@) Hollow Circular Cross Section.—Let the cross section 
ibe a ring of internal diameter ¢d,, and external diameter d. 


(@- ado) a4 a? 


TERS = GU aa | aS 
rin tte (ile ete Wabph ali len ated 
Tn, thisteasene ce) = = Tse Se ME” 
a? + d,? 
hG = Bd UR tee (4) 
In the case where the ring is thin, rG approaches the value 
2a _@ 
Wi a 


Therefore, in this case the line of pressure must line within | 
ithe middle half of the cross section. 

Conpition 2.—lIf the line of pressure is in the limiting 
position and the section is symmetrical, so that d. = d,, the value 


of f, from equation (1) becomes equal to . (: Te 2) 


=2o4%) 
Pi) 
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For rectangular sections /, = ol, an “al >= a Br °F) (6) 
l 12 E 
2 


mn 1S 


“Therefore the second condition in such a case is that 
within the safe compressive stress for the material. 

Conpit1ion 3.—If yx is the coefficient. of friction for the 
material, the frictional force = p Q, 


S must not be > 2 Q, 


NS) 
Q ” ” > pe 


ATTEN) () eye are > pe 

But if tan ¢ = p, @ is called the angle of friction. here our 
‘condition now becomes that 0 must not be greater than the angle 
of friction for masonry on masonry, This angle varies for 
different kinds of masonry, but is in the neighbourhood of 30”. 
Some writers gives 34° to 38°. 

In most cases it will be found that if the first condition is 
‘satisfied, the second two will be satisfied also. 


Cores.—Given any cross section of an elastic material, then 
there is an area within that cross section such that if the line of 
pressure falls within such area there will be no tensile stress in the 
material, but if the line of pressure falls outside such area there 
will be tensile stress ; this area is called the core of the cross 
section. 

It can be proved that ‘if the neutral axis turns round a point 
the load point runs along a straight line.’ 

In the case when the load point falls on the edge of the core 
the stress is zero at the edge of the section, see Fig. 176, and so 
the neutral axis is at the edge. Now consider the rectangular 
“section K L MN, Fig. 175. When the N.A. is along 1 M, F is the 
load point, and when the N.A. is along K 1, J is the load point, 
and, therefore, as the N.A. turns about the point 1 the load point 
must move along the line r J. T herefore, for a rectangle the 
“core is a diamond-shaped figure as shown, 


5 i : ; : D 
Yor a circle, the core is a circle of diameter — 
4 
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For other sections the core can be easily obtained, but the 
rectangle and the circle are the most common masonry sections. 
which occur in practice. 








Fig. 175.—Cores of Sections. 


Distribution of Stress over Cross Section. —The 
distribution of stress over the cross section of a masonry structure 
will be as indicated on p. 168, for combined bending and direct 
stresses. 





Fig. 176. 


In the case in which the line of pressure is in the limiting, 
position so that tension is just about to come on the cross section, 
the distribution of stresses is as shown in Fig. 176. 


. 2Q 
When, as is common, @ = @,DJ = 7 
f 
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Difficulties of Theory of Masonry Structures.—In 
considering the stability of masonry structures according to the 
first condition as to there being no tensile stress, it must be 
remembered that the rule of the middle third for rectangular 
sections, and the corresponding rules for other sections, are based 
on the assumption that masonry is an elastic material, although, 
as a matter of fact, this assumption is not really justified. It is, 
therefore, not surprising to find many writers stating that these 
laws are unsatisfactory ; they are generally alleged to err on the 
safe side, and some authorities state that in rectangular sections 
the line of pressure may safely lie within the mzddle half. ‘There 
are, however,-other difficulties even if the material were elastic, 
which occur in such structures as dams. ‘These difficulties lie 
chiefly from the fact that secondary stresses due to shear—which 
are comparatively negligible in the case of beams whose length i is 
great compared with their depth—are ‘quite appreciable in these 
structures. A considerable amount of investigation has been 
carried out recently on this point, and we will refer to this point 
again in dealing with dams. It is to be hoped that within a few 
years some exhaustive experimental work may be done on the 
subject of masonry structures. For the present, we must be 
guided by the rules which we have formulated above. 

Wray’s Rule for Uncemented Blocks.—lIn the case 
where blocks merely rest on each other, Wray’s rule is to take the 
maximum intensity of pressure as equal to twice the normal 
component of the thrust divided by three times the distance from 
the load point to the nearest edge, provided such distance be not 
greater than one-third the base. ‘Then such intensity must be 
within the safe pressure for the material. 


MASONRY DAMS. 


The stability of masonry dams or retaining walls for water can 
be determined by the above-mentioned rules. Consider first the 
case of a dam with a vertical face and a straight slope or batter 
for the back. 

Let A Bc p, Fig. 177, be the section of adam. The centroid 
G is found by the construction given on p. 87, Ze. by joining the 
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mid points of Ac and Bp, and making cH = BD, BK = Ac,and 
joining across. 

Now consider the stability per foot length of the dam. 
w(AC+BD).AB 


The weight of the dam = W = s 


, where zw 


is the weight per cubic foot of the material. When the reservoir 
is empty the line of pressure cuts the base in the load point 1, 
and the distribution of the stresses on the base is as shown on 


the figure, where 
hy tee (: + ox) 
A BD 


W 6LF 
Uta (: eS ox) 


Now consider the case when the reservoir is full, the height 
of water being H. 
Then the total pressure per ft. length of the dam = P = area 
of wetted surface x pressure at depth of centroid 
Pp H i p H? 
2 2 


ll 


= H x 


where p = wt. per cub. ft. of water = 62°4 lb. about. 
This pressure in a dam is at right angles to the face, and acts 


at the centre of pressure 0, /.e., at distance — from B. This can 


be seen clearly from the figure, where N Q B represents the 
pressures at various depths and BQ = p H; then resultant 


pH.H pH? 


pressure P = area of ABNQ= - and acts at the 
2 


2 
: : : H 
centroid of the A, z.e., at distance ae B. 


Produce P to meet the line of action of the weight—z.e., the 
vertical through G—in the point a, and to some convenient scale 
draw a 6 vertically = W and 4c horizontally = p; then if a ¢ cuts 
B D in M, M is the load point in which the line of pressure cuts 
the base when the reservoir is full. As the water in the reservoir 
rises, the line of pressure gradually moves from the point 1 to the 
point M. ‘Then m must lie within the middle third. 








Pressures f Reservoir Emly 





Fressures fr Reservoir Full 


Sa 


Fig. 177.—Masonry Dams. 
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When the reservoir is full, the distribution of the stresses on 
the base is as shown on the figure, where 


W 6rM 
Beira AEN, <i. Spl 


W 6FM 
Dien ae Ee | 


Norr.—lIn this case a M is not strictly the line of pressure for 
the dam. It is really the tangent to the line of pressure at the 
point M, and it determines the stresses on the base, which is the 
weakest section. If we required the stresses over any other 
section, we should have to go through a similar construction for 
such section treated as the base. We will show in the next 
example how the whole line of pressure can be drawn. 

Dam with Curved Flank.—If a dam has a curved flank 
and a straight or curved face, the line of pressure can be drawn 
as follows: Consider the dam shown in Fig. 178. Make a 
number of horizontal sections 1, 1; 2,2.... 5, 5, and find the 
centroids G,, G,.... G, of each of the sections by the construction 
already given. Consider, as before, the stability of a slice cut out 
of the dam, a foot or other unit distance in length in a direction 
at right angles to the plane of the paper. Now find the resultant 
water pressures P,, P,....P; on the portion of the dam above 
each of the given sections when the reservoir is full: for instance, 
P, is the resultant water pressure on the portion of the dam above 
the line 4, 4, and acts at two-thirds of the depth of the line 4, 4, 
and is at right angles to the face of the dam. If the face of the 
dam is appreciably curved, the resultant pressures must be found 
from the pressures on the separate portions by means of a link 
and vector polygon construction. We now require the centroid 
of the section of the dam above each section, and may proceed 
as follows: Draw verticals through each of the centroids G,, G,, &c., 
and on a vertical vector line set out lengths 0, 1; 1,2.... 4, 5, 
to represent the weights of each of the sections ; then take any 
pole o and draw a link polygon a, 4, ¢, d, e, f, the first and last 
links meeting ina. ‘Then produce each link back to meet a é, 
fe meeting it inf and soon. Through a draw a vertical to cut 
5, 5 in L,, through / draw a vertical to cut 4, 4 in 1, and so on, 
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then joining up the points 1,, Ly, &c., we get the “ne of pressure 
jor the reservoir empty as shown. Through points such as 
L;, Ly, &c,, draw verticals to meet the water pressures P,, P,, &c., 
in F;, Fy &c. Then combining P, with the total weight of the 
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ween FULL 
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nen £: 
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Pig. 178.—Dam with Curved Back. 


dam above 5, 5 as shown in the preceding example and drawing 
F, E, parallel to the resultant thrust, we get the load point &,. 
Similarly, 2, is obtained by combining P, with the total weight 
above 4, 4, and drawing a parallel through F, and so on, and by 
joining up the points ¥;, Fy, &c., we get the Zine of pressure when 
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fuil. The distribution of stress over any section is obtained as. 
previously explained. It will be seen “that in the above example 
the lines of pressure lie well within the middle third, the worst 
section being 2, 2. 


B 








Fig. 179.—Trapezoidal Dam. 


In the figure many lines have been omitted to prevent the 
confusion which would otherwise occur when reduced to so small 
ascale. ‘The student should work such an example to a large 
scale to obtain familiarity with the method. 

Calculation for Width of Base of Trapezoidal Dam. 
—Let aBcp, Fig, 179, be a section of a trapezoidal dam with a 
vertical face, and let a B be of length a and cp of length 4, the 
height of the dam being 4. We require to find the value of 4 to 
just keep the line of pressure 0 1 within the middle third of the 
section. 


aie 
ee ee 


Width of Base of Trapesordal Dam. 40% 


We first require the position of ©, the point where the vertical 
through G the centroid of the section cuts the base ; let this be at 
distance « from p. Then we have, dividing the section up into 
a rectangle and a triangle and taking moments round p, 

fo (TREN foe 9 poe ee {2 sch (Bcte'ia),\ 
2 Duis 2 J 
a4, @- Det 29) 
3 
h { : 
= 412? + ab + a’; 
6 J 


nN 


TN aa ee fava} oleie\ aja nce pis}s\a) ny wiph. ole ibis piMtaieis wise We: (1) 
3 (a + 4) 
Now if the weight per cubic foot of the masonry and water are. 


zw and p respectively, 


Vi 
Total water pressure per foot = P = ee 
: . wlatdbyh 
poh WEIG IIE Ot AAS OTIS yy ct nV er ar } 
BE SE as 
ey or W wa + d) 
Bote Sen 
"kh wa + d) 
3 
Pp ig 
QT eh ee w oeta ernie (2) 
3 w (a + d) 


Then if the line of pressure is to lie within the middle third, 
we have : 





2b , 
ws Mi iy a =a a Fa a (3) 
Ys 3 3 
je, CH AO+P gph 2b 
3 (a + d) 3 w (a + 4) 
tab +P +eX . 504d) 
he? 
e+ abr P+ he =2ab0+4+2 6 
2 he 
ay ie ES o sels caaaectatasnateege (4) 


When a, 4, p, and w are given, 6 can be found by the above 
quadratic equation. 
DD 
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TRIANGULAR Secrion.—If the dam is of triangular cross 


section a = 0, 
. we getd = fh Ne p 
Ww 
RECTANGULAR SEcTION.—In this case a = 4, 


dB y/P 


NUMERICAL EXAMPLE.—A masonry dam of trapezoidal section 
Zs 25 ft. high and 4 ft. thick at the top. If the masonry weighs 144 1b. 


per cub. ft., find the necessary width of the base to avoid tensile stresses. 
What ts then the maxtmune compressive stress ? 
Putting these values in equation (4) we have— 
62° 2 
B+ 46 — 16 — eee) =i) 
144 
+46 — 2868 =o 


5 eae 4 + J/16 + 1147 


2 


f= Ate34 


{n,) 


Il 


15 ft. nearly. 
2 W 
15 


tons per sq. ft. 


Then the max. compressive strength 


= 2X 25 xX 9'65 x 144 
15 2240 


= 2 tons per sq. ft. nearly. 


Modern Developments of Theory of Dams.—In a 
paper on Some Disregarded Points in the Stability of Masonry 
Dams,* Mr. L. W. Atcherley and Prof, Karl Pearson, F.R.S., 
pointed out that the stability of vertical sections as well as of the 
horizontal sections should be considered. 

Let aBcp, Fig. 180, be the section of a dam, and let BEFC 
represent the stresses on the base when the reservoir is full, this 
being obtained as previously explained. Now consider a vertical 
section K J of the dam. ‘The forces acting on it are as follows: 


(a) An upward pressure denoted by the area cr J. 


* Dulau & Co., London, 1904. 


oe 
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(2) A downward pressure due to the weight of the portion 
cK J of the dam. 
(c) A shearing force S at the base of the dam. 











S 
Fig. 180.—Stresses on Vertical Sections of Dams. 


Now let the]diagram, BEFC be drawn in terms of feet of 
Masonry, #.¢., one inch in vertical height represents the weight of 
One square inch_of the section ; or if the linear scale is 1" = « ft. 
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and one cub. ft. of masonry weighs z lb., 1” on Cc F represents 
w x" lb. per sq. ft. 

Then c Kj represents the weight of the portion cK J of the 
dam, so that the difference c F MK represents the resultant upward 
pressure on KJ. Let this area be Q Ib., and let its centroid cut 
the base in N, then Q x NJis the bending moment about the 
centroid Rk of the section K J. 

To obtain the value of the shearing force we must assume a 
law for the distribution of the shear. As a first approximation take 
this as a parabola cp B, the area being the total shear, ze., the 
water pressure p. Then S is the area cy u of the shear curve, and 
its moment about the centroid isS x JR. 

We can combine S and Q, thus obtaining the resultant T’; 
then drawing N& parallel to T we get t the load point for the 
vertical section K J, and if L falls outside the middle third, there 
will be a tensile stress at J. 

There has been some considerable controversy as to the form 
of shear curve to adopt, and some exhaustive experiments have 
been made by Professor Pearson and Mr. A. F. Pollard with a 
view to determining such form. These experiments are described 
in a paper, du Lxperimental Study of the Stresses tn Masonry 
Dams.* Some interesting articles and letters on the subject are 
to be found in Lngineering, vols. 79, 80. 

Considerable interest in this question was taken by the late 
Sir Benjamin Baker, and his regretted death prevented a very 
valuable opinion being given on the experimental investigations. 


Practical Rules for Masonry Dams.— Molesworth 
formulee : 


Hicu Dams.—Let P be the safe pressure in tons per sq. ft. on 
the masonry. 

Let « be the depth in ft. of a given point from the top; 9 the 
horizontal distance in ft. from such point to flank of dam; and 
z the horizontal distance in ft. from such point to face of dam. 


Then v = mi A ogra? 


P + ‘03x 


_ (29.2 
= (23) 


* Pulau & Co, London, 1907. 
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Low Dams.—Width at bottom = *7 x height. 
53° ya mniddle =" -5 =< sheieht, 
5h sgh top = ‘3 x height. 


RETAINING WALLS FOR EARTH PRESSURE, 


In addition to the difficulties of satisfactory theoretical treat- 
ment of the retaining wall itself, as pointed out with respect to 
dams, we have in the design of retaining walls for earth pressure 
the additional difficulty of determining the magnitude, direction 
and point of action of the resultant pressure due to the earth. As 
soon as we have found this resultant pressure P in magnitude, 
direction and position, we proceed exactly as in the case of the 





Fig. 181.—Stability of Harthwork. 


dams, viz., we produce the line of action of the pressure P to meet 
the vertical through the centroid of the wall, and find the resultant 
of P and the weight W of the wall, and then determine the load 
point at which the line of pressure cuts the base. 

We will deal with three theories of earth pressure, viz., (1) 
Rankine Theory, (2) Wedge Theory, (3) Scheffler Theory. 

In all these theories we will assume that the pressure at any 
Point is proportional to the depth, so that the resultant pressure 
' Acts, as in the case of water, at one-third of the height from the base. 

Angle of Repose.—If a bank of earth be left to itself it will 
crumble down under the action of the weather until it has taken 
UD a certain slope, as indicated in Vig. 181, The angle of incli- 
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nation at which such crumbling ceases is called the angle of repose, 
and depends on the nature of the earth and on its wetness. 

When a wall is placed so as to prevent this crumbling, there 
will be a pressure P due to a portion such as the wedge c B D 
which would fall down if the wall were removed. As pointed 
out above, the chief difficulty consists in determining this 
pressure P. 

The angle of repose of earth corresponds to the angle of 
friction of materials generally. Thus we may say that the angle of 
repose for masonry on masonry is about 30 degrees, 


ANGLE OF REPOSE AND WEIGHTS OF VARIOUS SUBSTANCES. 








Shibetance Angle of Repose Weight in lb. 
Saeed degrees per cub, ft. 
buted | $$$ fp ___—. 
sand, fine dr 
Sand, fine dry 31 to 37 \ Raitoreine 
ye aie 26 J 
Vegetable earth, dry 20 
5. moist 45 to 49 -~ too to 120 
” very wet 1 | 
Clay, dry 29 ] 
» damp 45 Pa LZ OntOpEss 
9 wet 16 | 
Gravel, clean 48 | 
» with sand 26 - goto 110 
Shingle 39 | 








Rankine’s Theory of Earth Pressure.—In this theory 
of earth pressure, the earth is treated in the same way as elastic 
solids in a state of strain. : 

Let the principal stresses (see p. 14) on a cube of earth under 
a state of strain at a given point be / and g, Fig. 182. Then the 
earth tends to slip along any plane through the point except the 
planes of principal stress, and the tendency will be greatest on the 
plane on which the resultant stress is most oblique, and if such 





“0 
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obliquity becomes equai to @, slipping will occur. On p. 16 we 
proved.that the stresses on a plane inclined at @ to the stress # are 
Jn = normal component = / sin? 6 + g COS750) enerae (3) 
fi = tangential component = (f— ¢) sin @ cos @ ...... (2) 
Then, if f is the angle of the resultant stress to the normal 
a: 28 I p sin? 0 + ¢ cos’ 0 _ 7p tan? P04 9 
ft (pg cososind — (p—g)tand 


cot 








Pate i ad 
Chis is a maximum when 


t.e., (p—g) tand. 2p tan 0 sec? 6—-(p—g) sec? O (pf tan? 0+¢) =o 


te, (p—g) sec? 0 (2p tan? @ — ptan?6 — g).= 0 





Ber atan-0) = 7 
i cote: = = Vaca eae 
gag af 4 
cot? ~) = ae = aie 
ie Pagel poe esi ba 429 





sin? 3 sin? 3 (p-9)" 

1 _dp-gpP tang — (p+g) 

* sin? p (p-9) (p-9)* 

(A-9) (3) 


Peete eee reenter a eee eee eee renee 


(p+9) 


ll 


*, sin p 
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As (3 increases the limit will occur when 3 = » 


Beg sig. — sl 
P+g 
is 1 SoG 
(Oe ic a RO ON NA rniiom Dade 
P 1+sin ) F (4) 
That is, the ratio of the lesser principal stress to the greater 
cannot be less than 1— S124 
1+ sin @ 


When the horizontal principal stress is the least possible, the 
earth is on the point of sliding downwards, but when the hori- 
zontal principal stress is the greatest possible, the earth is on the 
point of heaving up. 

Cask 1. Revraininc WALL witH VERTICAL Back, EARTH 
Horizontat.—In this case, if we consider a piece of earth at 
‘depth x from the surface, we have f = w,.«, w. being the weight 
per cubic foot of earth, Fig. 183. 

*. Least horizontal thrust to maintain equilibrium 


= 9 = WW. % A 


We see, therefore, that a Bc gives the variation of horizontal 
thrust 
7. 4 (1 — sin ¢) 





where AC = 
Log Stn 
al we h? (1 - sin @ 
Total pressure P = areaofanc = — — 
2 1 + sin @ 
We hi? 


Toy —iag Oui t= nen 


GRAPHICAL CONSTRUCTION FOR P.~-Draw A § at angle to 
vertical to meet horizontal through B in &, and with centre & and 
radius & B describe an arc BF. 


Then’ Pf Wea v7 








Because ar? = (A E-EF)?=(AE-EB)?= i ( @ Me (A tan 4) | : 
: | ‘\\cos @ J 
aie C=)- Hi {2 = sing)? 
COs Ss” o 
_ (r= sing)? _ # (1 — sin ¢) 
(1 — sin? ¢) “1 +sing- 
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We then produce P to meet the vertical through the centroid G 
in a and take a 6 = W = weight of wall per foot length, and 
bc = P, then if ac cuts the base in the load point 1, this should 
be within the middle third, 








Fig. 183.—Rankine’s Theory for Retaining Wall 
with Vertical Back. 


*Casp 2. ReratinInG WALL wiTH SLopInG Back, EsrtTH 
Horizonrat.—In this case, if the slope of the wall is 6, Fig. 154, 
we have to find from the principal stresses the resultant stress at 
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Fig. 184.—Rankine’s Theory for Retaining Wall 
with Sloping Back. 


any point. This can either be found by the equation (3), p. 16, or 
graphically as follows :— 


Draw a K at right angles to a B, and make it equal to fae! 
x 2 


and draw KM at an angle 26 to AK, making it equal to ae 
2 


then A M is the resultant stress, and the area of the triangle pa M 
gives the resultant pressure. For drop MY perpendicular to A K,, 
thenM T = MK sin26 = (f — g) sin@ cos @ = f, 
ea 
bet mt Ae ape Ly 
2 2 


cos 20 


a 
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= { (p + 4) (sin? 6 + cos? 6) — (p — g) (cos? 6 — sin? 0} 


2 
= = { 2psin?9 + 24 costo} = p sin? 0 + ¢ cos? 6 =r 
aM = /avt+mMT 
—t wf ae + fe 
sy 
As before, f = wh 


(1 — sin @) 
(1 + sin @) 

*Cask 3. SuRcHARGED WaLL.—When the earth slopes upward. 
from the wall, the wall is said to be surcharged. ‘The inclination of 
the earth can obviously be not greater than the angle of repose. ' 

Now consider the equilibrium of a small parallelopiped g Rs 7. 
Fig. 185, of the earth. ‘The pressures f on the faces Q R and 
S T are vertical and parallel to the faces QT andRs. ‘Therefore 
the resultant stresses 7, on the faces Q T and s R must be parallel 
to the faces QR, ST. The stresses f and /, are then said to be 
Conjugate. We now require to find the principal stresses p and ¢ 
Corresponding to f and 7. Suppose f and /, are known and set 
Out equal to x u and x y along a line at inclination a to x z, and 
let uy be bisected at v, and z v be drawn perpendicular to x y. 
Then z v and z y are joined, it follows from considering the con- 
Struction proved for Fig. 184 that 


I 


7g = Weh 


Sip tan lan 
2 
ee Gee 
2 
1 ane ee a ae 6) 51 09)" go a Nn (1) 
2 2 COS a 
ZV? = zy? 4 vy? = (x 2? — xv?) + Vv ¥2 
-xv—{(F4A) - =A) 
2 2 J 
=xZ7 ent 
“ fehy 2 
fi (2 cos a th 


iy Rita my ee (ey sarge sists . (2) 





Fig. 185.—Rankine’s Theory for Surcharged 
Retaining Wall. 
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Squaring (2) and (1) and dividing we have 


ces) Te (0=9 














en pt+¢ 

2 cos a 

Fg AOE acgeety ste), SEAR 3 
Herel Gz: Ap (4 f) ape aan (3) 


As we have previously shown G 4) = sin @ 
ah 


i wae reat ae i a = cos? @ 
Gi +f) 2 = Oi SSo Ba aveselnieteta. sysiatete, abe et srete (4) 
again, 4th, a 4th, 


‘, Subtracting 








| Re eS See ae a3 
(Ff - A) = 444 (228 - 2) (5) 
“ern =4) 2 cos? a up Nase 
TS +h cos? a 
Lah. fcota— costo f 
or as oe Tee rate ( 
Uf ie cOS a + 4/cos? a Ecos? iy 
Ii cos a + eos? Ge a — COS? @ 


ti) 1 oR = Vcos? a - = cos? fa 








f cosa + cos? a a — Cos® COs? 

The signs being taken thus to give the least value of /. 
WHERE d = Ih: via veo vssiiieredadelvscescoesses (8). 
Now f = w,. « cos a, since the area of the face Q: R is increased. 

cos a ~ n/cos? a — cos? » 


. Pressure at base = 2. h cosa. ee an 
os a + aleos® « ee = cos? 9 








Resultant pressure = P = AS 
Ww fs [cos Ase cos? a — cos? @| 
a) Be beg f—— EH. (9) 
2 [ees a ite Mao a — cos” | 


The stability is then found as in previous cases. 
When the wall is not vertical, the stress is found as shown 
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graphically for Fig. 184, but @ will not be the angle with the 
vertical but with the direction of 4, which will be inclined to the 
vertical at 45° — ? when a = 

P d 


Pane | me 





Fig. 186.—Rankine’s Theory for Depth of Foundations. 


* Minimum Depth of Foundation on Rankine’s 
Theory.—Suppose that the wall has just stopped subsiding, then 
the earth on each side is on the point of heaving up, Fig. 186. 

.. Just below wall 2 = least possible value = 1 50% 

Pp I + sin @ 
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At the same depth at the side ” has the greatest possible 
1 


value since heaving up is about to occur, since in this case the 
horizontal stress is the greater. 


fq _ 1 + sing 
Pe I — sin 


And g, must equal g. 


GaP age (j= me) 


7p) Be ONG ED sing 
eect Wee nn 
Now area of-wall =. B’ 


taking the stability as before per foot in direction perpendicular 


to the plane of the paper. 
pressure due to column of earth of height @ 


Ly 
= Ww. a 
W r + sin @\? 
Reba (; = sin *) 
es! ul ( - sin 4) 
We B\I + sin 


NUMERICAL EXAMPLE.— The weight of a structure which is to 
ve carried on a concrete Joundation ts 1200 tons, including the weight 
of concrete in the foundation. The area of the base of the concrete foun- 
dation is 300 square feet. At what depth below the surface of the soil 
ust the base of the foundation be placed, when the weight of earth 
23 3000 1b, per cubic yard and the angle of repose ts 38° 2 (B.Sc. 
Lond. 1907.) 

In this case sin ¢ = ‘6157 

r— sing _ 3843 





Orsini) Ons 
Abi. ee eo 
27 
p= WE) 2240 = 4 X 2240 
300 i 
: 4 x 2240 X 27 23) 
SAEs 3000 16157 
= 4'56 feet. 


WEDGE THEORY OF EARTH PRESSURE. 


Experience shows that when a wall fails the earth first slides 
down some line such as BC, Fig. 187, called the dine of rupture, 
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and the earth finally crumbles down to the natural slope & p. 
Thus the wedge a Bc is supported and kept in equilibrium under 
three forces. 

(1) A pressure P on the wall—assumed horizontal and acting 
of two-thirds the depth—the friction on 4B being thus neglected. 

(2) The weight W of the wedge a Bc. 

(3) A reaction R, inclined at an angle @ to the normal. 

We now require to find the position of the line of rupture Bc 
to make P a maximum. 

It will be seen from the figure that R, is at an angle 6 to W. 

.. From the A of forces shown on the figure, P = W tan 0. 

Draw BG at /@ to AB to meet DA produced in G, and draw 
A¥ and CE perpendicular to Bb, and let Bp = 0, CE= 4, BG =¢, 
Ave ea a 

Then if /apB = B 

*, P = W tan 6 = w, (area of A ABC) tan 0 


20, 
# (ab — xb) tan dé 


ll 


ie ) 

Pigg? (a - #) = 

eae a 

ie b(a — x) Gama Soak ae ce (1) 


; : (él 
P is a maximum when en 


ze. when (6 — x cot 8) [a — 2x] - (ax — a”) (= cot 2) = 0 
PON CC? COU IO: = 12:000t Ten OIUMEENO Man uernrth nn saanaiane emma at ie (2) 
Hi Gene COENB) | anana skeen (3) 
Now «(6 - x cot B)=*.BE = 2 x areaof ABCE 
b(a@ — *) = 2 (area A app — AcCBD) 
= 2 X area AABC 
.. P is a maximum when the As BCE and a Bc are equal in area. 


We , 
Then P= Hl x 


1.e., 6 (a — X) 


Il 


i 


6% VF = ab cop 


From (2) x Satie ai 











Pig. 187.--Wedge Theory of Earth Pressure. . 
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The + sign is inadmissible since « cot / cannot be greater 


than 6 
b~ JP — ab cot Bp 
n= cot B EE aie (4) 


b 
now cot § = 5 


x= x 
Tt RON ees 
RE (CHA) Get onenesconnes ves (5) 


Graphical Determination of P.—P can be obtained 
graphically as follows: From the base B draw a line 8G at angle 
@ to the vertical, and produce the line of the surface of the earth 
to meet itin G. Then draw a semicircle BH G on BG, and draw 
AL perpendicular to BG, and produce it to meet the semicircle on 
H. With centre G draw an arc HK to meet BG in kK. 


Then P = —, BK? 


Proor.—Obviously, from the upper portion of the figure, 
BL = a 
“) Gl =e) 
From property of semicircle, 
GH? = BG.GL = ¢(¢ — a) 
“6k = GH =) ./ ele +a) 
“BK =¢— J/¢(e-a) 


SP intpae take {e ~ Jee-o} 


2 2 
Case when Earth is Horizontal.—When the earth is 
horizontal B = 9. 
“.a=hsnasFr =A cos 
A 


cos 
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oi {< Fy Vee - ay =i Re ie [2 (2 " es eee “)} 2 


leoso ™ cos @ 
fh? (x — sin @)? 
Tey costeg oe . 
,(1 — sin @)° 
ye 
(1 — sin” @) 
A (1 — sin @) 
~ 1 +sing 
wh? 1 —sin > 
mean Wis ice rer : 
This gives the same result as Rankine’s theory for earth 
horizontal and back of wall vertical. 
Scheffler’s Theory of Earth Pressure. — Scheffler 
assumes the resultant pressure to be inclined at the angle of 
repose # to the horizontal. Therefore for this theory we find P» 
‘as for the wedge theory, and take the resultant pressure as the- 
resolved component of P in the direction to the horizontal.. 
This will be clear from the worked example on p. 421. Many: 
authorities object to this theory on the ground that if the earth: — 
atthe back of the wall is wet, the thrust will not be inclined. 
Baker’s Practical Rules for Earth Pressure. — Sir 
Benjamin Baker, as the result of long experience in the practical) 
desien of retaining walls, suggested that they should be designed. 
as if the pressure of the earth were equivalent to that of a fluid. 
weighing 20 lb. per cubic foot, and made the thickness of the’ 
base from } to $ the height. 
Take ¢ = 30° roughly, and w,= 120 lb. per cubic foot. Then 








pri: 


: 120. h? é 

for horizontal surface P = — Beant 20,0”. 
: 20.h” ‘ ; ‘ 
According to Baker, P = - Pa ae h, so that Rankine’s or 


the wedge theory would give a factor of safety about twice that 
of Baker’s rule. 

Wedge Theory for Wall with Sloping Back.—If the 
back of the wall slopes it is usual in the wedge theory to take the 


420 The Theory and Design of Structures. 


A BAA’ (Fig, 188) of earth as assisting the wall. Let G, and G, 
be the centroids of wall and A respectively, and let their weights 
be W, and W,, then set out horizontally from G, a line to 
represent W,, and from G, one to represent W,. Join across, and 








Fig. 188.—Wedge Theory for Retaining Wall with 
Sloping Back. 


where they cut G,G, in G gives the point through the resultant 
weight W, + W, is taken to act. P is found, and the rest of the 
work is completed as in the ordinary case. 

Calculation of Width of Base of Retaining Wall.— 


In this case, if the earth is horizontal, we proceed exactly as in the 

















ie ~—_—_——297lbns 


Fig. 189.—Example of Retaining Walt. 
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: : i}? 
case of the dam (see p. 401), but instead of having P = . - we have 


p _ we? (1 = sing) . a 
Eee (x + sin gy °° that in equation (4), (p. 401) we should 


‘ I — sin @ 
substitute 7, (= a) for p. 


In conclusion, it must be admitted that none of the above 
theories of earth pressure are really satisfactory, but they give 
results that are found to be safe in practice, and so may be used 
asa safe guide. There is great need of some further experimental 
work on the subject. 


NUMERICAL EXAMPLES OF RETAINING WALLS. 

(1) A retaining wall ts 20 ft. high and the level of the earth is 
horizontal. The wall ts 6 ft. wide at the base and 3 ft. wide at the 
top and weighs 120 1b. per cub. ft, the back being vertical. Tf the 
angle of repose for the earth ts 30° and the weight ts 100 lb. per cub. ft. 
determine the stability of the wall. 


In this case P = We hi (1_— sin g) _ 100. 20 X 20 (1 —'5) tb 
2 (1 + sin ¢) 2 (ero) iin 
I00|X 400 | 4 
mae na Meine. oe ae 
(6 + 3) 
20 x S=2 x 120 
wy 2 a 1200 *19 = 4°82 tons 
2240 2240 


Fig. 189 shows the section of the wall, the centroid being found as 
indicated. Set out @d equal to 2°97 tons, horizontally at one-third of 
the height from the base, and produce it to meet the vertical through the 
centroid ind. Then set down @e vertically equal to 4°82 tons, and ef 
horizontally equal to a, then d@/ is the line of pressure, and comes 
outside the base so that the wall on Rankine’s and the wedge theory 
is unstable. For Scheffler’s theory draw a vertical through @ and 
draw ac at an angle # = 30 and produce ac to meet the centroid 
vertical in a’, then if @’ L’ is parallel to the resultant of ac and @e, 
L’ is the load point on Scheffler’s theory, this load point coming 
inside the base but outside the middle third. 


(2) A surcharged retaining wall ts of the section shown tn kg. 190, 
the surcharge being 20° and the earth weighing 120 1b. per cub. ft. and 
having an angle of repose of 29°. Determine the stability of the wall if 
the masonry weighs 150 1b. per cub. ft. 

The centroid is first found as indicated in dotted lines, and the 








Baller lin 5 


Fig, 190. —Ewample of Surcharged Retaining Wall. 
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weight per foot length of the wall is calculated. This weight comes 
to 10'4 tons. 

On the wedge theory the length B/, obtained as shown in Fig. 187 
is found, and comes to 15°2 ft. 
120, 15°2 X 15'2 
2 2240 

Then, as in the previous case, setting out de = 10°4 and ef = 6°18 
we get the load point L which comes just outside the middle third 
point 1. 

On Rankine’s theory, | 
equal to 


ee = 6'18 tons. 


» at an angle of 20° to the horizontal is 









Ww, ht Cos 20 (ie 20 — /cos? 20 — cos* 22) 


2 


cos 20 + ,/cos? 20 — cos? 29 

This comes to about 11°3 tons, so that setting down d’ e equal to 
10°4, and e’ /’ equal to 11°3 at an angle of 20° to the horizontal, we 
get L’ the load point on Rankine’s theory, which comes a little further 
from T. 

If Scheffler’s theory be tried, as in the previous case, the load 
point will be found to come just inside the middle third. 

Stability of Walls and Chimneys subjected to 
Wind.— The stability of masonry walls and chimneys can be 
easily determined in the following manner. 

The pressure of the wind is taken per square foot as horizontal 
and independent of the height, so that the resultant wind pressure 
P, Fig.'1g1, acts at the centroid, and in the case of chimneys is 
equal to the pressure per square foot multiplied by the equivalent 
area of the cross section, 

pee) ei IP xe rh Vis Pel 
Where a = a constant depending on the shape of the section 
(values for a are given on p. 50). 
H = height. 
d = mean diameter perpendicular to the direction of wind. 
P, = intensity of wind pressure. 

In the case of walls the stability is considered per foot length 
of the wall, then P’= P,. Hl. 

Let W be the weight of the chimney or of the wall per foot 
length. 

Produce P to meet the line of action of the weight in a, and 
make aé = W and dc = P, and join Ac cutting BD in ©, 
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Then if & falls outside the base, the wall would overturn if 
simply resting on its base. 

If & falls outside the core (or the middle third in the case of 
the wall) then there will be tension in the mortar at B, while if E. 
falls inside the core the wall is quite stable. 

Many walls will be found to fail in the condition as to the line- 
of pressure falling within the middle third, and yet they stand. 








| Fig. 191.—Stability of Walls and Chimneys. 


There are many possible explanations of this. They probably 
have never been subjected to a wind pressure of the intensity as- 
Sumed in the calculation. Then again, we do not say that if the 
line pressure falls outside the middle third the wall will topple 
ver; it only means that there will be some tensile stress in the 
Mortar, and even if such tensile stress were enough to cause a 
Small crack in the mortar it does not follow that the wall will 


Collapse, if the compression stress on the remainder is still within, 
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safe limits. It is very difficult to say exactly at what point the 
point E would have to come to make the wall collapse. As we 
have already stated some writers state that the middle half is quite 
safe. There is another point to remember in connection with 
walls. The above reasoning applies only to walls of indefinite 
lengths, because side walls connected at right angles to the wall 
under consideration add considerably to its stability, but it is very 
difficult to allow for this satisfactorily in the theory. 

Stability of Buttresses and Piers.—A buttress or pier 
is a structure designed to carry thrusts. Buttresses are used, as a 
rule, to take the thrusts from arches, especially arched roofs, and 
should be designed so that the line of pressure keeps within the 
middle third. ‘Their stability is considered in exactly the same 
way as that of dams, by combining the thrust or thrusts with the 
weight above any given section, and finding where the load point 
comes on such section. 

Let a buttress be of the form shown in Fig 192, and let the 
thrusts on it be S and I. ‘The stability at the lines a,a; 8, B; 
and c, ¢, is then determined as follows :— 

Let G3 Gy, 95 G.9,3, be the centroids of the sections above 
the given lines, and let the weights of the separate sections of the 
buttress be W,, W,, and W,,. : 

The points G,, &c., can be obtained graphically as indicated 
on p.399 for the dam, or-by finding the centroid of each separate 
section, indicated at G, G, Gy at the side of the figure. ‘Then set 
out horizontally G, H = W, and G, J = W, and join Ju and G, 6,. 
Their intersection gives G,,. Then set out G,, . K = Wy, and 
G, 1 = W, and W, and join across as before, and Gy, y, , is thus 
found. 

Now set out 0,1 = W,; 1,2 = W, and 2,3 = W,; also . 
o4 = 5S, 4,5 =I. Produce S to meet the vertical through G, in 
a, and draw a a, parallel to 1, 4 to meet A in a,. 

Let this meet the vertical through G,,, in d and draw é ¢ parallel 
to 2, 4 to meet T in ¢, and draw cd, parallel to 2, 5 to meet BR in 
d@,, and let this meet the vertical through G,, ,, , in.@; finally draw 
de parallel to 3,5 to meet cc ine. Then a, @, e should keep 
within the middle third if there is to be no tension in the mortar. 

In calculating the stability of buttresses, the weight of the wall 











c (ee S 


Fig. 192.-—Stability of Buttresses. 
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from which the buttress projects may be taken with the weight of 
the buttress itself, the length of the wall thus taken being equal to. 
the distance between the buttresses. In plan the section of the 
combined wall and buttress is a short-legged T, andthe centroid 
of this section is taken for G, Gy, &c. 





(Builders Journal.) 





ce 
Fig. 193.—Heamuple in Buttresses. 


The following example from practice in the design of a church 
roof should make this clear. The weight of the wall and 
buttress, shown in Fig. 193, is 413 cwt. the buttresses being 11’ 9’ 
apart, and the centroid line Gc of the whole section comes about 
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;); in. from the centre of the wall. The reactions transmitted from 
the roof for the wind on either side are 69 cwt. at the inclinations 
shown, and the wind-force on the walls is 29°4 cwt., taking half 
the total wind-force as being transmitted through the building and 
carried by each wall. Combining these forces we get the line of 
pressure abc, a, 6,¢, for the wind on either side of the building. 
It will be noted that in this case the worst line of pressure, viz., 
a, b,c, comes outside the section, the walls then tending to fall 
inwards. ‘This means to say that this buttress cannot carry half 
the loads as suggested, and so the buttress on the other side must 
carry more than half. But this would bring the line corresponding 
to a, 4, ¢, also outside the section, and so this buttress would be 
unsafe as regards a tendency to fall outwards. We point this out 
at length because it might at first sight be thought that as a 
buttress is used to prevent the walls from falling outwards, the 
tendency to fall inwards on one side need not be considered. 

PINNACLES ON BurrressEs.—In cathedrals and other build- 
ings with buttresses there are usually to be found ornamental 
pinnacles on the top of the buttresses. From a consideration of 
the above it will be seen that such pinnacles are useful as well as 
ornamental, since they add to the weight of the buttresses, and 
thus increase their stability, especially at points a short distance 
below the points where the thrusts come. 

Note on Drawing for Walls, Chimneys, and But- 
tresses.—In obtaining the stability of walls, chimneys, and but- 
tresses graphically, it will be found that the drawing has to be 
done to a very large size to get the base of appreciable size. For 
this reason it is a good plan to draw the horizontal distances to a 
larger scale than the vertical ones, taking due precaution when 
calculating the weights, &c., from the section. 


MASONRY ARCHES. 

The theoretical determination of the stability of a masonry 
arch is one of the most troublesome problems to deal with satis- 
factorily in the theory of structures. In the first place we cannot 
satisfactorily allow for the additional strength that the filling gives, 
and even if we treat the arch ring proper as an arch of elastic 
material, and stipulate that the line of pressure must lie within 
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the middle third, we have still the difficulty of obtaining the 
horizontal thrust. 

Terms used in Masonry Arches. (See Fig. r94.) 

The ¢utrados and extyados are the inner and outer boundaries. 
of the arch ring, the intrados being sometimes called the soffit, 
and the extrados the dack. 

The skewback is the sloping abutment on which the lowest 
end or springing (or haunch) of the arch rests. 

The span is measured between the lower edges of the skew- 
backs. 


Filling 








Fig. 194.—~Masonry Arches. 


The vise is measured from the line joining the lower edges of 
the skewbacks to the intrados or soffit. 

The voussoirs are the wedge-shaped blocks of which the arch 
is composed. Such voussoirs are sometimes imaginary. 

The spandrel is the name given to the space between the 
extrados and the horizontal tangent at the crown, 

Critical Line of Pressure Method of determining 
Stability—If the masonry arch be considered as composed of 
a number of voussoirs placed together without cement, it will be 
seen that such arch is much more stable than the inverted links 
(see p. 357), because the loading may vary to any extent so long 
as the line of pressure does not pass outside the middle third (or 
middle half according to Scheffler. Now let the critical line of 
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pressure be defined as that line of pressure which would occur if 
the voussoirs are just about to open out. If the arch were 
going to collapse, and the voussoirs open out, the line of pressure 


6 
































Fig. 195.—Critical Line of Presswre for Masonry Arch. 


would move, and so if a critical line of pressure can be made to 
keep within the middle third, such line will not tend to move 
further, and so the arch will be stable. . 
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With symmetrical loading, experiment shows that the arch, 
when failure occurs, opens out at the crown and at some point 
between the crown and the springings, as indicated in dotted 
lines on Fig. 194, so that the critical line of pressure must touch 
the outer middle third line at the crown and the inner middle 
third line at some point between the crown and the springings. 

For any given case, therefore, we proceed as follows :— 

Considering one half of the arch, we first draw the middle- 
third lines aa, 64, Fig. 195, and divide the arch up into a number 
-of vertical sections—usually equal-—and draw the centre lines of 
each section. The weight—including that of the arch itself— 
carried by each section is then calculated, and such weights are 
used as the forces acting down the force lines 0, 1; 1, 2, &c. 
These weights are set down on a vector line o, 1, 2, &c., and any 
pole p is taken on the horizontal through o. In our figure we 
have shown only six sections to avoid complexity of figure. At 
some convenient place above or below the arch draw a trial line 
of pressure a’ 6 cd... g, and produce each link back to meet the 
first link a’ 8 in points ¢ a’, &c.... g,, and project the points 
thus obtained vertically on to the horizontal tangents to the outer 
middle third line a a, thus obtaining points a, 0”, c, d*, &c. ... 97. 
Now take each of the points 6, c?, &c., and see if a line can be 
drawn through one of them to touch the inner middle third line 
66 in the same segment. If such a line can be found (in our case 
it can be drawn through the point e? to touch in the section 4 in /), 
draw through the corresponding point 4 in the vector line 
a parallel to this line e? 4. This gives a new pole pr’, by means of 
which the critical line of pressure is drawn as shown, and o Pp’ = 
horizontal thrust H. 

If no such line can be drawn, then the size of the arch ring 
‘should be increased. 

Having obtained the critical line of pressure, we have still to 
see that the maximum compressive stress is within safe limits, and 
that the line of pressure is not at too great an inclination to the 
centre line of the arch. 

Line of Least Resistance Method of determining 
Stability.—The method given in many text-books of deter- 
mining the stability of masonry arches is called by the above 
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name, and is somewhat similar to the method given above. The 
line of pressure is, however, assumed to touch the middle third 
lines at the crown and at springing, and so the procedure is as. 
follows :—The trial line of pressure a, 6, ¢... ¢ is drawn as before, 
and the last link is produced back, giving the point g,. Then, if 
the distance of the vertical through g, from the point 4 at the 
springing is w, and the vertical distance from 4 to the horizontal 
through a@ is y, then if W is the total load on half the arch and H 


; W Sar RE Ce 
the horizontal thrust, H = " * This is then taken as the new 


y 
polar distance, and the line of pressure starting horizontally at a 
is drawn. Then, if this lies within the middle third, the arch 
fulfils the first condition of stability. If not, then the line of 
pressure is started lower at some point between @ and 4, or made 
to end higher at some point between 4 and a, until by trial a line 
of pressure is drawn that keeps within the middle third. If after 
constant trial no such line can be drawn within these limits, then 
the thickness of the arch is increased, and the work is gone 
through again. 


Practical Rules for Masonry Arches.—(1) ‘THICKNESS 
or Arcu.—d = thickness of arch at centre in inches; ~ = radius. 
at crown in feet; s = span in feet. 


; ad se : 
Rankine rule, ee J"12 r for single spans 
= ,/*17 r for series of spans. 


- 1 
pau tone ay 
4 


Trautwine rule. 


mn r a 
(2) THicKNEss or ABUTMENTS.—T = : pre ek 


a = rise in ft. 


Height of abutments not greater than 1} times the base. 


(3) CENTRE Pier (in a series) —(2 to ;) span thick. 


(4) Goop Common Rute ror Brick Arcues.—Use half 


brick in ring for each 5 ft. of span. 
FF 
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(5) Common Raitway Practice :— 


Rise = Ee 
5 

Thickness = SP@? 
18 


Thickness of abutments (; to ) span 


j Pee itp ey at 
os centre pliers rae = span 








) 
| 
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CEUAP IE Ra xa 
“REINFORCED CONCRETE AND SIMILAR STRUCTURES. 


Introductory.—The past decade has seen a tremendous 
development in the method of construction known as reinforced 
concrete. Concrete, which has been used for centuries as a 
material of construction, was found to possess very little tensile 
strength, and over fifty years ago suggestions were made to make 
up for this weakness by embedding iron rods or lathing in the 
portion of the structure in which tension would occur. ‘This was 
applied chiefly to floors, and although there are early records of . 
tests of concrete slabs thus ‘ reinforced,’ it has been only recently 
that efforts have been made to apply theoretical knowledge to 
such structures and so to design them upon a scientific basis. 
With: their natural objection to trying new methods which have 
not stood the test of time, English engineers have been slow to 
adopt the reinforced concrete construction, and so the greater 
part of the work has been executed on the Continent and in 
America, 

Now, the full theory of reinforced concrete is not yet 
standardised, and so there is a very large amount of experimental 
data and theoretical investigations which require to be digested 
by those who wish to understand the principles of design. These 
data and investigations are very dangerous to the uninitiated, 
because they usually relate to definite qualities of materials and 
certain special conditions, and one can easily get into gross error 
in applying a formula when one does not know the meaning of 
each of the terms in it, and cannot, therefore, judge whether the 
formula is applicable to the problem in hand. ‘The aim of the 
present chapter is to set out the fundamental principles upon 
which the theoretical design of reinforced concrete is based, and 
thus to enable the reader to follow more easily the more com- 
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plicated investigations which are to be found in the standard text- 
books on the subject. 

Now, the efficiency of any design depends on whether it is as. 
cheap as possible for the given conditions, and, therefore, a 
reinforced concrete structure should for the same factor of safety 
be cheaper than one wholly of steel or wholly of concrete, other 
things being equal. A given volume of steel costs about fifty 
times as much as the same volume of concrete, and for the same 
sectional area steel will carry about thirty times as much load in 
compression and three hundred times as much in tension as 
concrete. ‘Thus, for compression only concrete will carry a given 
load at three-fifths of the cost of steel, whereas for tension it 
would cost six times as much as steel, so that it can be seen that 
by suitably combining the two materials so that they act as a 
composite structure, an economical result can be obtained, 
and the scientific design of reinforced concrete obtains. 
the most economical proportions and arrangement of the two. 
materials. 

Properties of Concrete.—The properties of concrete vary: 
with its age and with the proportions and quality of the ingredients, 
and in adopting any figure for safe stresses in design it is necessary 
to see that the concrete is of the requisite quality and age for 
which the figures are accepted as satisfactory. 

Compression.—The compressive strength of concrete is 
roughly proportional to the proportion of the cement in the 
mortar. Fig. 195@ shows a diagram plotted from the results of 
experiments by Mr. G. W. Rafter, of New York. Clean, pure 
silica sand and Portland cement were used, and the aggregate 
consisted of sandstone broken so as to pass through a 2-inch ring, 
containing 37 per cent. of voids when rammed. 

The compressive strength increases with age, and Fig. 196 
shows on a diagram the results of experiments made at the 
Watertown Arsenal, U.S.A., in 1899. 

Curve A is for a mixture of one part of cement, two parts 
sand, four parts of aggregate ; and curve B is for a mixture of 
1: 3:6. The figures given are for the same brand of cement. It 
may be taken that fora mixture of 1: 2: 4, with high-grade cement, 
clean, sharp sand, and broken stone or gravel, a safe compressive 
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stress to adopt for bending calculations is 600 Ib. per square inch 
after twenty-eight days. 

In this country at presen there are few or no local building 
regulations for reinforced concrete, but many Continental and 
American towns specify safe stresses. 

TENSION.—Not nearly so much work has been done on the 
tensile as on the compressive strength of concrete. The tensile 
strength depends upon the composition and age, and imnost 
authorities agree in taking the tensile strength as one-tenth of the 
compressive strength of concrete of the same age and composition. 
M. Considére, one of the leading authorities on the subject, 
deduced from experiments that, when reinforced, concrete would 
bear much greater tensile strain without rupture, the reinforcement 
having the effect of distributing the extension uniformly along the 
length, but gave it as his opinion that the concrete when in this 
extended state would not carry any additional load. Professor 
Turneare made some similar experiments, and these seem to 
discredit Considére’s theory. ‘The latter experiments seem to 
indicate that minute cracks, invisible to the eye but permeable to 
water, occurred in the overstrained concrete, and that test pieces 
including such cracks were much weaker than those taken 
between them. More recent experiments have confirmed 
Professor ‘Turneare’s results. In most of the theories of reinforced 
concrete it is assumed that the tensile strength of the concrete is 
negligible, and that all the tensile forces are carried by the 
reinforcement. This will be more clearly explained later in 
considering beams. 

SHEar.— The shear strength of concrete is not known very 
exactly. Indeed, shear strength is a very troublesome thing to 
determine experimentally, and is always of a somewhat compli- 
cated nature, as it involves the compressive and tensile strengths. 
According to different authorities, the shear strength varies from 
‘12 to 2 of the compressive strength. or the composition given 
in the case of compression, the safe shear stress may be taken as 
75 lb. per square inch. 

Moputus or Exasticrry.—Vhis property, which does not 
enter very much into the design of ordinary structures, is of great 
importance in reinforced concrete. It is defined as the ratio 
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between the stress per square inch and the strain per inch length. 
The reason why this quantity is of such great importance is that 
the concrete and steel act together as a composite structure, and 
so the strains in both materials will be the same under direct 
load. For a given strain a given stress results, and this stress can 
be found only when the modulus of elasticity is known. In 
designing work, it is the ratio of the moduli of steel and concrete 
that we require to know, and not the absolute value of each. 

Now, when concrete is compressed, the diagram showing the 
relation between stress and strain is not straight, as will be seen 
from Fig. 3, p. 8, and, therefore, it is not quite right to speak of 
an elastic modulus, because the value changes according to the 
stress. In compression the value’ of the elastic modulus for 
I: 2:4, concrete varies, according to various experimenters, from. 
about 1,300,000 |b. per square inch to about 4,000,000 lb. per 
square inch, and is smaller for ‘higher stresses. or mild steel the 
elastic. modulus is much less variable, and is about 29,000,000 |b. 
per square inch, ‘The values of the ratio of the elastic moduli for 
the above extremes are thus 22°3 and 7°25. We shall, in future, 
denote this ratio by m. The value adopted in practice varies 
from § to 15, and the latter figure is becoming quite common, 
and is specified in the recent new building regulations for San 
Francisco, and in the Report of the R.I.B.A. on Reinforced 
Concrete (1907). The importance of this ratio points to the 
necessity of further work on the subject, and it should be remem- 
bered that the best value to use is the one found for the given 
mixture between the stress limits adopted for the design. The 
modulus in tension for concrete is not the same as in compression, 
and experimental results seem to be rather in conflict. It is 
usual to neglect the tensional resistance of the concrete, and so 
we will give no further information concerning this modulus. 

ADHESION BETWEEN CONCRETE AND STEEL.—It is absolutely 
necessary in a reinforced concrete structure that there shall be a 
good bond between the concrete and the steel, for the latter will 
bear its share of the stress only so Jong as there is no relative 
movement between the steel and the concrete. Directly such 
relative movement takes place the tensile stress will come upon 
the concrete, and cracks will result. ‘lo ensure the efficiency 
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‘of the bond, many of the reinforced concrete systems employ 
reinforcing bars, which are notched, or twisted, or otherwise 
provided with mechanical means for ensuring a good bond. With 
plain round bars the adhesion per square inch of the surface of 
the steel can be found by embedding a length of steel rod in 
concrete and measuring the force necessary to pull it out. If Z is 
the length embedded and @ the diameter, then x @ x Z is the 
area of the surface of contact, and if F is the force necessary to 
pull the bar out of the concrete, and / the adhesive stress per 
unit area, then 
F 
Cag wax 

Here, again, there is a great variation according to different 
‘experimenters, the value of / varying approximately from 
150 to 600 lb. per square inch, but for the quality of mixture 
for which figures have been given 75 lb. per square inch 
is commonly considered as a_ satisfactory working adhesive 
stress. 

Corrricienr or Expansion.—A point commonly urged in 
favour of reinforced concrete construction is that concrete and 
steel have the same coefficients of expansion, and that there are 
therefore no internal stresses due to change in temperature. 
Many authorities do not quite agree with this statement, and 
state that the coefficients for concrete and steel are 55 x 107" 
and 66 x ro~’ per degree Fahrenheit respectively. 

Properties of Steel.—The properties of steel are set out 
in Chapter I. 

Evastic J.imir.—The elastic limit depends upon the pro- 
portion of carbon in the steel, and for mild steel may be taken as 
about 36,000 lb. per square inch, but’ the exact figure should be 
obtained whenever possible. Now, this quantity, which is rather 
neglected in ordinary structural work, is of great importance in 
reinforced concrete, for all the calculations are based on the 
elastic modulus up to the elastic limit, and as soon as the elastic 
limit is passed this modulus quickly diminishes, and the concrete 
has to suddenly bear a larger stress in consequence. Safe working 
stresses for tension in the steel should be, therefore, taken as a 
certain proportion of the elastic limit and not of the ultimate 
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‘strength. The new rules of San Francisco, previously referred 
to, specify that the working tensile stress shall be taken as one~ 
third of the elastic limit. For the steel above referred to, this 
would give a working stress of 12,000 lb. per square inch. The 
R.I.B.A. allows 15,000 to 17,000 lb. per square inch. The 
strength and other properties of steel in compression may be 
taken as the same as for tension. 

SHEAR.—The shear strength of steel is roughly about four- 
fifths of its tensile strength, and the working stress for shear may 
‘be taken as 10,000 |b. per square inch. 

Reinforced Concrete under Simple Compression. 
—The following note on the strength of reinforced concrete 
under pure compression will assist in understanding the theory of 
bending to be given later. 

For the simplest case, we will take a concrete column re- 
inforced with a central steel core. We must assume that the 
‘column is sufficiently short for buckling to be neglected, this 
commonly being considered as allowable if the length is not more 
than fifteen times the least diameter. We have dealt with this in 
general terms on p. 38, but will repeat it here for reinforced 
concrete. Suppose that the load carried is W, and the length /, 
and let the areas of cross section of steel and concrete be A, 
and A, respectively. When the load is applied a certain com- 
pression per unit length, say x, results (« is total compression 
divided by Z). Further, let the elastic moduli of steel and 
concrete be E, and E, and the compressive stresses ¢, and ¢ 
respectively. ‘Then 

Dy ee Set ERAS SINR Seb sine (1) 
But since there is no slip between the steel and the concrete, « is 
also the strain in the concrete. 


¢ 
SE ile oe dt un an nee 2 
ioe (2) 
We get — == 
. e€ get By an 


OF ¢s pee ar 17S ate snl tga acsarsiola clea vcLNeOE a (3) 
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Now the load carried by the steel is c x A, and by the 
concrete ¢ x A, 
Total load W = ¢, x A, + ¢. Ac 
=¢6.m As POA 
SCL AER ESN). Stelter eae ae (4) 


or = (32+ As) ENN item oe MONET Bese tet (5): 


Thus we see that the reinforced column behaves in the same way 
as a concrete column of the same length and of area equal to that 
of the concrete together with e¢ times the area of the steel. 


i} 





(Engineering Review.) 


Fig. 197. 


The following numerical example will make this more clear: 


Fig. 197 shows a column 20 ins, square, reinforced with four 1} in. 
bars. Required to find the working load if the working compressive 
stress of concrete is taken as 450 lb. per sg. in. (A slightly lower 
Jigure tis usually taken for direct conypression than for compression in: 
bending.) 

In this case 


A; = 4 X 12227 = 4°91 sq. in. nearly 

Ac = 20 X 20 — 4°91 = 395 nearly. 
Then if 

M1 = 15 

W = 450 (395 + 15 x 4°91) lb. 


= 210,870 lb. nearly. 
= 94 tons nearly. 
To get the stress in the steel, we see from (5) that 
WwW m \N a ees 210,870 
&=Ac la ActmA, 4686 


we 
= 6730 lb. per sq. in. nearly, 
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The adhesive stress in this case cannot be very exactly de- 
termined. If we assume the load uniformly distributed over. 
the section, the load actually distributed to each rod can be 
found; the difference between this and the load calculated as 
carried by the steel can then be taken as the load carried by the 
adhesion. ‘ 


REINFORCED CONCRETE BEAMS, 


There are many formule for the strength of reinforced con- 
crete beams, such formule being deduced from certain assump- 
tions with reference to the distribution of stress in the bent beam. 

We will consider three methods of calculating the stresses in 
reinforced concrete beams, working in each case the case of a 
rectangular section, this being most common, and in all three we 
will make the following assumptions : 

(1) That a section of the beam which is plane before bending 
remains plane after bending. (Bernoulli's assumption (see p. 145). 

(2) That the beam is subjected to pure bending, ze., that the 
total compressive stress is equal to the total tensile stress. 


Standard Notation. —‘Throughout the chapter we will 
adopt the following notation (see Fig. 198). 


_ Young’s modulus for steel or other metal _ KE, 





(On Young’s modulus for concrete “Kx 

¢ = ‘Tensile stress per sq. in. in reinforcement. 
Co= i 0 .s concrete. 

¢, = Compressive,, i reinforcement. 
c= 55 a ” concrete. 
A» = Area of cross section of reinforcement. 
TeN i is », concrete, 

6 = Breadth of beam. 

d@, = Total depth of beam. 

d = Depth of beam to centre of reinforcement. 

nx = Depth from compressive edge to neutral axis (N.A.). 


(d-n) = | 5, 5, centre of reinforcement to neutral axis. 
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Aer 
a, = Ratio 5. 

ad 

i ; ‘ Am 
x = Proportional area of reinforcement to area above it = ba 
I, = Equivalent moment of Inertia of section. 


First Method—Ordinary Bending Theory.— The first 
method which we will consider is one which is not much used in 


Saal posal 





Fig. 198.—Notation for Reinforced-concrete Beams. 


practice because it gives safe loads which are lower than tests 
show to be necessary. It is, however, the general method 
applicable to beams formed of two elastic materials, and serves as 
-a useful and instructive introduction to the subject. 

According to this method, we assume that the reinforced beam 
behaves exactly as an ordinary homogeneous beam with the re- 
inforcement replaced by a narrow strip m times the area of the 
reinforcement, and at constant distance from the N.A. 
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We showed how to find the centroid, moment of inertia, and 
radius of gyration of such an equivalent homogeneous section on 
page 80. 

In the general case, let » (Fig. 199) be the distance to- 





Fig. 199.—Reinforced-concrete Beams. Method 1. 


the neutral axis (equivalent centroid) and I,, the equivalent 
moment of inertia about the centroid. 


Then ¢ = ss RS Ne ah A BRN RR (1) 
KE 
Mx 
C= Se) Coe ue te aera aor (2) 
m M. (d-2) 
t= — eae pS ae Ree (3) 
E 


where M is the bending moment. 


In the case of the rectangular beam we then get the following 
results ; : 


Equivalent area of section = bd + (m — 1) Ay virssereeees (4) 
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As explained on page 80, it is (m — 1) Ay, because when we 
take away the reinforcement and replace it by ™ times its area of 
concrete, we have first to fill up the hole in which the reinforce- 
ment was, and this takes once Ay, so that remaining additional 
area = (m — 1) Ay. 

‘Take moments round the top, then we have 


b de 
nt {od+(m—1) Aa} = “SS + (m—1) Ay d 
: bd? 


5 + (m1) Ard 


4 = ete eer ees ees 
bd, + (m—1) Ay (5) 
‘This fixes the position of the neutral axis. 
Taking second moments about the neutral axis, we have 
bn | b(a.-n\8 
eae 3 ot ( = a + (m—1) Ap (G-1)? 0.0.06, aa iel(S) 
In this formula we neglect the second moment of the re- 
inforcement about its own axis. 


NUMERICAL EXAMPLE.—Take the case of a beam 6 ins. wide and 
12 ¢ns. deep, the centre of the reinforcement being 2 ins. from the bottom 
and the area of reinforcement = 1°44 (See Fig. 200). 
Taking 72 = 15, we get 
_ 6X 144 + 2 X 14 X Td X 10 
2 (72 + 14 X 1°44) 
= 6°87 ins. 
. (d-m) = 12 — 5°13 = 6°87 
ee 6 x (6°87) nD 6 x (5°13)? 
3 3 
626 + 270 + 197 = 1093 nearly. 


Ww 


+ 14 X 144 Xx 3°13 


ll 


.. Taking a safe stress of 100 lb. per sq. in. in tension for the concrete, 
100 X 1093 





Safe B.M. = 13 X 12 = 1775 ft. lb. 
Then ¢ = comp. stress in concrete = ont = 134 Ib jinie 
Then ¢ = Tensile stress in steel = poe eG Er, 15 lb./in.? 
513 O15 


It will be seen that we have taken 4 =.100, which is higher than 
usually allowed for concrete in tension; but if the concrete cracked 
the steel would still hold, and so we are justified in using a higher 
stress, 
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‘The above example shows that on this method of calculation 
the beam is not very economical, as the steel is very little stressed ° 
and the concrete has only a small stress in compression. 

For this reason it is usual in practice to neglect the tensile 
stresses in the concrete, that is to say, that it does not matter if 
the concrete does crack. Practice shows that such cracks, if 
present (see p. 438, ll. 5-22), do not matter so long as the adhesion 
between steel and concrete is good, and the tensile stress in the 
steel and the compressive stress in the concrete are within safe 
limits. 





6 






Area 1442 


aN 
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Fig. 200. 


We should like in this connection to point out that to neglect 
the tensile stresses in the concrete does not, as some writers 
state, increase the factor of safety. We shall see later that 
neglecting such stresses we get a much larger safe B.M. on the 
beam, and thus reduce the factor of safety. 

STRENGTH OF SAME BreAM Nor REINFORCED.—To serve as 
a useful comparison we will find the strength of a 12” x 6” 
concreté beam without reinforcement. 


: M x 6 M 
If not reinforced, ¢#, = Sx y ra4 
12 
In this case we must take safe 7, = 50 |b./in.? 
Scrat 
. Safe BM. = 29-44 = 600 ft. Ib. 


Therefore, calculating by our first method, the reinforced 
beam is roughly three times as strong. It would cost roughly 
twice as much, so that we see there is 50/ saved. 
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Second Method—-Straight-line, No-tension Method, 
-—This method we name as above, because the additional as- 
sumptions are indicated by such name. 

We will now make the following additional assumptions : 

(a) All the tensile stress is carried by the reinforcement. 

(4) For the concrete the stress is proportional to the strain. 

(c) The area of reinforcement is so small that we may assume 
the stress constant over it. 

Fig 201 shows the section, strain diagram, and stress diagram, 

In accordance with our first assumption (p. 144) a vertical 
plane section becomes an inclined plane section a’ B’, the neutral, 
axis (N.A.) being at the point c. 

What we first require to determine is the position of the N.A, 

Now aa’ and pp’ represent the maximum strains in the con- 
crete and the steel respectively, and since the line A’ B’ is assumed 
straight, these strains are proportional to their distances from. 
the neutral axis. 


max. strain in concrete n 





.. We have = — Pap elie ee Tenens aaa 
max. strain in steel (d-n) (7) 
but max. strain in concrete = © 
E, 
and max. strain in steel = ot 
E, 
sis ad eins pe aa nas 
CE) GO i 
ae = DANCED) sob ic: Bie Satanic ae cant (8) 
nt 
an = LE 
mC 
Ys 
Kae n(: +2) 
MC 
d 
= Fo eee ee eres reeee (9) 
r+ — 


This determines the distance from the N.A. when both ¢ 
and ¢ are known; but this will not always be the case. If the 
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reinforcing bars are of given size, then ¢ will depend on that size 
and to determine the position of the neutral axis, we proceed as 
follows :—The stress diagram shows the distribution of stress in 
the cross section. Since we have assumed the stress proportional 
to the strain, the stress diagram for the concrete will be a triangle. 


: ‘ NG, 
It will be seen therefore that the mean compressive stress is ; 


and since the compression area is 4.x, we see that the total 
compressive stress is $ 0 ¢ x. 


Nevtral Axcis 





B' B 


Fig. 201.—Reinforced-concrete Beams. Method 2. 


As the stress in the steel is assumed uniform, we get that the 
total tensile stress in the steel is Ay, and if the beam is subjected 
to pure bending these must be equal. 


PA ON MMM nc Sgt retiaRNe Se (ro) 
2 
plrana Py Ns 
Ailey, Sa 


Comparing this with equation (8) we get— 


DPN set Ta Ota 
bn  m(d-n) 
0 bin? Sram Big (dn) elses cogesess (11) 


2. 622 = 2mAnpd - 2m Aga 


bn? +2mAq.2 — 2m Agd =o. 
GG 
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‘The real solution of the quadratic equation gives— 


mm Ag f ff PERT s 
Dee rea ee ey tisievels}piolsie|s\s (12) 


Since all the quantities in this expression are given, this fixes 
the position of the neutral axis. 
We may write this— 


i tt Ba foo 7, OTe A 
0 RENN OF oR 
Wesabe a age Ale RAE Mi 
16:5 = 7 rm ine iene i} MAM Poaad (13) 
For m = 15. ‘This gives— 
n 
C= a 
Cheli| "365 
‘oro "417 
‘O15 483 
"020 *530 


Momenr or Resisrance.—We can now comparatively simply 
find the moment of resistance. ‘The resultant compression acts 
at the centre of gravity of its triangle. 

Therefore the distance between the resultant compressions and 


a x Ht 
tensions 1s d — z 


.. If C and T represent these resultant compressions and 
tensions, we have that the moment of the couple due to the 
resisting stresses, which is called the moment of resistance, is 


given by— 
MR=C (7 d “) 
3, 
i a 
SR ese) EM ea Mies 
taoal(e—4 a 
on MR eh (4 sf *) 
3 
= to (4~ 7) Mande cate stealer cree atte ats (15) 


And this moment of resistance must be equal to the maximum 
bending moment for the loading. 


Retuforced Concrete Beams. 451 


NUMERICAL EXAMPLE.— Take the same section as worked by the 
previous formula (see Fig. 200) ; and take ¢ = 500 |b. per in.” : 


Then equation (12) gives — 
Son Si) 2XGO UXO. } 
ee 6 tay oe 14, 6R 


aol inches. 








@—n = 10 — 5°61 = 4°39 inches. 
Then M.R. or safe B.M. considering the concrete is equal to— 


\ 


codes Gay 5°61 {4°39 + : 561 in. Ib. 


_ 1500 
12 
Comparing this with the safe B.M. by the first method we see that 
the present is more than three times as much. 


Stress in steel is then equal to ee 
Ar (d - *) 


x 5°61 x 813 = 5700 ft. lb. nearly. 


_ $700 X12 _ om 
LAA x 813 5720 |b. per in. 
Assuming a span of to ft., the max. B.M. if the load is uniformly 


distributed is me Poe 1b: 
Dy Wigan 

8 
_ This includes the weight of the beam which is roughly 
Io X 12 xX 6 

144 
.. Safe load uniformly distributed = 4560 — 750 

= 3810 lb. 


= 5700 .. W = 4560 lb. 


x 150 lb. = 750 |b. 


It will be Seen from the stress in the steel that the area of 
reinforcement is more than it need have been. By combining 
equations (g) and (10) we could have found the value of A, to 
give the stress in the steel, say 16,000 lb. per sq. in., when the 


compressive stress in the concrete is 500 Ib. per sq. in, 
The above formula gives results which are in fairly good 


agreement with tests, and is the one most largely used in 


practice. 
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Third Method—General No-tension Method. — In 
this method we will, as before, assume that all the tensile stress is © 
taken by the steel, but we will assume that the stress-strain curve 
for concrete is not straight but some other curve. 

In this way we get the stress diagram, Fig. 202, from the strain 
diagram. 

Suppose that its area = &.c.m and that its centroid is at 
distance y from the top. 

Then, as in equations (8), (9) we get-— 


n= (d-n) WES 6 


n= 
My 











Fig. 202.—Reinforced-concrete Beams, Method 3. 


Now since the total compressive stress must be equal to the 
total tensile stress we have : 


BURT RUD MiGs aks Sebel dal pian ca eeabrs Mca (16) 





‘span hears aE 
5 eS eae 
“kb x = m Ay (d-n) 
BB + m Agn — tm Ag d = 0 issicccvscrns (17) 
n = Dum f 4ahkb _ rt 


2hb PAY acts Wha free (18) 
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or, a = rm f J x ae pais “A aisrele)ofoiitist esata laloxs (19) 


“ae UN ee 
Then moment of resistance 
SMR: ae AC tag) matOls LESION nearer sa: (20) 
= kbwce(@—y) ,, compression ...... (21) 


NUMERICAL EXAMPLE WITH STRESS-STRAIN CURVE PARABOLA. 
—Take the section that we have worked for the previous formule. 


(See Fig. 2co.) 
If the stress-strain curve is a parabola tangential at the compression 


edge we have 


ce 
3 
Re 
aa 98 
For the given section 72 = detent if Ne a Gael TOMON 1} 
2.5.6 i 15.1°44.3 
=5 12” 


. @-n = lo — 5°12 = 4°88 
.. Safe M.R. for concrete 


= = x 6 X 5°12 x 500 (488 + 3720) in. Ib. 
~) 
ss : ie 9) 12 GOO) Dx 8°08 ft. Ib. 


= 6900 ft. lb. nearly 
‘Then stress in reinforcement 
=f, = ee = 7120 !b. per sq. in. 

It will be seen that this method gives higher values still for the 
safe bending moments. ‘The stress-strain curve for concrete, although 
nearly parabolic, would not have the vertex of the parabola at a stress 
of 500 lb. per sq. in. 

From the above we think that it should be clear that there is 
not much difficulty in finding the stress in reinforced concrete 
beams so long as we know accurately the properties of the concrete, 
and are clear as to what assumptions we are making. 


Reinforced Concrete T Beams.—Reinforced concrete 
floors usually consist of reinforced slabs with reinforced beams 
at definite intervals in a longitudinal direction, the whole being 
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monolithic. Fig. 203 shows a section of such a floor, which may 
be regarded as a number of T beams. The reinforcing bars a in 
a transverse direction in the slabs are arranged as shown to take 
the tension at the top where the bending moment reverses, due to 
the slabs being continuous. 


A B 


eee pain, Cane Me am, © 


Fig. 203. 


It is usual to take the effective breadth of the flanges of the 
T beams as less than B—}to $ B—because the concrete be- 
tween the beams acts as a short beam in a direction at right angles, 
and so the centre portion is comparatively highly stressed for this 
reason. 

We will now consider the stresses in the beam, adopting the 
no-tension, straight-line method. 

CasE1. If d, > 2 we get the same rules as given in method 
(2) for rectangular beains, 4, being substituted for 4. 

Case 2. Ifd, < ~ we proceed as follows :— 

As before we have from a consideration of the strain diagram 


Nats (d-n) mc 
t 
d 
Wi 
t 
I 


Wie 

Now consider the total stress diagram, Fig. 204, z.e., horizontal 
lengths of compression figure = compressive stress per sq. in. x 
breadth of beam. 

Now total compressive stress on the section 

= C = area (BDH — HFG) 

chs n ES Or IOS VG ia 
CNEL al, NEB Se 

2 2 n 
C= flan - dye) e 


2\ n 
But Cis eee 
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iy We SE lq et mee ee 
r ; os n 5; pts ate (22) 
HGR 2 Ay 
eee ye ee aL) 
\ Z ne J 


2 Aq m (d-7) 


SLB pp wks nee” 
123 n = 


‘Wt 


(d, — by) (2 me a)" ) 


i 


nN (0, 2 = 2 Ay m (d-n) 


\ 
J 
1.0. Dy W? + 2 2{Aqm —2ds(b; — by)} = 2 Agmad + (6, — by) dy? (23) 


nN {2 mw + 2d; (b, — b,) + a (b, — bs) = 2 A, m (d-n) 





Fig. 204.—Reinforced T Beams. 


From this quadratic the value of 7 can be found. 
Then if the centroid of the compressive stress-strain curve area 
is at distance a from the centre of reinforcement 


Safe B.M. = C x a 


Let the centroid of the compressive stress-strain diagram be at 
distance y from the top. 


Now this centroid is the same as the centre of pressure on a 
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similar body subjected to fluid pressure, the N.A. being the water 
line. In this case it is easily shown that 

and Mt. of area above N.A. about N.A. 

rst Mt. of area above N.A. about N.A. 

bs n° at (05 = br) a 


n-y = 


3 3 ; 
ON SE eS BSR, ar See UGDE dan SED eee Nn 2 
bs n* (b, — Or) x? ( 4) 
2 2 


This enables us to find a. 

Many writers neglect the portion F EH of the stress diagram, 
but this does not make the calculation so very much easier, and so 
we will not do so.* 

In this case and in the case of the rectangular beam we may 
also find the moment of Inertia of the eguivalent section and 
calculate the stresses by the formule given in the first method. 


/ ; 
—<$ SF hh 


Pig. 205. 

NUMERICAL EXAMPLE OF T BEAM.—Take the T beam of section 
shown in Fig. 205. In this case we will not assume the area of 
reinforcement (A.) to be given, but will calculate it so as to give 

c = 600 |b. per sq. in. 
¢ = 16,coo Ib. per sq. in. 





m= 15 
dad 
Then we have xz = | 

1+ — 
WC 
15 : 

Samba sael a = 54in 

16,000 54 
15 x 600 


_ * A very simple approximation which is good enough for. most calcula- 
tions in practice is to take y = “4d, and C = 400 ds ds. 
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.. From equation (22 
600 { 38 x 1°97) 
6. Ar = —— 454 x 48 — + 
10,000 Ap 2 \ 54 4 54 J 
Ar = 4°49 sq. in. 
.. Adopt say 3 bars 12” diameter. - 


Then working by the equivalent moment of Inertia 
54° P 38 x 1:93 


Ip = 15 X 4°49 X 9°62 + 48 x 5 


= 8641 
600 x 8641 
54 


& 


sp oatevBalvie = = 960,000 in.-lb. 


Shear Stresses and Adhesion in Reinforced Con- 
crete Beams.—There has not been very much light shown up 
to the present on shearing stresses in reinforced concrete beams. 
From experimental work it may be taken as a general rule that. 
adopting a safe shear stress of 75 lb. per sq. in. a beam of ordinary 
span and percentage reinforcement will be satisfactory as far as 
vertical shear goes. 

The shear in the case of a reinforced concrete beam differs 
from that in the plate girder in the following respect. The plate 
girder has to be stiffened against buckling due to the compressive 
component of the shear, but in the reinforced beam we have to 
place bars, corresponding to the stiffeners, to take up the tensile 
component of the shear. 





Fig. 206.—Shear Reinforcement. 


Fig. 206 shows one way in which the shear stress is taken up : 
‘further examples are given in Figs. 209-214. 

LONGITUDINAL SHEAR AND ADHESION.—Consider two vertical 
‘Sections of a reinforced concrete beam made at points A, B, a short 
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distance x apart (Fig. 207). At the point a the total stresses due 
to the B.M. are C and T, while at 8 they are C’ and T’. 





Fig. 207.—Shear Stresses in Reinforced Beams 
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S being the shearing force over the portion a xB; it being remem- 
bered that x is small, and that therefore 
g — Ma- Mn 
x 
fe Cie , i i : 
but nae equal to the difference in the pull in the reinforce- 
ment for a unit length of the beam, and this is the force that 
tends to pull the reinforcement out of the concrete ; or, in other 
words, 
T -T ‘ : 
apes: Ce adhesive force per unit length of beam. 
Now let / = safe adhesive stress, and o the total perimeter 
of the reinforcement. 
Then /. 0 = safe adhesive force per unit strength. 
z.¢., S must not be greater than 7.0. a. 
Now take the example worked on p. 451. 
If the reinforcement consists of two round bars, 0 = 8°63, 


4560 


a was 8°31, S was eae, 2280. 
oh = ETT = 31'9 lb. per sq. in. 


This is well within safe limits. 


REINFORCED CONCRETE COLUMNS. 


Short Columns Centrally Loaded..—We have shown on 
p. 442 that the safe load in a column in which buckling is negli- 
gible (the length being less than 15 times the least diameter) is 
Wy Wc CANA Mieta t772 Ae) us slalenase diane Sint ern oc (25) 
Cross-binding of Reinforcement.—In addition to the 
longitudinal reinforcement, some form of binding is necessary to 
keep the bars at the requisite distance apart. This is due to the 
following reason :— 
Suppose that a reinforced column with bars a8, cp, Fig. 208, 
be compressed; then, quite apart from any buckling of the whole 
column, the column will bulge out somewhat as shown, and 


: i : L 
the reinforcing bars will buckle because the value of Zo the 
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buckling factor for them will be large. If we bind the reinforcing 
bars together, as shown diagrammatically, so that they cannot 
buckle, the column will not bulge to anything like the same ex- 
tent, and so will be considerably strengthened. From a large 
number of experiments M. Consideére finds that the best results 





Fig. 208.—Reinforced-concrete Columns. 


are obtained when spiral coils are placed round the reinforcing 
bars at distances apart equal to + to ;'5 of the diameter of the coil. 
M. Consideére suggests the following allowance for the coils in 
the strength of the column :— 
Let Aj, be the equivalent area of longitudinal reinforcement 
volume of metal in coils 


of the spiral coils (ze, Ay, = ) 
E gin length of column 


Then safe load = ¢ (A, +: Ag + 2°47 Ah) ceccccccesoeens (26) 
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This recommendation is not, however, adopted in the R.I.B.A. 
Report. 

Long Columns Centrally Loaded.—There has not been 
very much work done on long reinforced concrete columns. 

Some authorities use la formula applied to the homo- 
geneous section: 


) Sate stress = 5, = a (see p. 337); 


¢ being the buckling factor. In obtaining ¢ the radius of gyration 
of the equivalent homogeneous section (see p. 80) is used, 


I 
Cougs 


wince Avie) ACS 7A 
I = equivalent second moment 
= I’ + (m — 1) A, ? for section shown in Fig. 208. 
I’ being the moment of the section apart from the reinforcement, 


te 2 + (m — 1) A, 7? for circle | 


64 
b 7B cet. Wem iradatieaanc (27); 
rae + (m — 1) A, 7 for rectangle| 


’ 


Then safe load = f, x (Ac + ™ As) 
Rankine’s formula can also be used in the form 
400* 


h= IMRAN A sVictnte des ela or eee (28): 


se 8000 


The value of c in terms of L and & for various methods of 
fixing the ends is given on p. 341. 

Combined Direct Stress and Bending in Reinforced 
Concrete.—Let the line of pressure in a reinforced concrete: 
structure cut the section at a distance of z from the equivalent 
centroid, the normal thrust being Q. Then the direct stress is. 


2 and the B.M. is Q.z. 4 
Now let A = equivalent homogeneous area 
t= a a second moment 
let x = distance from equivalent centroid to compression edge- 
oe ” ” ” ” ,, tension ” 


* 500 should be used if 600 is used for bending. 
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‘Then combined Seas stress in concrete 


Ou AMe/ar ae) 
= f, Q = ( Rah aa Peay ee bt A 
Sc = TaRganicr =O ( 7 ec (29) 
Combined tensile stress in concrete 
hoe 1 
i Q( a x) Be Ga ae We a (30) 


A good many authorities prefer for structures such as arches, 
dams, retaining walls, chimneys, &c., to work by the above method, 
which is equivalent to the first method of calculating stresses in 
beams (p. 444). 

For safe stresses f, and f. may be taken as 600 and 60 |b. 
per sq. in. respectively. 

The values of I may be taken’ as given in equation (27) for 
squares and rectangles. ‘ 

In other respects the calculation of the stability of reinforced 
concrete arches, dams, i tae walls, chimneys, &c., is the same 
as previously given. 

If the above tensile stress is exceeded, the above formule are 
not applicable and a much more troublesome treatment is 
necessary. ‘This is outlined in the author’s Llements of Reinforced 
Concrete Construction (Scott, Greenwood & Son, London). 
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EXAMPLES OF SOME LEADING SYSTEMS OF 
REINFORCED CONCRETE CONSTRUCTION. 


Although our present scope prevents our dealing with the 
many practical problems involved in reinforced concrete construc- 
tion, we will give a very brief account of some of the leading 
systems to give some idea of this form of construction. 





Fig. 209.—Hennebique System. 


Hennebique System.—This system, which was one of the 
first to be introduced into this country on a large scale, was in- 
vented in 1892 by M. Frangois Hennebique, a Belgian engineer, 
and was largely extended by the late Mr. L. G. Mouchel. 

Fig. 209 shows the application to beams and floor slabs. 
Round bars are used, some of the bars being extended upwards at 
the supports to take the reversed bending moment. ‘The stirrups 
which are designed to take the shear form the crux of the system, 
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and are placed closer together at the ends of the span where the 
shear is greatest. 
Coignet System.—This system is illustrated in Figs. 210. 
to 211, and was invented by M. Edward Coignet, who was one 
of the first to publish investigations of the theoretical principles of 
the subject. In this system also round bars are used, and in the 
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Fig. 210.—Coignet System. 


-main beams reinforcement is placed also on the compression side. 
This enables the skeleton construction to be first made and then 
transported, and also enables the main beams to be formed first 
and afterwards hoisted in place and the floor slabs then cast. 
Fig. 210a shows this clearly. Holes are left in the beams by 
means of which the wooden centering is supported. ‘The stirrups 
in this system are of round bars ;%;in. to in. in diameter, the 
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10b.—Coignet Footing. 
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Pig. 211.—Plan of Coignet Footing. 
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ends being twisted or bent over the top bar; they are fixed by 
annealed wire to the principal bars. 

Figs. 2108, 211, show a column footing designed according to 
this system. 
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Vig. 21la.— British Reinforced Concrete Engineering 
Company's System. 
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British Reinforced Concrete Engineering Co., Ltd., . 
System.—A column and main beam according to this system 
are shown in Fig. 2rra@. Round bars are used for the reinforce- 
ment and the shear members consist of small bars at 45° twisted 
round the main bars so as to grip them tightly, the ends being 
turned horizontally. The spiral reinforcement for the columns is 
bent round the vertical bars as shown, and is extended into the 
concrete core. 

Kahn Trussed Bar System.—lIn this system a reinforcing 
bar of peculiar shape, shown in Fig. 212, is used. ‘The bar con- 





Fig. 212,.—Kahn System, 


sists‘ of a diamond section core with two ‘wings’ which are slit 
longitudinally at intervals and bent up at 45° into stirrups, thus 
forming the shear members out of the one solid bar. The makers 
of this system contend that the shear reinforcement should be 
solidly fixed to the main reinforcement, and tests made of floor 
slabs with this system compared with those without such solid fixing 
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seem to indicate that their contention is correct.. ‘The arrange- 
ment of the bar is very ingenious; at the centre of the beam, 
where the bending moment is greatest, the ‘ wings’ are kept solid 
with the core, thus giving a greater area of reinforcement. 
In columns, as shown, the bent stirrups are used to reinforce 
the core or centre of the column, and to prevent lateral 
bulging. 

Indented Bar System.—-According to this system rolled 
indented bars of the peculiar section shown in Fig 213 are used, 





Krig. 213.—-Indented Bar. 


These bars form a mechanical key bond with the concrete and 
thus greatly increases the adhesion between steel and concrete. 
From some tests of beams reinforced according to this system, 


‘ganeet ‘ss 
3 wirtirer dy 
2 : x 
oer ‘ 





Fig. 214.—Indented Bar System. 


which the author has seen, this key bond seems to be very effectual ; 
in testing to destruction the concrete split longitudinally approxi- 
mately along the line of reinforcement, and the impression of 
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the indented bar in the portion which split off was perfect, thus. 
showing that no slipping had occurred. : 

As shown in Fig. 214, some of the bars are bent up at 45° 
towards the end of the beam to take shear stresses. ‘This is very 
satisfactory because no metal is wasted and the length of the 
sloping bars is quite independent of the spacing, and there is a 
solid connection between shear and main reinforcement. 

Further examples of reinforced concreté constructions used in 
conjunction with ordinary steel work to form fireproof flooring, 
&c., are given in Chapter XVI. 

In the above treatment we have not attempted to deal with 
the many practical considerations such ag centering, moulds, laying, 
&c., which must be gone into before a full grasp of the subject 
can be obtained. ‘The above is intended as an introductory treat- 
ment to give general ideas, and to make the theory as clear as 
possible; for further information the reader should consult the 
current periodical literature dealing with it and the leading treatises, 
among which may be mentioned Marsh & Dunn’s Reinforced Con- 
crete (Constable & Co., London), Faber & Bowie’s Reinforced 
Concrete Design (Arnold, London), Buel & Hill’s Recnforced 
Concrete Construction (Constable & Co., London); and Alban H. 
Scott’s Reinforced Concrete in Practice (Scott, Greenwood & Son, 
London) ; also the smaller book by the present author referred 
to on p. 462. 


CHAPTER XVI. 


DESIGN OF STEELWORK FOR BUILDINGS, &c. 


Introductory.—In recent years the increase in the sizes and 
weights carried by buildings has led to the adoption of a building 
which is practically a steel framework encased with masonry. The 
design of such buildings has been carried out to a further extent 
in America than in this country, where the building regulations 
have considerably hindered their development; but although we 
have not in this country any steel-skeleton buildings of the 
magnitude of the American ones, steelwork now bears a very 
important part in buildings of appreciable size. 

The steel skeleton of a building should be designed so as to 
safely carry the loads on the building, independently of the brick- 
work, the thickness of which will depend on the regulations of the 
local authorities. 

Choice of Sizes and Shapes of Sections,—As we have 
pointed out in Chapter II., the better of two designs of equal 
strength is the one that cos¢s less—not necessarily the one which 
has less material in it. Now the cost depends principally on the 
weight of materials, the cost of workmanship, including facility of 
erection, and on the facility of obtaining the materials required. 
It is much more costly to buy a few lengths of a number of 
differently-sized sections than a number of lengths of the same 
section, and it is much less expensive to purchase a section that is 
practically always kept in stock than one which, although listed, 
will have to be specially rolled and thus supplied with considerable 
delay. Thus we should endeavour as far as possible in our designs 
to use sections which can be supplied with little or no delay, and 
to use the same section for as many parts as is reasonably 
possible. 

Ultra-practical men often cast doubts on the practical value of 
science, and base such doubts on the assumption that it is said to 
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be scientific to design, say, a small roof truss with every bar of a 
different section, the sizes being worked out to a thirty-second of. 
an inch. It is not the science of designing which is at fault 
in such a case, but the designer who has only grasped one part of 
the science, and is lacking in that extremely valuable quantity, 
common-sense. ; ; 

In special cases, such as in bridges of very large span where 
the dead weight of the structure is probably more than the loads 
to be carried, sections should be worked very close, but in most 
cases it is cheaper to use sections in common use. 

As an example the following sizes can be taken as com- 
paratively easily obtainable :— 

T Sections.—All standard sections (given in appendix), but 

Fiqual |, Sections,—All standard sections (given in appendix), 

but 8” x 8", 4h" « 4h”. 

Unequal |_ Sections. —6" X 4’, 6 X 3h, °5° xX 4, 5 x 3°, 

4°X 3’, 3 x2. 

Channel Sections.—15" x 4°, .12" x 34" x 32°88 Ib., 10” x 34”, 

D Kg Gy OV Be FX 8) 5 On Mote 

Z Sections are not very much used, but their demand is 

increasing. 

Hat Bars.—Even inch widths up to 16”. 

It must be borne in mind that the above figures are given as a 
guide only, and it must not be inferred that makers necessarily 
will not have other sizes in stock. 

Length of Sections.—It is customary for the makers to 
charge extra for sections beyond certain lengths. ‘The following 
may be taken as average values of the limiting lengths :— 


FOR BARS Vr ees ee ANE OREO MOOI, 
Angles and T’s TONES R De BAL ae AGO. so, 
I Beams and Channels... 39 5, 35 » 
Mah Oe ; .. 35 ft. up to about 3 ft. wide. 


Thickness of Plates,—The most common thicknesses 
are 3”, 4”, and 8”, and where a thickness greater than this is 
required it is usually obtatied by riveting together two plates, 


but for web plates }” and {” are not infrequently used. ‘Thick- 
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nesses in odd thirty-seconds of an inch are usually avoided: 
because they cause confusion in erection. 

Finish of Steelwork.—It is quite commonly specified that 
the edges of flange plates shall be planed, but it is often better 
really to use flat bars instead of planed plates because the planing 
takes a good deal of time and often causes congestion in the work- 
shop, and, moreover, the skin on the rolled bars keeps off: 
oxidation better. If, as is often the case, the edges will not be 
seen when the structure is finished, there appears to be no need 
for such planing, but of course this does not apply to portions 
of plates and other sections which require to have a true bearing 
surface and must therefore be planed. 

Loads on Buildings. Drap Loaps.—These consist: of 
the actual weight of walls, floors, tanks, and all permanent con- 
struction, and should be obtained as nearly as possible from 
the rough plans. 

Live Loaps.—These may be designed for as follows, the 
figures being given as equivalent dead loads per sq. ft. of floor 
space. 


Dwelling-houses, hotels, &c. ... ... 60to golb. per sq. ft. 
Office buildings ess teased is iSousyeraos is 
Theatres vehurehessG2cices Gi /aniiny a LOO nA Ole ‘ 
Drill-halls and ball-rooms a Sa MAC geno OMe e 
Stores, warehouses, and light factories... 100 ,, 300 ,, 3 
‘Heavy workshops ... .. eats pes SAGO ue oeass 
Load distributed from toes wer) pass gO lbaperisg,, ft. 


Where a warehouse is for the storing of a definite cubic capacity 
of a special material such as grain, a special calculation should be 
made for the actual weight of it. 

An American authority, Mr. C. C. Schneider, suggests also 
that in addition to the equivalent live loads, some provision should 
be made for isolated loads such as safes, and thus specifies that 
not only should the floor support uniform loads, obtained from 
some table such as given above, but every main floor-beam should 
be capable of sustaining an isolated load of 5000 lb. ; this is not 
to be taken as an additional load, but the beam is to be designed 
for whichever gives the maximum bending moment. 
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The actual weights on three large office buildings in America 
were measured, and the maximum came at 4o’2 lb. per sq. ft. 
Allowing for the fact that a considerable amount of this is a live 
load, our figure for the equivalent dead load appears to be quite 
satisfactory. 

In designing the columns or stanchions for buildings of more 
than two stories high, it is common to reduce the live loads as 
follows :—For roof and top story live load to be calculated in 
full; for next lower story 5/ reduction on live load; for 
next lower story 10 reduction, and so on until 50/ reduction 
has been obtained, this reduction never being exceeded. 

Columns, Caps, and Bases.—The working stresses for 
columns or stanchions are obtained as indicated in Chapter XII 
In making such calculations the following points should be kept 
in mind, 

(a) When the column carries a girder on one side only, or 
where the loads distributed from the girders on the two sides 
of the column are unequal, allowance should be made for the 
eccentricity of the load. 

(6) Corner columns, #.e., columns at the corners of buildings 
which carry girders in two directions at right angles only should 
be designed for eccentric loads. 

(¢) Columns which carry girders on each side on which 
traveller cranes run (see Fig. 208) should be designed for the 
case when only one crane is over the column. In such columns 
it should be remembered that if the traveller is braked suddenly 
it will cause a horizontal dragging force on the column. This 
dragging force may be taken as not more than ‘2 of the weight of 
the traveller, together with one-eighth of weight carried. The 
dragging force for the crab moving transversely is often taken as 
one-half of the above. 

(d) The end of a column can only be taken as fixed if it is 
fixed in two planes. Where it is fixed in one plane only as in 
the case of the columns supporting a gantry girder, it should be 
taken as fixed in direction but not in position, as shown in 
Case 5, p. 340. 

SEcTions or ‘CoLumNns.—Built-up sections are used in most 
cases for mild-steel columns, especially for workshops, although 
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solid circular sections are used in some cases, and some 
authorities advocate their use; they are certainly useful when it 
is desirable to keep the outside dimensions of the columns as 
small as possible, as in the supporting of galleries in theatres. 
In recent practice, however, columns are avoided altogether under 
galleries by means of ‘raking’ beams and cantilevers, passing 
through or over main girders arranged across the building or 
across the corners. 

Apart from questions of facility of delivery and of workman- 
ship, the best section is that which for the same area of cross 
section has the greatest radius of gyration. It is very important 
to keep this in mind in designing. 

It is commonly specified that no steel column shall have an 
unsupported length greater than 160 times its least radius of 
gyration, and no cast-iron column shall have an unsupported 
length greater than 80 times the least radius of gyration. 

CoLumNn Sprices.—When it is necessary to splice a column, 
the area of the splicing plates and their disposition should be 
such that they are at least as strong as the section if imagined 
unspliced. ‘The number of rivets should be such that the rivets 
will carry the load. Such splices should occur at or near the 
level of a girder. 

CoLumNn Caps AND Basrs.—The sizes of column caps depend 
on the size and form of the girders which they have to support. 
The number of rivets should be sufficient to safely carry the load 
from the girders to the columns. ‘The size of the caps should be 
as small as possible to prevent eccentricity of loading. Figs. 215 
(a) and (4) show typical examples of caps and bases for solid 
round and built-up sections. In the solid round sections the 
caps and bases are shrunk on, and intermediate connections are 
obtained by the aid of special castings or by means of steel plate 
clamps secured round the column, and fixed by pins or bolts. 

The sizes of bases depend on the safe pressure for the pier or 
foundation to which they are fixed, or on which they rest. Safe 
pressures are given later. 

In general practice the width of the base a vary from 2 to 3 
times the width of the column, and the height of the gusset plates 
from 14 to 3 times the width of the column. 
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Fig. 215.— Column, Caps, and Bases. 


In no case should the overhang of the base plate be so great 
that the overhanging portion, treated as a cantilever with a 
uniform load equal to the upward pressure on it, has a shear 
Stress greater than 5 tons per sq. in., or a tensile stress greater 
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than 7 tons per sq. in. Some authorities adopt the rule that the 
plate shall not project more than 8 times its thickness. 

The number of rivets connecting the base plate to the column 
should be sufficient to carry the total load (see Example, p. 99). 

Cast-iron bases are sometimes used under the steel bases to. 
avoid very large size of the latter. Such bases should have a 
height equal to 4 to 4 of the greatest width, and a minimum. 
thickness of metal equal to 1 inch. 
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Fig. 218.—Colwmn for Workshop. 








Fig, 216.— Broad Flange Beams and Connections with Column. 
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Examples of Columns from Practice.—Figs. 216-220 
show examples of columns from practice, a perusal of which 
should make clear many points in the construction. 
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Fig. 219.—Cohumn for Workshop. 


Fig. 216 shows a typical cleated connection between columns 
and girders built up of ‘ broad-flange beams,’ full particulars of 
which are given in an excellent handbook published by Messrs. 
H. J. Skelton & Co.* 


* Wandbook No. 10, Structural Steel, H. J. Skelton & Co., 71 Finsbury 
Pavement, F.C. 
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Fig. 217 shows steelwork for the Westminster Trust building, 
the steelwork being supplied by Messrs. Redpath, Brown, & Co., 
and Kleine Fireproof Floors being used. 

Fig. 217a shows a typical view of column connection at the 
Ritz Hotel, London, taken during erection. 

Figs. 218, 219 show typical columns for use in factories, a 
typical section of which is shown is Fig. 220. The right-hand 


side is specially designed with a view to possible extension at a 
later date. 
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Trig. 220.—Typical Section through Workshop. 


Foundations for Columns.—Very great care is required 
in the design of the foundations for columns and stanchions 
because the stability of the whole structure depends on the 
foundations, and so low stresses are used for foundations. 

The foundations should always be designed so that the 
settlement is uniform, z.¢., the same working pressure per sq, ft. 
should be used for all the column foundations of one building. 

Safe Pressures on Foundations.—The following figures 
may be taken for the safe pressures on foundations in design, 
In an important case where no information can be obtained as to 
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Fig. 217a—Steelwork for Ritz Hotel. 
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the bearing value of the soil in the vicinity, the maximum bearing 
pressure of the earth should be found by loading cylinders. A 
factor of safety of at least two should be allowed on such 
maximum pressures. 


SOILS.— j 
Made ground... ae wae ... % ton per sq. ft. 
Soft clay Wate 3 44 
Hard clay or loam PEN WO) by f 
Dry, compact sand 21 BOs Ia, 
Dry, coarse gravel TN aa 5 
Soft, friable rock Buspea ants ai 
Ordinary rock ST nent Geek 3 
Hard, compact rock ... Mal isor sol 2 Hi 
Piers AND ‘TEMPLATES.— 
Tons per sq. ft. Pounds per sq. in. 
Granite ie Nap ahs 35 site 550 
Icimestone 7... se 15 say 250 
Sandstone or Vorisiene 20 ial 300 
Cement concrete, best (1 to vy 15 ae) 250 
my iA yy Mente} (6) 10 ts 160 
Lime concrete (1 to 6) BitOw Aa) Win! SOMPORUO 
Brickwork in cement... NU SRO aras era ae jee eh 2 Ol ae O. 
Rubble masonry in cement ... 10 ds 160 


Where the loads transmitted are not too large, the column 
bases may rest on concrete blocks, as indicated in Fig. 220, the 
area of which is determined from the safe pressure on the soil. 
The thickness or depth of the concrete should not be less than 
twice the projection of the block from the base plate of the 
stanchion, the minimum thickness being 12 inches. 

The bottom of the foundation should be sufficiently deep to 
be beyond the influence of frost, &c., 3 feet being generally taken 
as satisfactory in this country. 

The base plate of the stanchion is fixed to the concrete block 
by means of long bolts with large washers at the ends. Square 
tapered holes are left in the block of sufficient size to insert the 
washer, the holes being grouted with cement after the bolts are 
inserted. This allows some play in fixing the columns. 
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Brick Piers.—Brick piers are sometimes used when the 
weight is considerable and the foundation requires to be con- 
tinued down to a considerable depth. Fig. 221 shows such a 
pier. 











Engineering. 


Fig. 221—Brick Pier Foundation. 


The following rules may be taken for such piers :— 


(1) The brick footings should project 2} ins. on each course, 
or shall have a batten of 1 in 2. 

(2) The concrete should be not less than r2 ins. thick, or less 
than twice the projection of the concrete over the brickwork. 

(3) The thickness of the stone cap or template should be not 
less than one-fourth of the length of its side, or less than 
14 times the projection from the base plate. 


NUMERICAL ExampLE.— Suppose that the load to be transmitted 
28 100 fons, 


Then, adopting a safe pressure of 2 tons per sq. ft., we have area 
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100 het 
of base = —— = 50 sq. ft., say 7 ft. square. If it is a Yorkstone cap, 


2 
area of stanchion } late = 222) = esq. f 2' 3” squar 
area of s base plate =~ = 5 sq. ft., say 2' 3” square, 
Adopting to tons per sq. ft. for the brickwork in cement, we have 
Too Se, 
area of cap = 10 = 10 $4: ft., say 3’ 3” square. If we adopt 6 courses 


of brickwork, the base will be 3' 3 + 2(6 x 2}) = 3’ 3” + 2’ 3” = 5’ 6”, 
then a concrete base 7 ft. square and 18” deep will be satisfactory, the 
the projection in this case being 9”. 


Grillage Foundations.—This form of foundation is used 
for heavy loads on soils which will not bear heavy pressures, and 
where it is desirable to avoid great depth of excavation, especially 
in cases where a thin and compact stratum overlies one of more 
yielding nature. It was first used in America, and consists of two 
or more layers of I beams, or sometimes rails placed across each 
other, the space between the joists being well rammed with con- 
crete. Fig. 222 shows a grillage designed for a load of 200 
tons. Such grillages are designed according to the following 
ruless—— x 

Maximum spacing of beams 18” centre line to centre line. 

Minimum x » 3° between flanges to allow suffi- 
cient room for ramming concrete. 

Cast-iron separators to be placed 4’ to 5’ apart. 





The beams are designed by obtaining the bending moment in 
the following manner :— 

Let I. be the length of the beams in any layer, and let 7 be 
their number and P the total load transmitted by the column, and 
let y be the amount of overhang. 

Then, treating the overhanging ends as cantilevers subjected 
to an upward uniform load, we have 

4 
New 22a Se 
2 WAG Oe 
2 will have been previously decided upon from the rules given 
above. 

In designing these grillage beams it must be especially remem- 

bered that for short spans shear is relatively more important, and 
a 
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Fig. 222.—Grillage Foundation. 
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so care should be taken to see that the shearing force is not too: 
large or the web may buckle. 

For very heavy loads cast-iron bases are placed between the 
steel base and the grillage. 

COMBINED GRILLAGES.—Sometimes two or more columns are: 
supported upon the same grillage, this often saving room in one 
direction from the columns. In such a case the centre of gravity 
of the grillage must coincide with the centre of gravity of the 
loads or the pressure will not be uniform. 

Pile Foundations.—In some cases piles are driven into 
the ground oyer the whole foundation. The ends are cut off 





Pig. 223.—Pile, Foundation. 


level and embedded in cement, or covered with a timber raft. 
Fig. 223 shows such a foundation. 

The safe pressure on such piles depends on the driving of 
them, and many formule have been given. Among them are ; 
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(1) Major Saunders : 
Wh 
Ee ee: 
P = safe load on each pile 
W = weight of monkey used in driving 
A = fall fp in inches 
d = distance driven by last blow in inches, 
(2) Engineering News : 
Ba ies VV 
~ 6(d +1) 
Caisson Foundations are used for very heavy loads where 
a foundation on bed-rock is desired. In one form steel cylinders 
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Fig. 224,—Caisson loundation. 


Zin. thick, 6-ro ft. diameter, and in 3 ft. lengths, are pressed 
down to the bed-rock by weighting. ‘The first section is provided 
with a cutting edge, and water is pumped in to assist its move- 
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ment. ‘The central core is then excavated and filled with concrete 
‘or brick. Fig. 224 indicates such a foundation. 

Cantilever Foundations.—This form of foundation is 
used where it is inadvisable to undermine existing walls in adjoin- 
ing property, and where the exterior columns cannot be located on 
the centre of the wall or wall footings. Fig. 225 shows one form. 
of cantilever foundation. The exterior column is fixed to a canti- 
lever girder, to the other end of which is fixed an interior 
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Fig, 225,.—Cantilever Foundation. 


column. The girder abutment is then provided with a foundation 
as shown. 

Eccentric Loading in Foundations.—lIf the line of 
pressure or resultant thrust of the column does not come down 
the centre line of the foundation, allowance must be made for the | 
resultant inequality of pressure. This may be done exactly as 
described for masonry structures (see Chapter XIV.). 

Some very useful information on the design of foundations 
from American practice will be found in Freitag’s Architectural 
Lingineering (Wiley & Sons, New York). 

Transverse Bracing of Columns.—In order to give 
lateral stability of the steel skeleton against horizontal forces such 
as wind, bracing is often used in tall buildings. In ordinary. 
buildings, if the connecting beams are not too shallow, and if they 


486 The Theory and Design of Structures. 


are well secured to the columns, no such bracing is necessary, but 
in very tall buildings, where the area of ground plan is compara- 
tively small, such bracing is necessary. Such bracing is usually 
of one of the following kinds :—- 

(a) Sway Bracinc.—This consists of pin-jointed rods placed 
diagonally between the columns (Fig. 226), the whole thus acting 
as a vertical lattice cantilever. 





LW 





aes (b) | (c.) 


Fig. 226.—Transverse Bracing for Buildings. 


(4) KNEE BRACING, oR TRIANGULAR GussEr PLarEs.— These 
are as shown in the sketch, Fig. 226. The gusset plate may be 
looked upon as knee bracing with a solid web, The stresses in 
knee bracing can be obtained by moments as indicated on p. 315. 

(c) ArcH Porrats,—This is a very rigid form of construction, 
and is considerably more expensive than those previously men- 
tioned. An arch portal is fitted in every panel of the frame as 
indicated in the figure. 
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GIRDERS FOR BUILDINGS, 


The design of girders generally is dealt with in Chapter XVIII. 
In buildings the heavier girders are usually built up of channels 
or I beams and plates such as shown in Fig. 227, and the calcu- 
lations for such girders present-no difficulties. The moment of 
inertia of the section is found in inch units, as described on pp. 
86, 87, and from this the modulus of the section (Z) is readily 
obtained. Then we have: 





, Z 
Max. B.M. in ft. tons = 7”, 
12 
7 being the safe working static stress for mild steel in tons per 
sq. in., and the r2 being used because the B.M. is in ft. tons. 


EY 





Fig. 227. 


‘If the load is uniformly distributed and equal to W tons and 
the span is L feet, 


Max. B.M. = “ 
8 
OW a ee 
Sans 12 
i 8 wh 
14 


This gives the necessary modulus of a section in inch units to 
carry a uniform load of W tons on a span of L feet. 

Most makers’ section books publish the moduli and safe loads 
for different spans of various built-up girders, 
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Depth of Girders and Deflection. —The depths of girders 
for buildings should be such that the deflection does not exceed 
ss in. per ft. of span or 359 Span. 

For a uniform load we have proved (p. 205) that 


SoS et 
é Porat banmgenpcces pines (1) 
M d ss a eAt: 
Now the stress f = a where d is the half depth, assuming 
the girder to be symmetrical 
yf ne “ where D is the total depth ...... (2) 
2 
AndM = ©) 
8 f 
eae al gt 
f= SEE iret ibetreteeenete ee senete nes (3) 
ere 1) 
MO east 
oS ia. 
24. E.D 
Taking f = 7 tons per sq. in.; E = 13,000, and measuring 


L in feet and D in inches, this gives the deflection in inches. 
ile Holts Ibe 
6 aap SaRRREEREEEies? ae a (4) 

The common rule is that if the depth is not less than 5 span, 
the deflection wiil not be excessive. If this value be put in equa- 
tion (4), remembering that D is in inches, we get 6 = ‘0267 L, or 
bringing the deflection to feet 6 = ‘ooz2 L; this is less than 4}5 
span, and so the rule is satisfactory. 

Fixing of Ends of Girders.—Although the girders are 
connected to the columns by means of cleat connections, tables, 
&c., for which are given on pp. 102—104, such connections are not 
sufficient for the beams to be designed as for fixed ends. A note 
on this is to be found on p. 243. Such cleated connections will 
tend to lessen the deflection, and the deflection will be somewhere 
between Se andy 

384 EI 384 ET 

Camber.—An upward initial deflection or camber is usually 
given to girders to prevent the deflected appearance when deflected. 
Such camber may be taken as 4 in. for every ro ft. of span. 
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Separators for Compound I Girders.—Where two or 
more I beams are placed side by side to form a compound girder, 
cast-iron separators are placed at every 4 or 5 ft., and where 





Fig. 228.—Cast-iron Separator for Girders. 


isolated loads occur; such separators are usually of the form 
shown in Fig. 228, while for beams less than 6 ins. high, distance 
pieces of 1” gas tubing may be used instead. 

Girders Let into Walls.—When girders are let into walls 
and act as bressummers such as over a shop front, it is common 
to allow the bonding in the brickwork to take some of the load, 
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Fig. 229.—Girders Supporting Brickwork. 


and for the girder to be assumed to carry the weight of brickwork 
enclosed in an equilateral triangle with the span as base. Where 
windows occur the triangle is drawn out as indicated in Fig. 229. 
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Girders for Workshops and Factories. —Fig. 230 
shows details of girder work for a workshop gallery. ‘The gallery - 
is 170 ft. long and 20 ft. wide, and is carried by six columns and a 
line of 16 in. by 6 in. rolled I beams extend from column to column 
the full length of the shop. At each column there is a similar 
beam running at right angles, of which one end is supported by the 
column and the other end built into the wall. ‘The flooring joists 
are carried on these beams, and on intermediate beams supported 
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(Engineering Review.) 
Fig. 231.—Gantry Girder. 


by the longitudinals, the beams being at different levels to save 
notching of the joists. On each joist a wooden sleeper, 4} in. by 
3 in. is fixed by means of coach screws through holes in the top 
flanges, arranged zig-zag about 3 ft. apart, and 3 in. flooring boards 
are nailed to these sleepers. 

Fig. 231 shows a gantry girder, designed to carry a 45-ton 
traveller over a span of 22 ft. between centre of columns. ‘The 
girder is of box section, the webs being 7 in. thick, and placed 
about 64 in. apart, the depth of the girder is 5 ins., and the flange 
plates are } im thick, sins. x 3ins. x gin; T stiffeners being 
placed about 4 ft. 3 ins. apart. 

Fig. 232 showsa gantry girder made of an I. beam trussed by 
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Fig. 232.—Trussed Gantry Girder, 
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round rods connected to flat iron struts, the rods having consider- 
able spread under the middle of the beam to prevent lateral 
vibration. Such girders may be used for comparatively’ large 
spans with light loads. 

Gantry girders should be designed so as to carry the horizontal 
force due to braking of the cranes in cross travel. 

Roof girders are provided to carry the roof trusses between 
the main columns; such girders should be placed between the 
columns and not on top of them. 


FIREPROOF CONSTRUCTION. 


A very good paper on the fire-resisting qualities of materials 
will be found by Webster, in Vol. CV. Proc. Inst. C.E. 

STEELWORK, when unprotected, gets twisted up hopelessly in 
a fire, the secondary stresses causing the distortion when the steel 
gets into a comparatively plastic condition. 

BRICKWORK resists fire and quenching much better than stone, 
which crumbles away, due to the combined effect of fire and 
water, 

‘TBRRA-COTTA is a very good fire-resisting material, and is used 
largely in America, but its price is almost prohibitive for ordinary 
work. 

CONCRETE is a very good fire-resisting material, especially 
when reinforced with steel, and the ease with which it can be 
worked makes it a very useful material for encasing steelwork. 

Coke breeze concrete is used by many authorities on account 
of its not cracking so readily, the objection that it forms a means 
of conflagration not apparently being a serious one in practice, 


Fireproof Floors. —‘The following are some of the leading 
fireproof flooor systems used in this country. They are to be dis- 
tinguished from reinforced concrete systems proper (see pp. 463- 
469), from the fact that they form only-slabs between the beams, 
and the whole structure is not calculated as a monolithic one in 
which the steel and conctete play their respective parts. 

ExpaNDED Mera, Syst—eM.—Expanded metal is made from 
sheets of rolled steel of various thicknesses, and is slit in staggered 
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Fig. 233.—Haepanded Metal Fireproofing Construction. 
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fashion and distended, the resulting ‘ expanded metal’ resembling 
trellice work. It has, owing to its form, a very good bond with 
concrete, and is used as a reinforcement or skeleton for the 
concrete in fireproofing work. Fig. 233 shows the application 
of this system to some cases. Expanded metal may also be 
used as the reinforcement in reinforced concrete proper, but it 
is usually used in connection with ordinary steelwork to form 
floors, &c. 


Homan and Ropcrrs’ Hottow Brick Froor.—In this 
floor, which has the same advantage as the one below in requiring 
no centering, hollow fire-clay bricks of the triangular section 
shown in Fig. 234 are supported on the lower flanges of I floor 
beams. Concrete is then filled in as shown, and is covered 
with wood blocks or asphalte. ‘The same firm also use a very 
economical fireproof floor consisting of concrete, in the lower 
portion of which special bars of T section with corrugated webs 
are embedded. 





REINFORCEMEN 


VIEW SHOWING SECTION OF FLOOR 


Fig. 235a.—Siegwart Fireproof Floor. 


Simcwart Fireeroor FLoor.—This floor consists of hollow 
beams of concrete reinforced with steel rods. ‘They are cast 
separately and delivered to the site, where they are hoisted and 
placed side by side on the supporting walls or steelwork as shown 
in Figs. 235 and 235a, the joints then being grouted. This 
type of floor requires no centering, and saves delay in the work 
for setting of the concrete. 
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KLerE System.—According to this system, hollow terra-cotta 
blocks or solid bricks are placed between the main beams with 
weinforcement of steel bands embedded in the mortar, as shown in 
‘Fig. 236. In the form shown, ballast concrete is deposited upon 
‘the bricks, which are placed alternately flat and on edge. In this 
‘system the centering is simple, and can be removed after a 
few days, the brick soffit then being ready for immediate 
plastering. 

In addition to the above special systems, fireproof floors are 
often constructed with small I cross beams placed at about 
1 6” to 3’ 0” centres between main beams, and concrete then 
rammed between them. ‘This is apt to be expensive, however, 
because the steel is used in compression as well as in tension, 
"T bars being better in this respect for the cross beams. <A very 
old but very good construction for heavy floors is obtained by 
placing the main beams at 6 to ro ft. centres, and making a con- 
crete arch between them similar to the ‘jack-arch’ shown in 
Fig. 255. 


a 


CHAPTER XVII. 


DESIGN OF ROOFS. 


We have seen in the previous chapters, in particular Chap. 
XI., how the stresses in roof trusses are obtained. Assuming 
that the stresses are known, the necessary scantlings or sizes of 
the members are easily obtained ; the ties being given such area 
that the net area times the working stress is equal to the total 
stress carried, and the struts being given such area that the area 
times the working stress obtained from buckling formule. is equal 
to the total stress carried. ‘The net area in the case of ties is the 
area of the bar minus the area of the rivets in it, 

Care should be taken in the design of roofs that the centre 
line of the actual sections adopted agrees as far as possible with 
the frame diagram for which the stresses were obtained, and that 
that there are no eccentric stresses. 

Eye and fork ends were formerly used with round ties, but 
they are being superseded by flat ties with gusset plate connec- 
tions, such connections being considerably more economical, as 
they require no smith’s work. As we have already pointed out in 
Chap. XVI. as many bars as reasonably possible should be of 
the same section. 


Weights of Roof Coverings. Ib. per sq. ft. 
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WEIGHT OF SNow may be taken as 4 to 5 lb. per sq: ft., but 
many authorities do not allow for this in this country on the 
assumption that snow and wind cannot act at the same time. 

Weicut or Roor Trusses.—The following formule have 
been given for the weights of roof trusses. 

Steel Trusses : 

Weight of truss = — tons per sq. ft. covered (Anglin). 


2,0 
= 5(: + tb. 45 » (Merriman). 
4 10, 


Sus {(Johnson, Bryan 
Seas eae: zy  \ and Turneare). 


Wood Trusses : 
ay S : 
I+ - ) lhoyinae Merriman). 
2 ( 10, 4 i ( ) 


For small spans up to 40 ft. it is common to design. roof 
trusses for an equivalent vertical load of 40 lb. per sq. ft. of 
ground plan covered, such load including the wind pressure. 

Types of Roof Trusses.—Fig. 237 shows the most common 
forms of roof trusses, and in Figs. 238-242 detail designs for some 
of such trusses are given. With regard to the names by which 
the trusses are known, the only reliable ones are really those 
descriptive of the construction, ¢g., right-angle strut, the other 
names not being used consistently. 

The queen-post truss shown is unsuitable for steelwork 
because it is ‘deficient.’ An additional diagonal bar in the centre 
bay is necessary for use in steelwork. 

The rise of the truss is usually from 4 to + of the span, and when 
the tie-rod is cambered, such camber is usually "5 to 7/5 of the span. 

In all the designs given, gusset plates and flats are used, there 

. being no fork and eye bars. 

The most common section for the rafter is T, or two angles 
back to back at a short distance apart. 

The constructions should be quite clear from the figures. 

Fig. 243 shows details of points of small trusses. 

A is a vety economica] form of shoe. , 

B is a connection between a tie bar and two diagonals. 

c is a gusseted joint between two portions of the tie bar and 
two diagonals. 
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ADD. AM 


25 fo 40. Spa 
Right Angle-Strat Truss. 


AN A Or 


40 lo 60’ Span. 
King Rod or Vertical Tie Truss. French Truss. 
Up fo 40 Shan Up le 40' Span 
Belgian Truss. Queen Post Truss. 
Mansard Truss. Crescenl Truss. 


, Fig. 237.—Types of Roof Trusses. 
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Fig. 238.—Steel King Rod Roof Truss for small Span. 
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Fig. 241.—Steel Saw-tooth Roof Trusses for Factory. 
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Fig. 242.—Steel Bowstring Roof Truss. 





B (Engineering Review.) 


Fig. 248. 
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Fig. 244 shows two forms of connection sometimes met with 
and open to objection; the second form because it is needlessly 
expensive and lacks rigidity, and the first because the strut is 
eccentrically loaded and also wears the thread off the tie. 
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Fig. 244. 


r 


‘Distance apart of Principals.—There is. no fixed rule 
for the distance apart of the principals or trusses. Up to 40 ft. 
span, 10 ft. is perhaps the commonest spacing, and beyond that 
one may say roughly one-fifth of the span. 

Arrangement of Purlins.—The purlins or transverse bars 
by means of which the roof covering is connected to the trusses 
are usually of Z section, or of two inverted angles back to back. 
Such purlins should always be connected to the rafter at the 
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nodes or joints, otherwise special allowance must be made for the 
local bending as described on p. 312. 

Fixing of Ends of Truss, — For ordinary spans the 
bearing or soleplate at the shoe or end of the truss is connected 
by foundation bolts to a stone template or padstone, or is bolted 
to the steel columns. 

At one end, slotted holes are often ‘ebviden for the bolts, to 
allow of movement, while for large spans roller bearings are 
provided similar to those used for bridges. The tendency is, 
however, to avoid roof trusses of large spans. 

Eye Bars for Roofs and other Structures.—As we 
have previously pointed out, pin-jointed eye bars are not much 
used in this country for bridge work, and for roof work they are 
going out of use. Such bars are, however, occasionally required, 
and so we will give a few rules as to their design. The general 
rules to adopt in design are to make the tensile strength across 
the eye at least equal to that across the section of the main bar, 
and to make the shearing and bearing strengths of the pin equal 
to the tensile strength of the bar. 

In America, where they haye had great experience in the 
design of eye bars, it is common to take the width of the bar six 
times the thickness. In eye bars it is common to take the 
bearing stress something less than for rivets, say 8 tons per sq. in. 
for steel, to allow for imperfect fitting. Suppose @ is the diameter 
of the pin, ¢ the thickness of the bar, and zw the widths 

Then for mild steel, 


Strength in tension Sy dds 
Anh ae Oriel ne iane eames (1) 
Strength of pin in double shear = 2 x °7854 x 5a? 
SOG Mne Nine aseenn teRneN ae (2) 
‘3 BS bearing =) SC Aags ereeneceaeatt wae (3) 


If (1) equals (2), 
Poly io Ne) [ae 
d = 2731 ¢ = °38 w, nearly. 
If (x) equals (3), 
Sidt = Ae t 
@ = 5°25 = 875 w, nearly. 


This would give the necessary value of d = ‘i Ww. 
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A large number of experiments have been made on eye bars 
for suspension bridge, ordinary bridge and roof work, Fig, 245 
showing the dimensions according to the following different 
authorities : (a) Berkley, (4) Shaler Smith (hammered), (c) Shaler 
Smith (hydraulic forged), (¢) Sir Charles Fox. 





Trig. “246. —Fork and Eye-bar Connection. 


For fork knuckle-joints for round bars, Unwin gives the 
dimensions given in Fig. 246. 

In designing pins for a large number of connections such as 
oceur in American truss bridges, the bending moments on the 
pins have also to be considered. For the allowance for the B.M, 
the reader may consult Bryan, Johnson, and Turneare’s AZodern 
Framed Structures (Wiley & Sons). 





Fig. 245.—Forms of Eye Bars. 
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Timber Roof Trusses.—The details as to the joints, &c., 
in timber roof trusses will be found in most text-books on 
Building Construction and on Carpentry. 

The following scantlings in inches for king-rod and queen- 
post trusses are given in AH/urst’s Handbook for roofs of northern 
pine, trusses ro ft. apart, } pitch, slate covering. 
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Collar Beam and Hammer Beam Roof Trusses.— 
These trusses are used largely in churches and public halls, and 
possess the advantage of good appearance, but the disadvantage of 
being unscientific in design, as the stresses in them cannot be 
exactly determined because the resistance or thrust offered by 
the wall is not known. 

In the collar beam truss, for which a design for a span of 
30 ft. at 45° pitch is shown in Fig. 247, there is no tie bar, the 
thrust being taken by the wall or by bending stresses in the 
rafter. This is not a perfect frame, and the stresses in it cannot 
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be found until the strength of the walls to resist thrust is known. 
If the walls are quite rigid, so that the resultant thrust is along 
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Fig. 247,—Collar Beam Truss. 


the rafter, then the collar beam is in compression, the stresses 
then being shown as at a, Fig. 248, 01 and o x’ giving the thrust 
on the walls. We have taken equal loading as being the most 





Fig. 248.—Collar Beam Truss. 


common in practice. If, however, the walls are not buttressed, 
and can offer no resistance to horizontal thrust, there will be a 
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bending moment on the rafter, and the collar beam will be in 
tension—Case (4). The stresses cannot in this case be easily 
found by the stress diagram. ‘The stress in the collar beam is 
obtained by the method of moments as follows: 

Take moments round A. : 

Stress in BD x 2 = (2w —- ‘5w)y— w.x 
(15.7 — x) w 
ae £ 

The thrust in the rafters will be the resolved component of 
the resultant force at ¢ or ¢ = 2w — ‘5m = 1°5 w, and the 
B.M. diagrams will be as shown, the maximum B.M. being 
15 wa. : 

The wall should be buttressed so as to take the thrust given 
in Case (a). It will be seen that the roof has to be designed 
sufficiently strongly in case the walls yield, and the latter should 
be designed so as to prevent their being thrust out. As shown 
in Fig. 247, a wooden arch rib is usually provided to take the’ 
B.M., and this may be strengthened by steel or iron plates at 
the point of maximum B.M., as shown for the hammer beam 
truss (Fig. 249). ‘The wind pressure stresses in this case are 
very troublesome to investigate. 

A similar truss with a steel arched tie is worked out in Fig. 150. 

In the ammer-beam truss, a design for a span of 34 ft. for 
which is shown in Fig. 249, there is also no tie bar, but it is 
practically a perfect truss, as shown in the frame diagram, 
the reciprocal figure for which is also shown. In this case the 
reactions have each been taken parallel to the resultant force. 
In practice there will be a thrust on the walls tending to bulge 
them outwards, and such thrust will lessen the stresses in the 
truss, but it is not generally satisfactory to allow for these 
diminished stresses in the design. ‘The maximum thrust which 
can come on the walls will in most cases be such as to make the 
resultant reactions come in the directions 8 a and 8k. 

In all cases where it is possible, a tie bar should be provided, 
because in such a case the stresses can be determined with much 
greater exactitude, and the scantlings can be made considerably 
lighter. 


Stress in BD = 


LL 


Trasses /2°O' abar/~ 
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49.—Hammer Beam Trusses. 
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CHAPTER XVIII. 
DESIGN OF BRIDGES AND GIRDERS. 


We will now consider the applications of the principles which 
«we have explained in previous chapters to the design of bridges 
and girders. Some practical notes on material sizes will be found 
on p. 469. ‘ 

Loads on Bridges.—(a) Drap Loaps..—These consist of 
the loads of the permanent structure, and consist of the weight of 
the steelwork itself, ballast, cement, sleepers, &c., and as much as 
possible of this should be calculated from the exact dimensions. 

The following figures may be used as a guide in design :— 


Jack arch flooring ... 250 1b. per sq. ft. 

‘Trough flooring TaN) 2560) GO mbes 

Roadway setts ... eae ZO BA 

Raise) oie antics reece) (OO COUS perrit.—pen line or rail, 
Ballast: \ascey gah veers tn) SDS LONs 2M ie, 4g iG 
GU eres stan cea | ben estrous Osa CONC LUG tan " Fi 


Sir Benjamin Baker gave the following figures for the dead 
joads of flooring and wind bracing in ewt. per ft. run for a double 
line. 





Dead Load in ewt. per ft. run 
Span in ft. a oaeete ane 


gutter Rath, } Pagel 
| 2 main girders | 3 main girders , 4 main girders 











10-100 14 12 | 10 
100-150 15 13 11 
150-200 16 14 12 
200-250 17 15 | 13 
250-300 18 | 16 | 14 
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WEIGHTS OF GrIRDERS.—In order to make an approximate 
allowance for the weights of the girders themselves, the following 
formule have been suggested :— 


(1) Onwin’s Formula. 


WV 
weight of girder per ft. run = F aa an 


W, 
where W = load to be carried in tons. 
7 = span in feet. 
7 = ratio of span to depth. 
s = working stress in tons per sq. in. 
¢ = a constant, which may be taken from 1200 to 1400 
for small plate girders, and 1700 to 1900 for truss 
bridges. 
(2) Anderson’s formula (for plate girders). 
1, = W 
500 
(3) Johnson, Lryan, and Turneare Formula (‘Modern Framed 
Structures’). 


ll 


span in ft. 


ll 


zw = weight of girders in lb. per ft. run. 
Deck plate girders—w = 9/ + 120 
» lattice , —w = 7/+ 200 
Through pin bridge—zw = 5 7 + 350 
‘The above figures are for single tracks. 


(6) Live Loaps.—As we have explained in Chapter VII, for 
railway bridges it is usual to find the equivalent rolling load for 4 
train rolling over a span. ‘The following table shows the figures 
used by one of our railway companies :— 


yas 
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Table showing the Uniformly Distributed Rolling Load on a Single 
Line of Railway adopted in calculating the Strength of the 
Main Girders of all Under Bridges. 


| 
i 
| 
| 
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In Vol. CLVIII. Proc. Znst.C.£., Professor Lilly gives a formula 
for the average results of the leading British Railway companies as 


mish 


Live load in tons per ft. run for a single line = ——2%—— 
span in ft. 


175 


5 ; ri 
or allowing for impact = ——*t*—— 4 1° 
5 I span in ft. 15 


Impacr ALLOWANCE.—We have in Chapter II. shown how 
the working stress may be obtained with an allowance for variation 
by the Launhardt-Weyrauch formula. This is used by the French 
Government, and so is also known as the French formula. 

In America, and recently in this country, it has become com- 
mon to use instead an impact formula. 

Waddell’s impact formula is 

ro 400 
L + 500 

Where L is the length in feet of that portion of the span which 
is covered by the live load when the maximum stress under con- 
sideration is produced, and I is the percentage by which the maxi- 
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Types of Bridges.—A Deck BrinGer is one in which the 
loads are transmitted to the upper flange or boom. 

A THrouGH BripGE is one in which the loads are trans- 
mitted to the lower flange or boom. 

EFFECTIVE Span of a bridge may be taken as the span 
between the centre of the bearings, the span between the edges of 
the bearings being termed the clear span. 

For spans up to 15 or 20 ft., it may be taken that beams of 
plain rolled sections are most suitable, and plate or box girders 
for spans of 15 to go ft.; beyond this, framed girders will 
generally be most suitable, suspension bridges, cantilever girder 
bridges, and arches being necessary for very large spans. 

*Economical Span.—lIn bridging a large span by a num- 
ber of smaller spans, the economical span, may be arrived at in 
the following manner (Zucy. Brit.) : 

Let P = cost of one pier. 
G = cost of main girders for one span erected. 
nz = number of small spans. 
Z = length of small spans. 


L = total span. 
tes ca 
l 
Then cost of piers = (z — 1) P 


Cost of main girders = x G, and G may be taken as pro- 
portional to the square of the span, so that 
(Cs GM 
+) otal cost =(C = (% — 1) P + nal? 
To get the minimum value of C we differentiate with respect 
to / and put it equal to Zero. 


e CMO ees 
Wir eed ‘ 
Now C = ("5 ‘\p + age 
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Pome) 


or P= ae. = G. 


*. The most economical condition is when the cost of one 
pier = cost of main girders for one span. 


If G, = cost of roo ft. span, the result may be expressed as: 


LOOM ya 
Gy 


Arrangement of Main Girders and Flooring.—The 
general arrangement of the main girders and flooring should be* 
decided upon before the detail design is attempted. 

As a general rule it may be taken that a deck bridge is more 
economical than a through bridge. 

In all cases the floors should be made watertight, and pro- 
vision made for drainage ; the camber assists in the latter. A 
fender or rust plate should also be riveted to the webs in contact 
with ballast, &c., to prevent rusting. 

Fig. 250 shows the most economical arrangement when there 
is sufficient headroom. Main girders are placed under each rail 
in railway bridges or at intervals in road bridges, and floor 
jplates, sometimes dished or buckled, are riveted between them, 
-or trough floors may be used. ‘The span in the above example is 
BOutte 

Fig. 251 shows an arrangement in which there is less head 
room. Cross girders are spaced at 7 ft. centres, and the rails are 
‘carried on rail-bearers or stringers, the rail-bearers and cross 
girders being both small plate girders, and the cross girders being 
designed so as to carry the heaviest load on one wheel, such load 
‘being considered concentrated on the rails. As the depth of the 
girders in this case is limited by Board of Trade rules that the 
‘top of the main girders shall not be mofe than 6” above the rail 
level if the horizontal distance between rail and flange is less than 
2’ 3", this is suitable for comparatively small spans say up to 
40 ft. In all cases also there must be a parapet 4’ 6” above the 
rail level. 

Figs. 252, 252a, show a variation of the above type on a 42 ft. 


Economic span = 
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span. In this case there is no parapet girder, and as the distance 
between the edge of the rail and the flange is 2’ 3”, the top of the 
flange may be up to 2’ 6” above the top of the rail. This type 
may be used for spans up to 60 ft., above which the 2’ 3” dimen- 
sion must be increased to 4’ 6”. The above two types are yery 
suitable for repairs, widenings, &c. 
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Fig. 250.—Bridge Floors. Type I, 


Fig. 253 shows a type with one centre girder for a double line, 
the example given being one in which the floor has to be specially 
designed owing to the very limited head room. In this type the 
cross girders should preferably be staggered to prevent connecting 
rivets going right through the centre girder, 

If the span is greater than 60 ft. and the width of line cannot 
be increased, the centre girder may be dispensed with, but this 
should be done in extreme cases only. 
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Fig. 254 shows a small span bridge with a square trough 
flooring to save head room. 









eT aT Mal sone 
Ss a 

S28] 3 

‘aa gis Sy 

ce) % 

RSSh- x 


spe eee 8125 el 


-—-------- 26 '3" Between Parape ----- 


| 
| 





ee ee ee Te a a Ce Fee a a See 


4.—Built-up Trough Floor. 
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Fig. 255 shows a bridge with ‘Jack arch’ flooring. This is 
a very reliable form of flooring, but is very heavy, and so un- 
suitable for large spans. For road bridges ‘Jack arches’ are 
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often placed between main girders, thus doing away with cross 
girders. ‘This requires appreciable head room. 
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Big. 255.—‘ Jack Arch’ Floor. 


‘YRoUGH FLooRINGS.—In recent years trough floorings have 
been used to a large extent. ‘They are usually built up of rolled 
sections, "and the moduli, &c., of one common form—Lindsay’s 
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Fig. 256.—Trough Floor for Road Bridge. 

patent flooring—will be found in the Pocket Companion, published 
by Messrs. Dorman, Long, & Co., of Middlesborough. 

Fig. 256 shows a section of a trough floor used on a road 
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bridge, while Fig. 257 shows a trough floor on a large truss. 
bridge, this being the slung span of a cantilever pmder bridge 
recently erected over the River Indus. 

For small road bridges, trough flooring may be used without 
main girders. 

Camper.—A girder is usually given a slight upward initial 
deflection, so that when loaded it will never sag below the 
horizontal. The value of this upward deflection or camber 
is usually + in. at the centre for each ro ft. of span. The 
corresponding increase in the lengths of the booms, can be found. 
as follows : 

v = camber in inches, 
N = number of bays. 


H = depth between centres of flanges. 
L = length of one bay in feet. 
S = horizontal length of bottom boom, 
* = increase in length of top boom in one bay in inches. 
Jy’ = total increase in iength of top boom. 
ras 8vH 
then ex = NEL 
y= sue When v = 1” in 40 ft. 
SH 
oe ML 
SH 
IS AN Ie 


This camber obviates the additional stress, due to the centri- 
fugal force of the train running round the curve, which would 
otherwise occur due to deflection. 


DESIGN OF BOX AND PLATE GIRDERS. 


Having decided on the weights, &c., on a box or plate girder, 
the detail design is carried out in the following manner :— 


Depth of Girders.—For plate girders the economic depth 
I I 1 : 
may be taken as from — to — of the span, — oftén being 
10 DS 12 


adopted. 
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Fig. 257.—Bridge over River Indus, showing 
Trough Flooring. 


To face p. 528. 
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For box girders a smaller depth is often adopted, = of the 


span often being used. The available head room often really 
determines the depth. 

Breadth of Flanges.—After the depth of the girder has 
‘been decided upon, the breadth of the flanges is next settled. 


" I 
"This is taken as about ~ of the depth, or — to — of the span, 
3 30. TAO ; 


Approximate Area of Flanges.—To obtain the area of 
flanges, the maximum B.M. is first found and the working stress 
is decided upon, then using our usual notation, we have 


MZ, 
ER (hy ul 


We have already shown on p. 174, that for a beam of I or 
‘box section in which the depth is large compared with the 
thickness of flange and web, 


a 
7, => ) ne) eee re i ie ici i tir ary 
hl (A ae ;) (1) 


Where D = depth between centres of flanges 
A = area of one flange 
a = area of web. 

In practice, D is usually taken as the depth over the angles, 
because the depth between centres of flanges varies slightly 
along the section, and is not fixed until the sizes of flanges are 
determined. 

In this country, it is common to neglect the web altogether, 
and to write the formula 


Ties INGA) Seip he ate retin nek GANA OR ERE casos SSS (2) 
M a 
50.) Aehifoxaal (1) A =f aD a6 
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In the most common case of uniform loading, M = ae 
., The formule become 
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In the above formulz A is the xe/¢ area of one flange, such 
nett area should include the tops of the angles, but should 
exclude the area of the rivets. These areas are then as shown 
shaded in Fig. 258. 


Flange Plales Flange Plales 
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Rig. 258. 


If the riveting is chain, as shown in Fig. 259 (a), the area 
of four rivets must be subtracted to give the nett area. 





Bie 
(6) 


Fig. 259. 


If the riveting is zig-zag, as shown in Fig. 259 (4), the area of 
two rivets should be subtracted. Some authorities subtract the 
area of three rivets in this case, for the following reason :— 

Instead of tearing taking place along the line a 8, it might 
take place along the line c p, which might be less than a 8 if the 
pitch is small. 

NUMERICAL EXAMPLE.—A plate girder ts of 48 ft. span and 
carries a fixed untform load of 87'8 tons, including its own weights 
using a working stress of 7 tons per sq. tn., and assuming a thickness 
of web & tn., find a suitable section. Rivets 3 in. diameter. 
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Depth over angles = ~ = 4 ft. 
Breadth of flange = ee = say 16 ins. 
Maximum B.M. = ee = Buh 4B x in, tons. 
.. Modulus required = o18 ; in. units.. 
= goo nearly. 
o. (1) Neglecting web. 
Be eae 18°8 sq. in. 


! I Tverd 
Using 3= Xx 3= Xx A angles, nett area of tops 


I I ; 
=2 (35 = z) x > = 2°6 sq. in. nearly 
. Net area of plates required = 18°8 — 2°6 
=O 
Nett breadth of flanges, subtracting two rivets 


= (16 -2x 7) = 14°25, 


.. Thickness of flanges = = I'I4 nearly 


108 
14°25 
“. Three 3 in. plates may be used.. 


(2) Allowing for web. 


paren of web = 3 x a Senn asclins 
As before area of tops of angles Oma 
Total = 7'6 sq. in. 


.. Nett area of plates required = 18°8 — 7°6 = 11°2 sq. im. 


As before nett breadth of flanges = 14°25 
! : TT) 
.. Thickness required = 14°25 = fe nearly 


.. One 4 in. and one ? in. plate will do. 


As a check we will calculate the modulus more accurately for this 
section, which comes as shown in Fig. 260. 

First find the moment of inertia of half the section about the N.A. 
as follows : 
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I of 2 plates about N.A. = A 475 (24-8753 — 24°) = 7500 nearly. 


22) 
I of 2 angles about N.A. = (from tables) 


= 7 

A d* for 2 angles = 6°5 X 22°95? = 3434 
a4oe 

I of web =x = 2880 


3 


Total ... 13,821 in. units. 





2 X 13,821 
24 
The modulus required = goo nearly, so we see that the rule 
allowing for web gives results on the safe side, and gives designs 

which are more economical than the rule neglecting the web. 


.. Modulus = = I152 nearly. 
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Fig. 260.—Plate Girder Section. 


Curtailment of Flange Plates. 533. 


Compression Flange.—The above calculation applies to 
the tension flange only. If the compression flange be considered, 
the rivets need not be subtracted, but the working stress will 
be less. It is better in practice not to make the compression 
flange different from the tension flange. If the calculations are 
made for this flange, the necessary thicknesses will be found 
almost the same as for the tension flange. 

Curtailment of Flange Plates.—lIf the section of the 
girder were constant throughout its length, for most kinds of 
loading it will be stronger near the abutments than it need be, 
and so some means are usually adopted for varying the strength 


saz cs 
Teac oe: 


(a) 
(b) ==> 
(a) 


Fig. 261.—Plate Girders of Uniform Strength 








of the girder so as to get the working stress as nearly as possible 
constant. This may be done in one or other of the following 
ways (shown diagrammatically in Fig. 261). 

(a) Keeping the depth constant and varying the thickness of 
the flanges along the length. 

(6) Varying the depth of the girder and keeping the flange 
thickness constant. This gives the parabolic girder for 
uniform loads. The curve should approximately agree in 
shape with the B.M. curve, but not exactly, if the web is 
taken into account. , 

(c) and (¢d) Varying both the depth and the thickness of 
flange. If the top flange is curved we get the /og-back 
girder (c); and if the bottom flange is curved we get 
the fish-belly girder (d). 

In most cases, method (a) is the most economical. 
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The curtailment of flange plates in method (a) may be 
obtained in the following manner : 

Let acB (Fig. 262) represent the B.M. curve on the girder of 
span AB. Draw a vertical through A to meet the horizontal 
tangent to the B.M. curve in D, and on any inclined line Ad, 
set out points abcd, &c., as follows: 

Ad = Total nett area of flange (++ area of web if this is 
being allowed for in the calculations). 

dc = Nett area of top flange plate. 


cb = Nett area of second flange plate. 
ba = Nett area of third flange plate. 
And so on until 
Aa = Nett area of bottom plate + tops of angles (+ % area 
of web if allowed for). 
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Fig. 262.—Curtailment of Flange Plates. 


Join @1) and draw cc’, 64, ad parallel to @ D, and project 
the points a’ d’¢’ horizontally to meet the B.M. curve in a, a, &c., 
then a, a@,, &c., give the necessary lengths of the flange plates, 
6 ins. to r2 ins, being often allowed over these lengths. 

In the hog-back and fish-belly girders we may proceed approxi- 
mately as follows: Let app (Fig. 263) be the B.M. curve, the 
maximum depth of the girder at c being p. Let er be any 
ordinate of the B.M. curve, the depth of the girder at & being D,, 
EF X D 
SUR OET 





and draw Er’, so that EF’ = 
? 


Flange Splices. 2313) 


Points such as F’ when joined up give the corrected B.M. 
curve, which may then be treated exactly as in the previous case. 
It must be remembered, however, that in this method the web 
must be neglected, as it varies in area. 


Correcled 
BM Curre 





A € ae B 
Fig. 263. 


Flange Splices.—For lengths greater than 30 ft. the flange 
plates will often have to be spliced, but where the span is not 





Pig. 264.—Arrangement of Flange Splices. 


much over this, it will often be more econoniical to pay the extra 
price for the long plates than to provide a splice. In such cases 
there must be provided a cover at each splice, and the number of 
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rivets connecting to the cover must be such that their strength is. 
equal to the plate being spliced. 

The splices may often be very economically arranged in a 
zig-zag fashion with only one cover plate. The arrangement 
of splices is usually shown on the flange diagram, an example 
of which is shown in Fig. 264. In this case, one cover plate 
10 ft. x , in., serves as a cover for the first five plates, the 
covers for the two joints in the bottom plate being obtained by 
producing the top plate a short distance as shown. 

When the flange angles have to be spliced, angles with rounded 
backs are riveted on to the inside of the angles at the joint. 

Pitch of Rivets in Flanges.—The determination of the 
theoretical pitch of rivets required in the flanges of plate girders 
and between the flanges and web depends on the distribution of 
horizontal shear across the section, this subject being dealt with in 
Chap. X. 

If the exact distribution be found in this way, then the number 
of rivets in, say, a foot length along the girder at a given depth 
must be sufficient to carry the shearing force at that depth over 
that length. 

For plate girders the web is usually assumed to take all the 
shear which is assumed to be uniformly distributed over the web, 
and so on these assumptions the pitch of rivets is usually obtained 
simply in the following manner. 

Consider the section of a plate girder between two points A 
and 8B at distance w apart, and let the B.M.s at a and B be My 
and M,, respectively, Fig. 265. Then if the web be neglected as 
regards bending, the total forces in the flanges at a and kB may be 
taken as F, and F,, respectively. 

Then FE, x 1D Resisting Moment at a = M, 

; Fy x D= ” ” » B= My 

eRe ee Sanam, () 

Now F,.— F, is the difference in the forces in the flanges 
between a and pB, and this difference has to be transmitted to the 
web by the rivets, and therefore we have : 


ll 


My, 3 M, 


Force to be borne in rivets on length « = D 
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Now let R = least strength of one rivet in double shear or 
bearing, and let = pitch of rivets in inches. 
From (1), the number of rivets per foot length of the girder 


should be such that their strength is equal to Sd x being 


in feet. 


But the number of rivets per ft. length = 
Bey ears 
Sep yam eG 
; wey IRE aah ID) 
or ~ M, — M, 
My, - 


We proved on p. 124 that 
B.M. = shearing force = S, 
.. We may write our result as p = 


If D is in inches = ae 





Fig. 265.—Pitch of Rivets in Plate Girders. 


This is equivalent to the rule often given that ‘the number of 
rivets over a length from one end of the girder equal to the depth. 
should be such as to carry the reaction.’ 

The following numerical example on the finding of rivet pitch’ 
from the B,M, diagram should make the method clear. 
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Fig. 266 shows the B.M. curve for a girder of 50 ft. span and 4’ 2” 
depth, carrying a uniformly distributed load of 195 tons, the max. B.M. 
being 1219 ft. tons. Consider points along the span 5 ft. apart and 
take 4” rivets with &” web. ; 

Then the least strength, of each rivet will be in bearing, which at 
to tons per sq. in. comes § x & xX 10 = 5°47 tons. 

Difference in B.M. over first 5 ft. = 440 ft. tons. 


Sian Say pe late : 
eis mons 105°6 tons. 
. Number of rivets in first 5 ft. = Hoe —3 10)25) 
; 5°47 


Now consider next 5 ft. Difference of B.M. = 340 ft. toris. 
349 = 149 

4167 X 5°47 

., Say 4” pitch. 


.. Number of rivets in next 5 ft. = 








f----- + 


a 
244) 


Bt Sy ie } gra 5 7 





Pig. 266. 


In this country it is customary to adopt 4” pitch wherever the 
above calculation does not require less, and so further calculation 
is not necessary. °-If, however, a further increase in pitch is 
desirable, the calculations can be continued for the next 5 ft. and 
so on. * In America it is quite common to go up to 6” or even 
8” pitch, the pitch never being greater than 16 times the thickness 
of the flange plates. If a pitch less than 3” is necessary two 
rows of rivets will be required, and for this at least a 5" angle will 
be necessary. 

The above method is admittedly full of assumptions not quite 
. justifiable, but it gives results not far wrong compared with the 
more accurate and more troublesome method, and as rivet pitches 


on oe MS Ta em 
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should never be worked out to fractions it is quite good enough 
in practice. ‘The question is not really comparable with that of 
neglecting the web altogether in obtaining the flange thickness, 
because the saving of 1 inch in 4 inches on a rivet pitch is 
nothing like the saving of 1 inch on a 4 inch flange. 

In making rivet calculations the designer should be careful 
that, if in the other calculations for the girder allowance is made 
for live load in obtaining the working stress, a similar allowance 
should be made in the working stresses for the rivets. 

Design of Web and Web Stiffeners.—The web is 
assumed to have the shear uniformly distributed over it, and 
so the minimum area of web should be such as, to keep the shear 
stress within safe limits, 

If D is the depth of the web in inches, ¢ its thickness in 
inches, /, the safe shear stress, and S the shearing force at the 
given point, 

Wie have Guyer xan oD it as, 
ae 
yan 

In most cases this will be found to come quite small. 

Thicknesses less than 2” are never used in practice to allow 
for rusting. 

The thickness of web will often have to be increased at the 
ends beyond what is necessary for the shear stress, to provide 
sufficient bearing area to give a reasonable pitch to the rivets. 

BUCKLING AND S?TikFENING OF WrEBS.—There has been much 
controversy on the subject of the buckling of webs. ‘To prevent 
..guch buckling stiffeners are provided at intervals. Such stiffeners 
“are often of the knee type, see Figs. 250 to 255, and consist of 
T bars bent to support the flanges and webs as shown. On the 
inside, if there are cross girders, short stiffeners are commonly 
provided riveted to the top of the cross girders, Vig, 2524, and 
sometimes these stiffeners consist of two angles with a gusset plate 
between them, this plate assisting in supporting the cross girder. 
In America it is common to cut the top flange plates off at the 
ends of the cross girders and produce the webs through, the pro- 
duced portions then forming the plates between the two stiffeners. 

There are some serious objections to the use of T section stif- 


One 
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feners, L. sections being much more satisfactory because they do 
not upset the rivet pitches as the T sections do, There appears 
to be no real reason except custom for the use of T stiffeners, 





Pig. .267.—Stiffeners. 

’ 
and so in most cases {_ sections are preferable. Many autho- 
rities state that it is quite unnecessary to provide stiffeners on 

both sides of the web. 
Unless the flanges are very wide, or there is possibility of @ 
twisting action on the girder, the knee stiffener is unnecessarily 
expensive, and the forms shown in Fig. 267 are quite satisfactory 
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in most cases. ‘To save space we have shown the two different 
forms on the same girder. In form a the stiffener is joggled over 
the angles, while in form @ the stiffener is straight and a packing 
strip is provided between it and the web. 

In carrying out some tests on girders prior to the erection of 
the bridge over the Menai Straits, Fairbairn noticed that in one case 
failure occurred due to the buckling of the web at an angle of 
about 45°. As we showed on p. 12, a shear stress causes tensile 
and compressive stresses at right angles to each other and at 45° 
to the direction of the shear stress, so that the web buckles, due 
to the compressive component of the shear stress. 

To make allowance for this it was first proposed to treat the 
web asa strut of length equal to the diagonal length of the panel, 
and diameter equal to its thickness, and work by Gordon’s 
formula. Mr. Theo. Cooper, of New York, suggested a similar 
formula with different constants, the distance between stiffeners 
being taken instead of the diagonal length. 

Cooper’s formula for the shear stress to adopt in plate girder 


webs 1s: 
Shear in tons ‘pie 5 ay 
Atea of web in sq. ins. cigs is Pat 
1500 Z* 
Where @d = distance apart of stiffeners in ins. 
»  ¢ = thickness of web in ins. 
From this we can get the theoretical spacing of stiffeners if the 
thickness # is fixed. 


a? 
@? iene 


rs00 22 ft 
HEM == love) 2 é = :) 


2 a 3OuT tNy, (.- +) 


In a very interesting paper in Lngineering, Feb. 1st, 1907, 
Prof. W. E. Lilly, of Dublin, gives the results of some experi- 
ments on the buckling of webs, and deduces a formula agreeing 
almost exactly with the Cooper formula given above. He finds 
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the stresses in the stiffeners on the assumption that the web trans- 
mits half the shearing force by pure shear and half by tensile 
stress at 45°, obtaining the result, when the value of dis equal to 
the depth of the girder, that the area of cross section of the 
stiffeners should be equal to that of the web. 

As the buckling takes place at 45°, it has been suggested that 
the stiffeners should be placed at 45°, but this is very seldom done 
in practice. The practice as regards stiffeners varies greatly. 
Some authorities place them at equal distances apart, equal to the 
depth, but this seems unsatisfactory, as the stiffeners should 
obviously be farther apart at the centre than at the ends of the 
girder. In all cases the stiffeners should be spaced so as to inter- 
fere as little as possible with the uniform spacing of the rivets. 

In the Lngineering Record (New York) of Oct. 7th, 1905, the 
specifications relating to stiffeners of a large number of bridge and 
railway companies are given, from which the following are taken 
to serve as a guide :— 


CANADIAN Pacriric RatLway.—If shear per sq. in. is greater 
12,000 
io 
Bor 3000 /” 
placed at distances apart equal to the depth. 
Cuicaco G.W. Raitway.—Stiffeners are placed at end bear- 
ings and at all points of concentrated loading, and are designed as 
columns to take the total shear. 


New York CENTRAL AND Hupson River Raitway.— 


Spacing = 607 af (2822 = )sA = Shear in Ib. This 
area of wet plate ” 

is used for the spacing of stiffeners intermediate between concen- 

trated loads, and if the spacing comes greater than the depth the 

stiffeners may be omitted. The bearing stress should be considered 

on end stiffeners. 


than , D being the depth in inches, stiffeners are 








WapasH Rant wayseanin Ib. = 12,000 — 40d 
area t 
When stiffeners carry load directly they are designed accord- 


ing to the rule aoe Pisce 16,000 — 70 : , 2 being their length. 
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Plate I,.—Pratt Truss Bridge over River Barrow. (Engineering) 
(For Description see page 545.) 


To face page 543. 
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AMERICAN Bripcr Company.—Stiffeners to be placed on both 
sides with a close bearing against upper and lower flange angles 
at the ends and inner edges of bearing plates, and at all concen- 
trated loads ; and also, when ¢ < ;34; unsupported distance between 
flange angles, at distances apart not greater than the depth of the 
full flange plate, the maximum limit being 5 ft. 

Curtailment of Webs and Web Splices.—In the same 
way that the flanges may be decreased in thickness as the B.M. 





Uniform dead load 






Fig. 268.—Web Splices. 


decreases, the web may be decreased in thickness as the shear 
decreases. For small spans it is usual to keep the same thickness 
of web throughout, because packing strips have to be placed 
under the angles where the web thickness is reduced, and so the 
saving largely disappears. But for larger spans it is common to 
use two or three thicknesses of web, the thickest of course at the 
ends. ‘The points at which to cut down the web can be obtained 
from the shear diagram in a similar manner to the similar problem 
in the case of the flanges. 

Fig. 268 shows the construction for dead load and for a com- 
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bined rolling and dead load, and should be quite clear without 
further explanation. 

The web splices should be arranged away from the flange 
splices, and the number of rivets on either side of the cover plate 
should be at least enough to carry the shear at the point, a T 
stiffener often serving as a satisfactory cover. 


DESIGN OF FRAMED GIRDERS. 


The economic depth of framed girders may be taken as about 
+ to 415 of the span, although in America they are commonly 
built deeper than this. In this country both the compression and 
tension booms usually consist of a built-up channel or open-box 
section, diaphragms being placed at intervals; while in America 
the tension boom generally consists of pin-connected bars. Too 
much metal should not be placed in the web of the channel sec- 
tion or the centroid line will come too close to it to get the rivets 
in. The following examples from practice should make the 
detail design clear :— 

Fig. 269 and Plate I. show a single track through Pratt-Truss 
bridge over the River Barrow near Waterford. ‘These girders are 
of steelwork throughout, and the details are arranged so that no 
rain-water will be retained to involve risk of oxidation. This was 
found the more necessary, as the rainfall at the site of the bridge 
is excessive. ‘The dimensions may thus be tabulated :— 


Ft. ins. 
Centres of bearings of main span ae 145 6 
Centres of bearings of main span pace to 
swing-span . ae ripate  Gioesh ger ciank akee ee ena HY (0) (0) 
Centre of main pitlers avait Bi wk OD aka CS 
Length of main girders overall ... ...  ... 414% 6 
Height in clear above rail-level for traffic ... 15 0 
Width in clear .. he Sane aban eth adie 
Depth of main pide over iables Leng Saale bib Lo uno; 
Camber in the girder over each span... ... o th 
Height of rail-level above Ordnance datum ... 44 0 


‘Clear height from high-water level to underside 
ORPINdeESMaas; setae he ere eo nee Cae? BONIS 
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(Engineering.) 


Fig. 269.—Bridge over River Barrow. 
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The girder is constructed in eight bays, six of 18 ft. and two 
of 19 ft. gins. An elevation of one-half of it is given, plans 
showing the lateral bracing at the top and bottom respectively. 
The upper booms are of inyerted trough section, with flange plates 
2 ft. 3 ins. in width, and the lower booms are open at top and 
bottom, being without flange plates. ‘The depth of both booms is 
1 ft. 4ins. over the angles. The side plates are stiffened by 
diaphragms, consisting of plates and angles. As shown, the webs 
of the main girders consist of diagonal and vertical members with 
raking end posts. ‘The main struts are built of web plates and 
angle bars, and the remainder of angle bars and lattice bracing. 

The main diagonal ties are 14 ins. in width, with two cast-iron 
distance stiffeners and bolts in each, the two centre bays in each 
girder having flat bar diagonal counterbracing, riveted in place 
after the erecting staging had been removed. ‘The end raking 
posts are built up of single web plates, and double flange plates 
and angles. Gusset plates connect the ties and posts to the 
booms, as shown, ‘The rivets throughout the main structure are 
.4in. in diameter and }in. in the supplementary parts. The 
girders were built in sections at the shops in Glasgow, and 
dispatched to the site, where they were erected in position on 
wooden trestles placed on the temporary staging, the complete 
span being thus put together ready for lowering on to the bearings. 
The cross girders, as shown in plan, are at 18-ft. centres over 
the central and intermediate bays, and 18 ft. 9 ins. over the end 
bays, except in the end bays adjacent to the swing span, where 
they are rg ft. 3 ins. 

The bottom lateral bracing is shown on the plan, and consists. 
of angles riveted to gusset plates at the base of the vertical posts. 
The top lateral bracing consists of lattice girders; this is, 
however, much more clearly shown in the perspective view, 
Fig. 269. The portal bracing here shown, erected at the 
ends of each span, forms the terminal member of the system of 
top lateral bracing, and forms the strap between the upper part of 
the raking posts. The lower ends of these raking posts are rigidly 
held together at the bottom, where they enter the trough of the 
bottom boom by the end cross girder. Each span, including 
steelwork, permanent way, &c., ready for traffic, weighs 156 tons. 

NN 
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Fig. 270 shows a skew through bridge truss of the hog-back 
IN type on the L.B, & S.C. Railway at Streatham Common. 
‘One main girder is longer than the other, the respective lengths 
being 138 ft. 4 ins. and 132 ft. 8ins. We show part elevation of 
ithe shorter girder, called girder a. The girders are 7 ft. g} ins. 
‘deep at the ends and 14 ft. 2ins. at the centre. The longer is 
made up of fourteen bays, the shorter of thirteen bays. The bays 
in the centre are generally ro ft. 4 ins., and are reduced at both 
ends in the case of girder B, and at one end in the case of 
girder a. ‘The bottom booms consist of two plates on edge, 
rft. roins. apart and 1 ft. gins. deep. At each bay these are 
stiffened by g-in. plates and angles. ‘There is no bottom plate to 
the boom, an arrangement introduced to prevent the collection of 
water; and, as will presently be explained, the transverse girders 
are suspended to projecting plates at the bottom boom under the 
vertical members forming the bays. ‘The top boom is built up of 
plates and angles, forming an open box section. ‘The width 1s 
r ft. 8? ins. internal, and 2 ft. 9 ins. over the flanges, the depth of 
the stiffening members being 1 ft. 4 ins. The struts forming the - 
bays are 18# ins. wide, built up of %-in. plates and angles. ‘The 
ibedstones on the abutment and intermediate pier are of ashlar. 

The transverse girders carrying the permanent way are, as we 
have incidentally mentioned, suspended to the bottoms of the 
longitudinals. ‘The angles forming part of the vertical struts of 
each bay of the main girder are continued below the line of the 
bottom boom, and are riveted on to the web plating of the trans- 
‘verse girders, the angle of the top flange of the cross girder being 
‘stopped short, while that of the bottom flange is continued 
through, and is cut at the bevel. ‘lhe webs of the vertical struts 
-of the longitudinal girders and those of the cross girders are con- 
nected together by cover plates, which also serve. as packing: 
‘These cross girders are 26 ft 4ins. long and r ft. 6 ins. deep, the 
width over flange being 1 ft. 3 ins.; they are placed at intervals of 
ro ft. 4ins.—7z.e., corresponding with the bays of the bowstring 
girders. 

On the bottom flange of the cross girders there rest two lines 
of longitudinal girders, one under each rail. ‘These are built-up 
girders, 1 ft. 5} ins. deep, and suspended to the webs of these, bY 
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means of angles, is rolled troughing. Longitudinal sleepers are 
laid in the troughing to carry the rails. On either side there is 
laid a timber gangway, while on the remainder of the width 
between the main girders there is no decking whatever. At the 
end of the span, where the abutments come under one side of the 
cross girders, intermediate longitudinal girders are dispensed with, 
the troughing being stiffened by rolled joists under each alternate 
trough, 

Wind bracing is riveted to the bottom of the main members 
of the bridge ; it consists of flat plates riveted diagonally. 

Figs. 271 and 272 showa deck bridge carrying the Caledonian 
Railway over the Clyde at Uddington. The main girders of the 
bridge are open-web girders of the N type, with a total length of 
97 ft. 5 ins., and a depth of 11 ft. There is one main girder under 
each rail, so that each line of rails is carried on two girders, 
which are cross-braced at intervals of 21 ft. 4 ins. along the length 
of the bridge. Fig. 272 shows at the bottom a section of the 
top boom and an elevation of a joint in the top flange. ‘The 
bottom boom is also of channel section. Between the main 
girders a decking of curved plates }in. thick is riveted to 
carry the ballast. Between the two centre girders vertical 
cross bracing was purposely omitted, so that the stresses due 
to the live load coming on one line of rails would not be 
transmitted to the girders carrying the other line of rails, as 
would have happened had there been diagonal stays, as in the 
case of the adjacent girders under each separate line. All four 
girders, however, are connected together by the horizontal wind 
bracing. To allow of expansion, contraction, and deflexion, 
rocker bearings have been used for the main girders. One end 
of each girder is attached to a fixed bearing, and the other end to 
a movable one; but in order to balance on the piers the forces 
produced by alterations in the length of the girders due to varia- 
tions in temperature, it was decided to have either movable or 
expansion bearings on each pier, and therefore the adjacent ends 
of girders are fitted with bearings of the same kind. ‘Thus the 
expansion and contraction movement of the west and middle 
spans is taken up on the west river pier, as on it the expansion 
bearings are grouped. On the east river pier all the bearings are 
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Caledonian Railway. 
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fixed, while on the east abutment again there are expansion 
bearings. 

The bearings are bolted to heavy granite blocks on the piers. 
or abutments. A footway is provided on each side of the bridge, 
and is illustrated by Fig. 272. It is formed of timber, supported! 
by brackets riveted, as shown, to the outside main girders. 
The parapet girder is of the close lattice type, and, while self 
supporting, is further kept rigidly in position by means of the 
footway brackets. The ballast-retaining plate is used for support- 
ing the gangway. ‘The upper surface of the curved plate flooring 
of the bridge is covered with a fine concrete rendering 3 ins. 
thick, which in turn is covered by rin. of asphalt; gutters are 
formed along the ballast plates with weep-pipes at every alternate 
bracket supporting the parapet. Similar precautions have been. 
taken to prevent corrosion in the case of the bottom booms of 
the main girders, which are closed, and are therefore likely to 
collect water. 


DESIGN OF A THREE-PINNED ARCH. 


We have in Chapter XIII. dealt with the calculations for thrust 
and B.M. in arched ribs. ‘The detail design does not differ in 
very great respect, once the calculations have been made, from 
ordinary girders. In Plate II. we show details of a three-pinned 
arch for a road bridge erected in March, 1905, over the River 
Exe at Exeter. 

To obviate any obstruction in the river, a single span was 
necessary ; and in order to improve the gradients, and at the same 
time to afford the necessary headway under the bridge, the system 
known as the ‘ three-hinged arch’ was adopted, the constructional 
depth available at the centre being only 3 ft. 5 ins. This enabled 
the rise to be restricted to rr ft. 44 ins., and gave r5 ft. of head- 
way above the ordinary water-level. 

The arch at the same time is an exceptionally flat one, the 
ratio of rise to span being only r to 13°2; indeed, it is probably 
the flattest in this country. This is due to the circumstance that 
“the springings had to be kept as far above the water-level as 
possible, in order not to interfere with the flow of the river in 








552 The Theory and Design of Structures. 


flood. Notwithstanding -the falling gradient, a symmetrical ap- 
pearance has been preserved in the elevation. This has been 
accomplished by the treatment of the fascia work. The spandrils 
on the two sides of the bridge are approximately the same size, 
but the ornamental parapet has been made higher above the foot- 
way at the south end than at the north, so that the height from 
springing level to the top of the parapet is practically the same at 
each abutment. ‘Thus the appearance presented does not partake 
of the inequality which would otherwise have been the case owing 
to the difference in level at the two ends of the bridge. 

The arch ribs, eight in number, are of steel, with a hinge at 
each abutment and in the centre. ‘lhe thrust of the ribs is taken 
by heavy cast-iron bed plates abutting on to massive granite bed 
stones, embedded in the concrete of the abutments. These 
abutments have been constructed of considerable thickness, to 
withstand the thrust due to the flatness of the arch. On the north 
side the abutment is 33 ft. from front to back, and on the 
south side 36 ft. 

‘The foundations are on red shale underlying a bed of gravel. 
The work of removing the abutments of the old bridge and con- 
structing those for the new was carried out within cofferdams built 
of a single row of whole timber sheeting. ‘The abutments them- 
selves are of Portland-cement concrete faced with brindle brick- 
work, but the cutwaters and the exposed portions of the abutments 
are of granite ashlar masonry. 

The ribs vary in depth, being 2 ft. 2 ins. at the centre of the 
span and at the abutments, swelling out to 4 ft. 6 ins. at the 
haunches. ‘The flanges of the ribs consist of two plates, 18 in. by 
4 in., connected to the webs by means of angle-irons 4 ins. by 4 ins 
by 4 in. ‘The webs are } in. thick at the middle of the half-arch, 
increased to ? in. at the centre of span and at the abutments, 
where the thrust is transmitted through the hinges. These hinges 
consist of hard-steel pins, 8 ins. in diameter and 11 ins. long, 
working in cast-steel collars secured to the webs of the ribs by 
cast-steel angle brackets. The ribs and columns are braced 
together vertically by a system of angle-bar bracing, 34 ins. by. 
3} ins. by 3 in., opposite the points where the cross girders are 
carried, while 3-in. stiffening plates are introduced at intervals of 
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about 4 ft. 2 ins. along the ribs. Diagonal lateral bracing was 
also intreduced in order to stiffen the bridge against wind 
pressure, and against the shock due to the possible impact of 
floating objects coming down with spates. 

‘ach half-arch was brought to the site in two pieces, and as 
each segment, extending from abutment to centre pin, weighed 
about 13 tons, the heaviest load dealt with by the steam-derrick 
cranes in use was about 6} tons. At the point of junction cover- 
plates and angles were riveted on the top and bottom flanges, as 
shown. ‘The ribs were temporarily supported during erection on 
timber staging, carried partly on the piers of the old bridge, 
which were left in place for the purpose. 

‘The expansion joints at the abutments and in the centre con- 
sist each of two cast-iron kerbs, } in. apart, having a checkered 
steel rubbing-piece screwed, on to the top flange, which is cambered 
to the curve of the roadway. It is anticipated that, with the 
extreme range of temperature, the extent of rise and fall will not 
exceed 3 ins. at the centre of the bridge—that is to say, 14 ins. on 
each side of the normal. ‘This, of course, is provided for by the 
hinges. 

‘The cross girders consist of rolled steel joists, ro ins. by 5 ins., 
and these rest on rolled steel’ columns, 6 ins. by 5 ins., which” 
transfer the load to the ribs. ‘These columns or posts vary in 
height, attaining their maximum at the abutment, and decreasing 
towards the centre. Near the centre, where, owing to the re- 
striction in height, the ribs intersect the ‘troughing carrying the 
roadway, the cross girders are built of angles and webs running 
intercostally between the ribs. 

The flooring consists of 5-in. by 2-in. steel troughing, Lane 
on the cross girders, and running longitudinally, an arrangement 
which enabled the troughing in the centre to be laid between the 
ribs. Over the troughing is 6 ins. of coke breeze concrete, in the 
proportion of 6 to 1, adopted in preference to ordinary ballast 
concrete in order to reduce the load on the bridge. ‘The top of 
the conerete is overlaid with Portland-cement rendering, 14 ins. 
thick, and over this again is # in. of asphalt laid in two layers, 
with brattice cloth between them; 6-in. jarrah setts complete the 
surface, “Che approaches to the bridge are paved with 4-in. jarrah 
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blocks. Gas and water mains are carried under the footpaths, 
the gas-mains being selfsupporting between the cross girders, 
while the water mains rest on the floor plate under the footway. 
The City of Exeter new electric tramway runs across the bridge 
on two lines of rails resting on the concrete. 

The clear width of the roadway between the kerbs, is 34 ft., 
while the footpaths are each 8 ft. wide, so that the total width of 
the bridge between parapets is 50 ft. 


TRANSVERSE AND LATERAL BRACING ON BRIDGES. 
In the examples that we have just given of various bridges. 

from practice, the transverse and lateral bracings are indicated. 

The transverse bracing is in a vertical plane, and in deck bridges. - 
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usually takes the form shown in Figs. 250, 272. It is. best to: 
brace such girders in pairs for the same line only, as otherwise 
there is a twisting action on one pair when the train. is. on the 
other ; in road bridges, however, they may be braced tight across 
such transverse bracing is usually placed at the ends and. at. inter- 
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mediate points at distances apart equal to about twice the distance 
between the main girders. 

The /ateral bracing is in a horizontal plane, and is usually 
arranged as shown in Figs. 269, 272A, and Plate I., in the form of 
a Warren or N girder. Such bracing. is designed to carry the 
horizontal loads due to wind and to centrifugal force when the 
bridge is on a curve. ‘The rules for the wind pressure for this 
bracing may be taken from the Board of Trade recommendations 
given on p. 50. 

A common American rule is.to design the top and bottom 
lateral bracing systems for a static load of 150 lb. per linear ft., 
and to add to the system connected to the loaded flanges a moy- 
ing wind load on the train of 300 lb. per linear ft. 

Another American rule is to design as follows :—Wind on 
train treated as moving load of 300 lb. per linear ft., and a dead 
load of 50 1b. per sq. ft. of exposed area. The exposed area is 
taken as twice the area in elevation, and one-third of the loads are 
taken as carried by the bracing at unloaded side and two-thirds at 
loaded side. 

Portal bracing is usually provided at the top in through gir- 
ders, the cross girders serving this purpose at the bottom. This 
often takes the form of small lattice girders, and is shown well in 
Figs. 269 and 272a. 


BEARINGS FOR BRIDGES. 


In designing bearings for bridges the area of the bedstone or 
template is obtained from the safe load on the masonry or other 
support, this being obtained as described in Chapter XVI. with 
reference to foundations. 

For spans less than 70 feet it is not customary to provide 
bearings with special means for allowing expansion. In such 
cases a bearing plate is riveted with countersunk rivets on the 
bottom of the girder, which is commonly then simply rested on 
the stone templates, double or treble thicknesses of hair-felt, or 
sometimes sheet lead, being placed between the bearing plate and 
the template to distribute the pressure uniformly, Fig. 273 showing 
such an arrangement. 
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Fig. 273.--Girder Bearings. 
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The front end of the template should be chamfered to prevent 
chipping, and in skew spans the bearings should be arranged at 
right angles to the girders, and should not follow the angle of. the 
skew, 
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Fig. 274.—Bearing at Fiwed End. 


In some cases the bearing plate is held down to the template 
with Lewis bolts, the holes at one end being slotted to allow for 


558 The Theory and Design of Structures. 


expansion, but such ,fixing is now not common, and experience 
shows that it is often unsatisfactory. An arrangement which 
many engineers consider to be better is to bolt a cast iron or a 
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Fig. 275.—Bearing at Free Bnd. 


steel plate down to the template and to rivet a short knuckle plate 
to the girder. ‘This fixes the span more exactly, and prevents the 
pressure from coming on the edge. 

For larger spans it is desirable to provide expansion bearings. 
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For such bearings to be satisfactory they must be combined rocker 
and expansion bearings. 





Hig. 276.—Combined Rocker and Roller Bearing. 


The function of the rocker is to allow the girder to deflect 
under the load and still transmit the pressure centrally to the 
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template, while the expansion bearings or rollers are to allow 
freedom of movement due to expansion. 

Figs. 274, 275, show the bearings used for the fixed and 
expansion ends of the bridge shown in Plate I. 

Fig. 276 shows a combined rocker and roller bearing used on 
an American railway. In this case the expansion is obtained by 
segmental rollers of the form shown. ‘The roller cage rests on a 
bed of rails, planed at the top and with one flange planed off, 
these being riveted to a bearing plate, and sheet lead being 
interposed between the latter and the masonry. In all cases, the 
rollers, &c., should be provided with end plates for maintaining 
them at fixed distances apart. 

In all expansion bearings, care should be taken that they are 
designed so as to be accessible for lubrication and inspection. 


APPENDIX. 1 


Repetition, or Variation of Stresses. — Somewhat 
variable results have been obtained as to the effect of increased 
speed of repetitions upon the range of stress before fracture. Dr. 
J. H. Smith and Professor Osborne Reynolds found that for 
speeds from +1300 to 1600 per minute, the range was less than for 
Wohler’s speed of 60 per minute, the diminution being roughly 
ro per cent., while for speeds from 1900 to 2400 per minute the 
diminution was much greater, and the range was about 4o per 
cent. less than that at Wohier’s speed. 

A more recent paper on the ‘ Endurance of Metals,’ published) 
in Proc. Inst. M. E., 1911, by Mr. E. M. Eden, describes ex- 
periments made upon rotating beams over a short length of 
which the bending moment was constant. In these experiments 
no diminution was detected in the range for one million re- 
versals with an increase of speed from 250 to 1300 revolutions. 
per minute. 


Wind Pressure (Stanton’s Experiments). — Some 
valuable experiments by Dr. T. E. Stanton at the National 
Physical Laboratory upon the subject of wind pressure upon: 
roofs have demonstrated that in certain cases there is a suction 
pressure on the leeward side of the roof which causes considerable 
difference in the stresses of the various members. Few designers. 
appear to have allowed for this in their calculations for roofs, 
but the question is of considerable importance, and the results of 
these experiments should either be disproved, or allowance should 
be made for them in design. 

Preliminary experiments were carried out very carefully in 
1903 ‘On the resistance of plane surfaces in a uniform current of 
air’ * A current of air was drawn by a motor-driven fan down 
a vertical channel two feet in diameter, and plates and models. 
were placed in this channel, and the pressure upon them was 
measured by weighing apparatus. ‘The velocity of the current of 
air was measured by means of Pitot-tube apparatus, and the 
intensity of the air-pressure was measured by means of a 


* Proc. Inst. C. E., vol. clvi. 
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specially designed tilting water gauge. ‘The principal result was 
the formula 


Pi=soo2 V7. 
Where P = resultant pressure in lbs. per sq. ft. 
V = velocity of wind in miles per hour. 


Dealing with models of roofs, it was found that there was an 
appreciable negative or suction pressure on the leeward side of 
the roof, and for roof-angles of 30° and 45° these negative pres- 
sures exceeded considerably the positive pressure on the windward 
side; in fact, for an angle of 30’, the pressure on the windward 
side was practically nil. The results of these experiments with 
an artificial current of air gave promise of such important results 
that they were followed by experiments on a more ambitious scale 
with the wind itself. 

The later experiments. were carried out on a windmill tower 
erected in a fairly exposed position at Bushey Park, and the results 
were published in 1908.* Mahogany boards of varying sizes, 
from io ft. square, were used, and the pressure was transmitted 
to a thin steel diaphragm communicating with a water-gauge. 

The general conclusion was that the c/enstty of pressure ts 
independent of the dim nsions of the plate, and is given by 

P = *003 V2 
where P and V are as. before. 

The roof models consisted of a steel principal, the roof-angle 
being capable of adjustment from 30 to 60°. On the principal 
were carried mahogany boards 8 ft. by 7 ft. 

The following results were obtained :— 
| Pressure per sq. ft. for 
V = 20 miles per hour. 
Inclination. | _ | 


Windward. | Leeward. 
| jake Hae Me rea 
| 60° + 1°35 + TS 
Ab | + 1°13 ° 
30° + 61 =O 








* Proc. Inst. C. &., vol. clxxi. 
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The preceding figures apply to cases where roofs are supported 
on columns through which wind may pass. 


Experiments were then made with a board at the side to 
obtain the effect of a wall on the leeward side with the following 
results, which were obtained more than once :— 


4 a 


. Pressure per sq. ft. on 
Inclination. leeward side 
V = 20 miles per hour. 


| 
Kaori ag ~ +36 | 
48° — 68 





| 36° — 82 | 


These results are of the same order as those on small models 
in a uniform current of air. In order to find the effect of 
windows, doors, and like openings in the sides of buildings, 
openings equal to 4 per cent. of the whole surface were made 
in the board at the side with the following results :— 








Condition of Openings. Ratio of pressure inside to 
Ta ena ee ’ sed | maximum pressure on wind- | 
ISL EO | | ward side of a plate on which | 
| Windward. | Leeward. | — wind impinges nomnally. 
} 
Bown) an ie Closed 100 
60° ae Half open | 67 
60" ais Open" } "20 
| Open 
| Bor Lk | ‘Closed | 82 
30° 2p | Half open | “49 
30° aah her ©pennisd "20 
| lest 





The following are given as the conclusions with regard to 
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wind pressure on roofs from which rules for design might be 
formulated :— 
Values of K for use in the formula : 
IPS ee 
where P = pressure in lbs. per sq. foot. 
V = velocity in miles per hour. 
(a) Wind passing right through the columns— 














Values of IK 

A 
Windward side... eves COB ANIM | OO2O. al MOOS 
Leeward ,, ... seal nil nil nil 


(4) Pressure possible inside building— 


Values of K 








60° 45° | 30" 
Windward side... <..| i000 34 | +0028 | + oors 
Beeward se ... peal t OO cal | —‘'0022 





Effect upon Stress Diagrams.—The effect of this. 
suction-pressure upon the stress diagram will be for the most 
part to diminish the stresses in the members. ‘Take for instance 
a roof truss of the type shown on Fig. 277. The angle is 30’, so 
that if pressure is possible inside the building the coefficients for 
leeward and windward sides will be ‘oo22 and ‘oo15 respectively. 
For ordinary plates as shown above the coefficient is ‘003, so that 
if W was the total pressure in the ordinary method of calculation, 
then in the present method we shall have } W on the windward 
and ‘73 W on the leeward side. ‘The forces acting upon the truss 
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are therefore as shown. ‘These wind forces are set down upon a 
vector line 1,2 -- 5,6 --- g and a parallel is drawn through a, the 
intersection of the two wind forces W, and W,, to meet the 
vertical reaction R, at the point C. Then C A is the direction of 








F L 
Fig. 277.—Wind Pressure on Roofs (Stanton’s Baperiments). 


the reaction R, at A. Drawing through 9 and 1 on the vector 
figure parallels to.R, and R, respectively, we get the point O and 
the reciprocal figure can be drawn without difficulty. A com- 
parison with Fig. 133 will show how different is the distribution 
of ‘the stress in the members when the suction pressure is 
allowed for. 
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Stresses in Curved Beams (Pearson-Andrews 
Theory).—The formulz resulting from this analysis are rather 
complicated, and involve summations or graphical constructions 
which are somewhat lengthy, and entail more care and labour 
than most designers are willing to give. It is the aim of the 
present treatment, originally contributed to the Lygineer, to 
obtain constants, based upon an analysis for rectangular sections, 
which will enable designers to use the theory without difficulty. 

The formula resulting from the Pearson-Andrews theory is 


Misire( T 

“ “ARn| Gage : i 

| R 
Vhere f = stress in material at distance y from centre line 

(y is taken as positive in a direction opposite to 
that of the centre of curvature) 

R= radius of curvature of centre line at given section 

M = bending moment at given section 

A = area of section 


bd 
Ay, ie < + 4) 


: ay 
ENG 
hae sf 2): +y 
» = Poisson’s ratio 
6 = breadth of section at distance y from centre line. 


The quantities y, and y, are troublesome, but for rectangular 
sections we can calculate them as follows:—To facilitate the 
calculations we will take —y, = y, — y;. 


Then clearly Ay, se bdy 
y\ 
aa 


For the rectangle—see Fig. 278—we get :—- 


n- Se Nin Wires io, Wa (2) 
FT He. WANE eal, eee: J 2 
set ae Of (2 Re ad\ tan ES a Nea 
us (1 — n) a \ ( : 1 ( ok ) (3) 
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Taking the value of » = * we can then calculate these quan- 
4 


ae . aN ee = : 
tities for various values of “i These are all difference formule, 
ra 


so that considerable care has to be taken to ensure good results ; 


De 5 
the value » = — is not universally accepted for materials like 
4 


same mam war 


Yj 










steel, but it has been shown that a small variation of » up to the 
value *30 does not materially alter the results. 
The values of y,, ys, and y, can then be tabulated as follows :— 








R | | | Me 
F | V1 Y3 Ue reo etl 
Cas | 1°3079 1°0282 °2797 
I I'l424 10144 | "1280 

| 2 103064 1°00533 03731 
3 1'01328 1700144 ‘o1l184 
4 100739 1°20085 00654 
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We are now in a position to calculate the maximum positive 
and negative stresses at the section. 


At the inside point a where y = — @ our formula (1) gives— 
2 
ea ONL I 
OO BERG n| : (4) 
( ePAPS | 
This may be expressed as— 
oe uM where « is a constant. 
ba? 
At the outside point 8 where y = + e we get 
; 2 
M I 
a sed range te ey (5) 
tte | 
| ( 2K 


We may similarly express this as— 

Wh = - where /3 is a constant. 
‘The values of a and ( may then be calculated for various 
values of S by substituting in formule (4) and (5) the values of 
y, and y, given in the table above. A fresh table of the follow- 


ing values is then obtained :— 








‘ « | pB 
een | i | 
ae) | 12°59 3°72 
I | 9°66 | 4°22 
2 Fae NS Oe 
3 | 6°84 ojo 
4 6°66 5°52 





Comparison with ordinary bending formule.—According to 
co) te) 


the ordinary bending formula f = we get for the rectangular 


us for the points A and B, and it will be noted that 


section f = hi 
) 
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the values of a and /3 both tend towards the value 6 as the value 
R. t Ley. 3 

of ~ increases. We may therefore regard the quantities : and c 
a ; E 


Sia 2 eal kee 


t2 


Values of Correcting Factor. 
Hl 


10 





/ 
Values of Rid 
E edmecsannolar Beams 


Fig. 2784.—Stresses in Curved Beams, 


as correcting factors by which the stresses, calculated according to 
the ordinary bending theory, must be multiplied to give the true 
stresses for a curved beam. The correcting factors for the 
stresses at the inside and outside of the bend are shown in the 
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form of a curve in Fig. 278a, and from this curve the correcting 


4 R = R 
factor for any value of 7 can be found. For values of — above 
a a 


5 the effect of the curvature is practically negligible. 


Rough approximation for sections other than rectangular,—In 
dealing with sections other than rectangular, the values of the 
correcting factors given in Fig. 278a may be taken as a rough ap- 


alm F R 
proximation for design, the error for values of Z greater than 1°5 


being quite small. The procedure in this case would be to 
calculate the stresses according to the ordinary bending theory 
for the given area and loading, and then to multiply by the cor- 
recting factors above, @ being the total depth of the section and 
R the radius of the centroid line. 

We will indicate the error which is likely to occur by taking 
some cases which have been worked out accurately by various 
investigators. 

Case A.—A T-section tested by the author, web ‘94 in. x “44 in.. 
and flange *52 in. x ‘go in., the flange being on the inside. 

R 
d 

The correcting factor for this case, according to Fig. 2, is 

1°45, whereas by accurate calculation it is 1°66. 


Here R = 1:85 andid = 146 0°. = = i1°27. 


Case B.—A coupling hook section, approximately rectangular,. 


with rounded ends, investigated by the author, for which 
2 


R204, 90 ae Ane : = 1710) 
The correcting factor given by the diagram is 2’08, whereas 
that by accurate calculation is 2'00. 


Case C.—-A crane-hook section, approxirmately triangular, with 
rounded corners, investigated by Professor Goodman. 


2 


Ris Anya 03103. . ee nvinets 


The correcting factor, according to the diagram, is 1°52, 
whereas Professor Goodman’s accurate calculation gives 1°36. 


Case D.—A crane-hook section, trapezoidal, with rounded 


Appendix 1. S71 


ends and wider at the inside, ameneaes by ae Rauten- 


strauch : 
R 
Rigid =) 3¢2A0G" a tute yy 
The diagram gives a correcting factor equal to 1°57, whereas 
the calculated value was 1°50. 
The above figures indicate that the suggested procedure gives 
results which are approximately correct, and the error will be 


F - -R 
much less for values of i greater than 1°5. 
b 





Fig. 279.—Template for B. M. Diagrams. 


A Template for Bending Moment Diagrams.— /vur 
vartous cases of untformly distributed loads.—In designing beams 
carrying uniform loads it is necessary in order to draw the 
Bending Moment diagrams to draw parabolas; the usual pro- 
cedure is to draw the parabolas for the special arrangement of the 
loads and for the particular manner in which the beams are 
supported, this involving a good deal of geometrical construction. 
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A template can, however, be used to serve for a large number of 
cases in the following manner :— 


On a base az, Fig. 279—for convenience say 5 inches 
long—draw by the usual construction a parabola apc with 
vertex at A, the height Bc being for convenience equal to an. 

A template of the form aBcbp can then be made, a 45° 
set-square being a convenient form to cut it from. A projection 
is preferably provided as shown to avoid a sharp point which is 
liable to break off. By means of this template and a suitable 


G 








&. Y oh 


Fig. 280.—Cantilever. 


choice of scales, the Bending Moment (B. M.) diagrams for a 
large number of cases can be then drawn as follows :— 


Case I. Cantilever fully loaded.—Draw the span & ¥, 
Fig. 280, to a suitable scale, so that Er is not larger than 
AB; erect a vertical at the fixed end Fr and place the template 
on the paper with the point a coinciding with the free end © and 
draw in the curve to the point G where it meets the vertical 
through gs. ‘The B. M. diagram is then as shown shaded. 


Scales.—If the intensity of the load is / lbs. per foot run, then 
the B. M. scale will be the square of the space scale multiplied by 


5? ‘Take for instance the case where the space scale is r inch 
a 
= 2 feet and the load is ro00 lbs. per foot run; then B, M. scale 
ae 4 x 5 X 1000 
2 


is I = 10,000 ft. lbs. 
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Case LL. Simply-supported beam fully loaded.—tIn this case, 
Fig. 281, we draw ©, F, to represent the span and we draw as 
before a vertical Fr, G, at one end; the template is then placed 
on the paper with the point a coinciding with the point x, at the 
other end of the span and the curve is drawn until the vertical is 
cut at the point c, Now join G, &,, the B.M. diagram then 
coming as shown shaded, the Bending Moment at any point 


G 


E, A “i 
Fig. 281.—Simply-swpporled Beam. 


H being found by projecting vertically and measuring the height 
w« as shown. 
The scales are obtained as previously described. 


Case III. Uniformly-loaded beam overhanging the support at 
one end.—In this case, Fig. 282, we place the template on the 
paper with the vertex of the parabola at the overhanging end r, 
and draw in the curve until we meet at 1 the vertical through the 
other end &,; then join L to the other support point K, the 
shaded area giving the B.M. diagram, the Bending Moment at 
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any point being read off by projecting vertically as explained in 
the previous case. 

At points such as m where the B.M. diagram crosses itself, 
the Bending Moment changes sign; this of course corresponds to 
a reversal of the tension and compression flanges of the beam. 


L 


E, oe 
Pig. 282.—Beam with Overhang at one end. 


Case LV. Uniformly-loaded beam overhanging at each end.— 
To obtain the B.M. diagram in this case with the aid of the 
template, we place the template on the paper with the vertex of 
the parabola coinciding with one end kr, (Fig. 283) and draw the 
curve until we meet the vertical through the other end at Q. 

Join Q to the mid-point R of the span, the line QR cutting 
the vertical through the support p at the point s._ Finally join $ 
to the other support point N, the B.M. diagram then coming as 
shown shaded in the figure. 


Case V. Uniformly-loaded continuous beam of two equal 
spans. —We can get the B.M. diagram in this case with the 
aid of the template by placing it on the paper with the vertex 
coinciding with the end support m, and drawing in the curve 
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until it intersects at the point G, the vertical through the centre 
support r,; then by reversing the template and commencing the 
curve at the other outside support E, we shall get the reversed 
curve going from G, to E; as shown in Fig, 284. ; 

A length G, 1 is then set down from G, of length equal to 
4 Gs; ¥, and, by joining + to &, and &,, we get the BM. 
diagram as shown shaded in the figure. 

‘The scales are obtained as previously explained. 





Fig. 283.—Beam with Overhang at each end. 


Numerical Exaniple.— Take a continuous beam of two equal spans 
each 16 feet long, each span being covered by a load of 1500 lbs. per 
Soot run. ; 

Taking a linear scale of 1” = 4 feet, E, F, will be 4 inches. 

Then the B.M. scale will be, as explained above, 
nL xX 5p 16 X 5 xX 1500 

zi 2 

If the distance G,'T be measured, it will be found to come equal 

io ‘8 inch with a template of the dimensions suggested in Fig. 279. 
*, Maximum B.M. = °8 x 60,000 = 48,000 ft. Ibs. 

The B.M. at any other point U can be obtained by reading off the 

vertical ordinate + to this scale. 


: = 60,000 ft. lbs. 
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In the case of a beam supported freely at one end and 
securely fixed at the other, the B.M. diagram will come the 
same as one half of that shown in Fig. 284, the point n, being 
the freely-supported end and the point ©, the fixed end. 

A number of other cases might be given, but we think that 
the above are sufficient to show that a template of this kind 
would be of considerable assistance to draughtsmen for obtaining 
the B.M. diagrams for a variety of cases. 

In some respects the template would be more easy to make 
if it were made of the shape apc Bs, Fig. 279, because the 
convex curve can be somewhat more readily shaped. If, instead 











Fig. 284.—Continuous Beam of Two Equal Spans. 


of the given dimensions for a B and BC, other values are taken, 
the rule for scales must be correspondingly amended, bearing in 


é 1 & BA 
mind that Bc should represent —- for the B.M. scale to be equal 
2 


to the square of the space scale when 2 = 1. If Bc has not this 
value, then the B.M. scale will vary in the inverse ratio. 


Deflections of Beams.—The following additional problems 
on the deflections of beams give interesting applications of the 
application of Mohr’s Theorem to the determination of deflec- 
tions. In the first problem a variation of the usual method 
is employed involving the imaginary reactions; this may be 
used in all the applications of this theorem. 
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(1) Zo find the maximum deflection of a beam uniformly loaded 
Srom one end to the centre. 

The B.M. diagram for this loading is given by the curve 
DTGE (Fig. 285), the curve p 1G being a parabola tangential 
to the line EG, 

We have first to find where this maximum deflection will 
occur. We do this by the rule that the Maximum Bending 


ft per unit length | 





N, Flashe line 


Fig. 285.—Deflections of Beams. 


Moment in a beam occurs at the point where the shear is zero. 

“We will treat the diagram pG& therefore as the load on the 

beam. z 
If mG be produced to u, the curve DvG will be a parabola 

tangential at G, and it is most convenient in the present problem 

to consider the B.M. diagram as made up of the difference 

between the triangle DHE and the parabolic segment DGH. 
The first step is to find the imaginary reaction Ry at x. To 

PP 
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do this we consider the area of the triangle as ap force P,, acting 


down its centre of gravity, which is at gorau ! from D. 


“on 


Then P, = area of ADHE=4DH.DE = 3 


‘The area of the parabolic segment will be considered as an 
upwardly acting force P, passing through its centre of gravity 


which will be at distance : from D. 


Then P, = areaDFGH = +HD.DK 


SWE nw Lapse 
Bisse 48 
‘To get the imaginary reaction Ry at 2, take moments about p. 


Anes Pe) Eve By ie Rg. @ 
2-3 8 
Dadi ink; 
Rihenen, ae. 
E 3 ny 
13 7 23 
PL ee DM LEST Sd este ane gt 


AB) DBt 1 A8 384 

Suppose that the maximum deflection occurs at a point N at 
distance « from the centre. 

Then the imaginary shearing force S at this point = o 

Shear at N = Ry — areaNQE + area QTG 


oe GT) GT) pt 


384 
pe phar HP aks) ao 
384 16 


ILE SERIE EGBA Sg iss 
384 64 16 16 Ree 
pe i EDS SEE 
384 6 16 16 


If this = 0, we have on dividing through by —— and re- 
3°94 


I] 


arranging the terms, 
64 «® — 24 x72 — 24 xl? + 1 =a fe) 


m oa(3) Gham) 


| 
° 
— 

ny 
~~ 
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This is a cubic equation that cannot be solved by direct 
methods. 


We must proceed by trial as follows :-— 


If « = 0, left-hand side, which we will call y = + 1 

Lee ey OA eg Sang a0 
iil —ob) y=" a8) =) 06) — m2. 1 = — ‘252 
Ife = ‘04 y = "o04r — “038 — 96 + 1 = + “006 


If the values of y are plotted against « it will be found that 
y = 0 for « = ‘0406 approximately, and for all practical purposes 
we may take x = ‘04. 

Having determined the point of maximum deflection, we have | 
next to calculate the value of the deflection @, at this point. 

We first find the imaginary Bending Moment My, at the 
point N 

M, = Rg G + x) + moment of section Q 1G 


— Moment of 4 QNE 
Rata 2 aah Fath E (7042)? | 042 | ‘og? 
ae ah 54 a : x x 


3 + 
So x cua x ee 
= pl {:00964 + ‘oooor — *00328} 
= ‘00637 p/* 
M 00637 plt 
dy = oak = va BN ce Ae 
EI EI (3) 


As an interesting comparison, let us suppose that the whole 
load were spread right over the span. 


wee - 
“ister ei ee 
Then 384 El 


In this case W = a 
= ee roo651 pit 


Poet. RI ee) 
We see therefore that we shall only make a slight error— 
which is practically negligible considering the necessary deviations 


from theoretical conditions which occur in practice—if we treat 


according to the well-known formula. 
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for deflection purposes the present case as being the same as that 
for the same load spread over the whole span, but remember that 
the maximum deflection oceurs at a point 547 from the un- 
loaded end, 

(2) Zo find the maximum deflection for a uniformly loaded beam 
fixed at one end and supported at the other. 

The Bending Moment diagram for this case is as shown 


shaded in Fig. 286. The curve BDC is a parabola of height pate 
2 


where p is the load per unit length of the beam, this being the 





Fig, 286.—Deflections of Beams, 


B.M. diagram for the downward uniform load on the cantilever, 
ae ; : : : 
sf, j 8B being a straight line; this being 


‘ x SAMSON EE 
the B.M. diagram for the reaction at 8, which is © — 


and a Jj is equal to 


Our first problem is to find the point w at which the deflec- 
tion has its maximum value. Consider the position a, Nn of the 
imaginary cable. ‘The forces acting on it are a horizontal tension 
equal to e1 at N and an equal horizontal tension at the point 
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A,, since the beam must be horizontal at the fixed end a; also 
an upward vertical force equal to the negative area c J p, and 
a downward vertical force equal to the positive area p FG, 

If these forces are in equilibrium, since the horizontal forces 
are equal and opposite, the vertical forces are also equal and 
opposite, so that we get the following rule :— y 

The maximum deflection will occur at the point where the area 
DFG ds equal to the area DJ C. 

This is the same as saying that the area AHGJ is equal to 
the area AHFC. 

Now, if HB = x and AaB = /, 


HG AJ uth eet ne ae 
7 ] oa 3 7 
AH 
Area TSEC yp i (aj + cH) 
2-—% 


° x 
aa see ay (1+5) 
sy ON) eee) 
Se: / 8 


=i (7-2) a as at At) 


Also Area AHFC = Area ABDC — AreaHFB 


ll 


I I 
= AC } 4B 2) Be eB 
3 3 


= Ree ae i nee nea bared ((2)) 


3 Az eee 
Lie (@) ea) 


si (2 aa «*) -2 (4 ms ze) 


Factorising, we get 
bee (2+ «) (J- x) =2 (7-2) e + be + 3) 


dividing through bys (2 — x) and multiplying across we get 


972 +o = 82? + Bix + 8 x? 
1.6, 8x2 — ix —-=0 ae Noe AG) 
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The general solution of this quadratic equation is 
eel ENP + 2? 
ie 16 
_ 11 = 33) 
16 
The negative value is inadmissible. 
Z(t + /33) 


i= =A eriean lyn 
16 


The maximum deflection occurs at a distance = 4221 from 
the simply-supported end. 


We now proceed to find the maximum deflection ¢, by con- 
sidering the stability of the portion N 8, of the imaginary cable. 
The forces acting on it are a tension at B, the horizontal tension 
E I at n, and the area of the Bending Moment diagram B& Wr G. 

By taking moments about the point B,, we eliminate the 
tension at this point and get EI x d, = moment about B, of 
area BIG. 

Now, this area is made up of the difference between the 
A 8G and the parabola b H F. 
os 
Z 
bf ees 3p? ih gyda 

yt 8 16 


The area of the A-=4GH.BH = 4.- Aj. & 


i Z . 2X 
The centroid of the A is at distance —— 


— from B 
z 

oO 

x 


: x2 2 x] 
. moment of A about B, = SSN Z : 
16 2 3 


The area of the parabola = 4 FH. BH 
I p x et p x 
3 2 ‘ 6 


4 : Hi ‘ i 
Che centroid of the paravola is at distance = 3. from np. 


pw 32x 
. moment of parabola about B, = wis 


ae xt 
Nias} 
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*. moment about B, of area Br G 





% p xe A p at 

be Loran s 

‘ on (7- «) 
Bil dy = 2 = 1- x) 


putting « = ‘422 7 
BX "4228 7° (°578 7) 


o ElLxd=% 
8 

= 100543 p lt 

Wig (i OCS aa PU 


EI 
putting 7 = total load = W 
_ (00543 W 7 





am Rs CETe 
oat gee Ne 
‘ons anal 
For a unifornily loaded beam, simply supported at each end, 
Wii 
we should get d, = oa a while for one similarly loaded, but 


ny 3 
—, so that we see 
384 EL 
that in the case under consideration the deflection is between 
these two values. ‘This is, of course, what one would expect, 
The same method may be applied to the case of an isolated 


central load W on a beam similarly fixed. In this case the 
‘ WwW 2 Z 
maximum deflection = - =—— and, occurs at We from the 


fixed at each end, we should get @, = 


simply-supported end. 


FRAMED STRUCTURES. 


Wind Stresses in Roof Trusses — Reactions 
Parallel.—When working by method (3), p. 304, for deter- 
mining the reactions in a ‘roof truss for wind pressure, we 
proceed as follows to obtain the reactions and stresses. 
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Let the resultant, wind force W, Fig. 287, intersect AB in a; 
set out the wind forces on a vector line 1, 2 ... 5 and divide it at 
© so that Key ahs 


0,5 aa 
Then 5,0 = Re andio,1 = Ry, 





e 
Fig. 287.—Wind Stresses—Reactions Parallel. 


Having found the point o, the stress diagram is obtained 
without further difficulty and will be followed from the figure. 


The Method of Sections; Trigonometrical Calcula- 
tion of Distances.—In working by the method of sections, 
some of the distances are often troublesome to measure; the 
following treatment often makes the calculations more convenient. 
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Take for instance the bar a B, Fig. 288, 
NOW ie = Bs 


& 


And z = x, cos 0 


Mai oc. Ny 
oie = ae SE CRU 
Sav 2, cos 0 X, ie 
M 
Now ie = Jen 
wil 
cen ata = amseciO ae pate ee (2) 





Fig. 288.—Method of Sections. 


The ordinates «,, &c., can be measured or calculated quite 
-easily, and the angle @ can be calculated from the relation 
X= X, 
tan @ = -——+ 
cD 
Next consider a diagonal, say BD. 
Js» * ¥ = moment of external forces to left or right of 
x x. about E 
= Mi, 
M'; 
“ Sap = —— 


yy 
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Now y= wsina 
amd” | 7 =e, cou 0 


y = 4, cot O'sin a 
M!, 
Si siete Lani) pa COSC Cra ete Nae ola (ey: 
or 
This will not always be much more convenient because we 
still have to take moments about ©, and © may not be a 
convenient point to find. 





p 


Lig, 289.—Reciprocal Diagram for Stresses in Diagonats. 


In this case we proceed as follows :— 


If ap is vertical, it cannot take any part of the horizontal 
forces in Gp and pc; therefore for equilibrium of the forces at 
pb, the horizontal component of the force in Bp must be equal 
to the difference between the forces in Gp and pc. 


Vie COS a= Yaw aie 
Tov = (Jen - foc) DCT sles ae (3): 
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Then the force in the vertical Ap must be equal to the 
vertical component of the force in BD, Z.¢., 
Sav =Sspv Sin a 
o5 (Jen - yc) sin a 
cos a 


= i(Gan — foetal as ws. 36 io a(ia)) 


Reciprocal Diagrams for Diagonals with Rolling 
Loads.—In obtaining the maximum stress in diagonals and 
verticals for rolling loads we have to take a different position of 
the load for each member. As a rule there is no load between 
the reaction and the member when the load is in the position to 
give maximum stress, and in this case much labour may be saved 
by proceeding as follows. Set up a unit length ax, Fig. 289, 
to represent a left-hand reaction and with no loads on the truss 
draw the stress diagram starting from the left. The stresses are 
then scaled off and tabulated and the reactions for maximum 
stress in each diagonal are then calculated ; to get the stress in 
any member we then multiply the corresponding reaction by the 
stress obtained from the diagram. 


APPENDIX. 


The following Tables give the properties of the British Standard 
Sections which are usually listed by makers. See also 
the note on Material Sizes on p. 471. 





Fig. A.—Properties of British Standard Sections. 
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BRITISH STANDARD SECTIONS.* (See Fig. A.) 
PROPERTIES Or BritasH Sranparp ZT Beams. 





5 Thicket Moments of Section Radii of 
Size Wt. Pelel pes 2 Inertia Moduli Gyration 
per Ss \g 
Hen B: clo Na ge ae | Tea rye 3 Soret 
4 A n XX ON XX Noy. XX eva 
inches, Ib. | ins. | ins. |sq.ins.| ins. ins. ins. ins, ins. | ins. 
3.x 14 4 | 16 | 248] 1°18] 1766 124] Te tosh reel) *g2'c 
Bree. 3 2| (20 | “332 | 2°50| 3°79] 1°26 | 2°53] “84r| 123°] “710 


: 147.1 53867, 194] 1°84] *222/ 1°58 | +363 
ieercna) Of | '22 336 | 2°80] 7*53)| 1:28 | 3°76 |: *854 HOA Cosa 
ARx If | 64) 18 | 1323 | yor | 6°77 "263| 2°85 | 300] 1°88 | +377 
Ch uesa) Ta $22 0/0376 5! sa*anil rab is 1°46 5°45] °974) 2°05 672 
5 Xx 4h] 18) 229 | ‘448 | 5:29.| 2207 5°66 | 9'08 2°51 2°07 | T'03 
ones 3 12 WZ £2348) ig*n 3) 202 1°34 |. 6°74| °892| 2:40-| ‘616 
6 X 43} 20 | *37 | ‘431 | 5°88) 34°7 541 | 116 «| 2°40 | 2°43 | +959 



































6 X § | 25 | 41 | "520 | 7°35)43°6 | grrr | 14s | 3°64) 2-44 | tere 
ipa 16 64:25 19387 (i caezr N\39r2 Sar anes Minin aeons eBiny 
Sere AMET Oat eID. | ttoz 5°30 | 55°7 B57 HN S.Oy Hate 7Ombeton B21 
tetany ae) 28 | °35 | 575 | 8:24] 89'4 | 10°3 | 22°3 | gt10 | 3°29 | 1°12 
8% 6.) 35) 44 | 597 [4073 | mat | 17°9 |27°6 | 5°98 | 3°28) 1°32 
9 xX 4 21 | *30 | "460 | 6°78 | 81-1 4°20 | 180 | 2"Io' | 3°62 | °82 
Ce) ese) 58 1°55 1924 | a7r | 230 | 46-3 | 5171 |3°2 | 3°67 | 1°65 
TOM) 15) 30 | *36 | *552 | 8°82) 146 9°78 | 29°1 | 3°91 | 4°06 | 1-05 
IO X 6 |. 42 | ‘40 | "736 | 124 | 212 | 22°9 | 42°3 | 7°64 | gig | 1°36 
10) SS te) 70 | ‘60 | ‘970 | 20°6 | 345 | 71°6 |69°0 |17°9 | 4:09 | 1°87 
12x 5 32 | °35 | 5509 | 9°41 | 220 9°74 | 36°7 | 3°90 | 4°84 | 102 
38 (6) Aaa ecHom eb. | -L2"Q). 3 |e Siben |" 52°6 | 7°42 4°94 | 31 
12) 6 54 | 750 | °883 | 15°9 | 376 | 28°3° | 62°6 | 9°43 | 4°86; 1°33 
wl go) 46 | 40 | 698 |13°5 | 441 | 21°6 | 62°9 | 7°20 | 5-77 |! 1-26 
04 xX 6 | 67 | "50 | °873 | 168 | 553 | 27°99 | 76:2 | 9°31 | 5°64 || 1-29 
15 X 5 | 42 | 42 | 647 | 12°4 | 428 | 11°9 | 571 | 4°78 | 5°89 | -983 
SUX 6 59 | ‘50 | ‘880 | 17°73 | 629 | 28:2 | 83:9 | 9:40 | 6:02 | 1°28 
16 xX 6 | 62 | *55 | 847 | 18:2) 726 | 27° | 90'7 | 9:02 | 6-3r || 1-20 
1itohoe ay 75 | 55 | ‘928’ | 22°1 | 1150 | 46°6 128 |13°3 | 7°22 | 145 
20 X 7s 89 60 |1'or 26°2 |1671 | 62°6 167 |16°7 799 | 1°55 
24 X 74 {100 | *Go |1'o7 | 29°4 |2655 | 66°9 221. (17°38 | 9°50 | 1°51 
5 OAihtaned! doy weet of the ETE Standards Committee. The Tables of Brian 


Standard I Beams, Channels, and Zed Bars are reprinted from Report No. 6 as issued by the Committee, 
Additional calculations have been inserted in the Tables of British Standard Unequal Angles, Equal 
Angles, and Tee Bars for thicknesses other than those calculated by the Committee, such calculations 
having been taken by permission from the Pocket Companion issued by Messrs. Dorman, Long & Co., Ltd. 
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PROPERTIES OF BRITISH STANDARD CHANNELS. 





Specs ta tunes Se = ie 
Standard : Moments of Section Radii of 
Size |Thicknesses |Weight | Inertia Moduli Gyration 


| per | Area | 


Dimension 
P 





AGC1E) histamine | toot a ae ae Rae Lae a 
t T | About | About | About | About | About | About 

oS NONE XX Mays XX wONy 

ins. | ins.|ins.| lbs. |sq.ins.| ins. ins, | ins. ins. ins. ins. | ins. 


15x 4 +525 °630| 41°94 |12°334| °935 |377°O |14°55 | 50°27 | 4°748 | 5°53 | 1°09 
12X 4 |°525|°625 | 36°47 |10°727 | 1°031 |218°2 |13°65 | 36°36 | 4°599 | 4°51 | 1°13 
12 X 33|"500|*600| 32°88 9671 *867 |190°7 | 8+922 31°79 | 3°389 | 4°44 | *960 
12 X 33|"375 |'500| 26°10 | 7°675| *860 |158°6 7372 26°44 | 2°868 | 4°55 | *993 
11x 341°475 |°575| 29°82 | 8:771| *896 |148°6 | 8:421/27*02 | 3°234| 4712 | *980 
10X 4 |°475|'575| 30°16 8°871 | 1102 130°7 12°02 2614 | 4°147 | 3°84 | 1°16 
10 X 34|"475|"575| 28°21 | 8:296| 933 |117°9 | 8"194|23°59 | 3°192 | 3°77 | °994 
10 X 3|'375 |"500| 23°55 | 6'925| °933 |102°6 | 7°187|20°52 | 2'800| 3°85 | 1°02 


9 X 33|"450|°550| 25°39 | 7°469| *971 | 88°07| 7°660) 19°57 | 3°029| 3°43 | I’0! 
9 x 33|"375 |*'500| 22°27 | 6'550| +976 | 79°90| 6963| 17°76 | 2°759| 3°49 | 1108 
9X 3 |'375 |'437 | 19°37 | 5°696| °754 | 65°18] 4°021] 14"48 | 1°790| 3°38 | “84° 
8 x 3$|'425 |'525| 22°72 | 6°682) 1‘o1l 63°76 | 7°067 | 15°94 | 2°839 | 3°09 | 1°03 
8x 3 |*375|"500| 19°3c | 5°675| *844 | 53°43| 4°329| 13°36 | 2°008 | 3°07 | °873 
7 x 3$|/'400 |*500| 20°23 | 5°950| 1°061 | 44°55) 6°498| 12°73 | 2°664| 2°74 | 1°04 
7X3 |-375 "475| 17°56 | 5166] °874 | 37°63| 4°017| 10°75 | 1°889 | 2°70 | *882 
6 x 3$°375 *475| 17°9 | 5°266) 1119 29°66. 5°907| 9°885| 2°481 | 2°36 1106 
6x 3 |'312/"437 14°49 | 4261) °938 | 24°01| 3°503) 8:03) 1699 | 2°37 ‘ey 





















































j Soba co Wolbers 
PROPERTIES OF BritisH STANDARD ZED Bars. 

Bie ae Bh ees 
‘Be 

Standard i i . | pig e 

ee Thiekedsas Weight Moments of Inertia | Section Moduli |"g 8 3 3 
Area per © boom 

Ase Ball errant ry viata foot Dac aR aceite ceweae Peasenieag Reece 
P ae About About About | About | 47 06 

XX Wii XX SON; | 
ins. ins. | ins. |sq. ins.| Ibs. ins. ins. ins. ins, | ins. 


10x 3k | 475 | °575 | 8°283 | 28°16 | 117°865 | 12°876 | 23°573 | 3°947] 14 | 839 
9X 3h | 450 | °550 | 7449) 25°33) 87°889) T2°418 | 19531 | 3°792 164, 843 
8x35 |'425 | 525 | 6°670/ 22°68} 63°729| 12°024 | 15°932 | 3°657 193 "B45 
7X 3k |'400 | ‘S00 | 5°948| 20'22| 44°609 | 11°618 | 12°745 | 3°521| 23 | "840 
6X 34 |°375 | *475 | 5°258/17°88| 29°660) 11°134 9°887 | 3°361 283) B21 
5X3 1350 | "450 | 41169) 14°17] 16%145 | 6°578 6°458 | 2°328 | 292 698 
































PROPERTIES OF BRITISH STANDARD UNEQUAL ANGLES. 


Size and 


Thickness 


54 X 3h x 


a 
x 
Les) 
Ss 
x 
hoe aks Gin tee Ths oln toe Oko Tin toh aks Tin te oho Din te Tis Sho in We KES Hin toe 


5 x4 X 

” ” 

” ” 3 

5 XxX 3x 2 

” ” $ 
woe 

0% 3.x as 

” ” £ 

+} ” 4 

” ” 3 








| Area 


sq. ins. 
fe) 

6°172 
Woes) 
5°248 
6'482 
7°686 
3610 
4°750 
5°860 
3°610 
4°759 
5860 


3°424 | 


4°502 
5°549 
3'236 
4°252 
5°236 
3050 
4°003 
4°925 
3°236 


4°252 


'5°236 


3°050 
4°003 
4°925 
2°402 
2°859 
3°749 
4°609 
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Weight Dimensions 
Joel oper at 8 OS eh bk UR A Nay 
foot | 

ea} P, 
Ib. ins. | ins. 

17*00)| 2°50 | ‘764 

20°98 | 2°55 | “814 

24°86 | 2°60 | +862 

17°84 | 2°08 | 1'09 

22°04 | 2°13 | 114. 

26°13 2°18 | ‘19 
R227 sia 2 eer AMT 
16°15 | 2°28 | +792 
19°92} 2°33 | ‘841 
12°27] ‘gr | "923 
16'1§ | 1°96 | “974 

19°92 | 2°02 | r*o2 
11°64 | 2°01 | °773 
15°31 | 2°06 | *823 
DSiS7)|)2°nwely 1872 

11°00} 1°80 | ‘807 

14°46 | 1°85 | °857 

17°80} i*90 | "905 

10°37 | 1°90 | +662 
1ZVOP) Tigh "701 | 

16°74 | 2°00 | *759| 
11°00) 1°51 | 1'or 

14°46 | 1°56 | 1106 

17°80 | 1°60 | 1°11 

10°37) 1°59 | *848 
13°61 | 1:64 | °897 
16°74] 1°69 | °944 
8:17 | 1°66 | ‘667 
9°72 | 1°68 | *693 
12°75} 1°73 | °742 
15°67} 1°78 | °789 





Moments of 
Inertia 


About 


| About 











DSB. Gu avin’ 6 
ins, | ins. 
25°! 4°28 
30°55 | 5°15 | 
35°68 | 5°95 | 
222 8°75 | 
27°09 | 10°60 
31°66 | 12°32 
15°7 3°27 
20°4 | 4°20 
24°83 | 5:06 | 
13°2 4°73 | 
7500 610 
20°8 | 7°36 
WALey Nh ecko} 
164 | 4°t4 
19°88 4°97 
9°93 | 3°15 
12°80 | 4°05 
156 | 4°86} 
9°45, 2702 
T2%2 2°58 
14°7 | 3°08 
7°96 4°53 
| 10°3 5°82 
124 | 7°01 
7°64) 3°09 
9°86 | 3°96 
Ing | 4°75 
614} 1°68 
7°24| 1'97 
TS | Sy 
11°25! 3°00 





591 


| 
| 


Section 
Moduli 
‘About About" 
XX | YY 
ins, ins, 
5°58 | 1°56 
6°86 | 1°92 
Sir | 2°26 
5°02 | 2°57 
6:20). 3s 4 
7°33 | 3°72 
3°67) 138 
4°83 | 1°55 
Ba ee 2) 
3°23 | 1°54 
4°23 | 2°02 
5°23 | 2°47 
3°16 | 1°18 
4°16 | 1°55 
517 | 1°89 
2sOoul liz 
Seales 
4°33) | 1°87 | 
2°62 86 
3°44 | 1°13 
4°20 | 1°37 
2°28 | 1°52 | 
2°99 | 1°98 
3°66 | 2°43 
PALA Math iy) 
293) | 1352 
3°60 | 1°86 
1°84 2 
2°18 | 9 +85 
DESY Mote Men 
3°49 | 1°36 








Angle a in 


degrees 


= 
Hn 
bie le 





Least Radius | 
of Gyration 





Oe Gee Sa 
GEN Os! Sos 
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64 
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UNEQUAL ANGLES (continued). 
| Viste 
Size and en Be Dimensions | sae e Modal 
Thickness | foot j . lxdoa | Apout lPAmour Lagan | 
| ee Me ce ea ie eG Io 
| peau ali eh Baste 
ins. sq. in. | Ib. ins. | ins. | ins. ins. ins. ins. 
4h x 38 x Py | 2°402| 8°17 | 1°36 | °866 | 4°22 | 2°55 |. 1°54 | "97 
BE eas 8 | 2°8s9| 9°72} 1°39 | “891 | 5°69 | 3°00 | 1°83 | 1°15 
cea 4 | 3°749 | 12°75 | 1°44 | “940 | 7°31 Seyi ay eXeefo), Iai 
io gh RA OCA 1567, 1°48 | "987 8°81 | 4°61 | 2°92 | 1°83 
4 x 34 x de| 2°246.| 7°64) 116 | “915 | 3°46 [2°47 | 122 | *96 
e 1 2 | 2°671 9°08 119 | ‘941 | gt08 | 2°90 1°45 113 
gg RRB 499) 1E'9Q | 1°24 | 7990 | 5°23. 3°71 yt '89) a "48 
Mia ate & | 4295 | 14°61 1°28 | "of | 6°28 | 4°44 | 2°31 | 1°80 
4X3 Xgl 2091 | 7712 1°24 | 746.) 3°31 | 1°59 | 1°20) “71 
mers 2 | 2-485] 8:45 | 1°27 | ‘772 | 3°89 | 1°87 | 1°42 84 
oF 37251. | 11:05 | 13%] “819. | 4°98 | 2°37] 1°85, |. 2°09 
» vw $1 37985 13755 | 2°36 | 865:| 5°96 | 2°83 | 2°26 | 1°33 
34 xX 3. X ds| 1934) 6758) 1°04 | °792.) 2°27 | 1°53 | "92 | “69 
aR as 4 | 2:298 | 7°81 | 1°07 819 | 2°67 | 1°80 | I1'10 83 
eae 4 | 3:01 | 10°20] 1°11 | °867 | 3°40 | 2°28 | 1°42 | 1°07 
ne 8 3°673., 12749. |. 116. | “912 | 4°05. 2°71. | 1°73. | 1°30 
33 x 24 x 1 1°799| 6705 oes CO Tals aenis *910| “90 “49 
aE 2 |onir | 7°18 | 1°15 "OS 2022 R 2) I OO Oy, cael 
mH b 2752,|. 9736] 2°20. 699 [3°20 | 1°34.) 130.4). 74 
3 x 2hx £4312] 4°46| “895 | 648 | 114 | *716| “54-|. ‘39 
» oo» 217921 | 6°53) ‘945| °697 | 1°62 | 1°02 ‘79 bi 
ll a MuleerAOo)| Seo) O92 | -7aa| 2°05 | 1°28,| 102 | ‘73 
Beg Kok a Sz.| tod | 976%), 48201100 wl BZ Biles 52 ‘25 
din acs Rl DPGSI B80, | 1703 | S32 ah SOL S2bM Teese 
” ” $ 2°249 7°65 1°07 “578 | 1 “89 *656 +98 “46 
2k x2 x 4) 1°063| 3°61) °774| °527 | ‘636 Fefoyl So Sta) "24 
».» . tel t'309| 4°45 | °799) °552.)°°770| °433| *45 | . “30 
Bossa Bl] 1547 | 5°26) °8231 °575 | °895\) 2502) *53i |. 135 
2 xX 14 x | *622) 2°10) *627)|. 38% BAO ADTs nels "10 
ia oie Nopmashe ge |. 653) aoga|. *3Ob. dG: tgs a8 
Ba ee O97 3839"): 678) “AST:.) B69.) NZ A see |: ao 
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WM © WB WH Ww w 
Tse Ong Or a 
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‘74 
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Brivish STANDARD Equal ANGLES. 

a | E Section Least 
ins. sq. ins. lb. ins. ins. ins. ins, 

BY SURO <n er 7°75 26°35 2s | 474 810 1°58 
SB, KN 9°61 32°67 2°20 | 58°2 10°03 157 
BX Cee eet 1144. || BB"BOn ch 2h 2) a) Ooo 11‘9l 1°56 
6x 6x xe 5°06 17°21 MOA IT'S 3°97 118 
6) XO x Fo aul ttey Ny GAN 23°83 5°55 1718 
6 exes ecto 8°44 28°70 1°76 27°8 6°56 ely 
Bra hiSeH| pa 3°61 12°2 L327 8°51 ep) “98 
Bit sesh OX ake 4°75 16°15 1°42 re ie) 3°07 98) 
Beebe x 8 5°86 19°92 1°47 TSAANe Ml page 98 
Akx 43x # 3°24 I1‘00 1°22 614 1°87 88. 
4uX 43X 2 4°25 | 14°46 1°29 7°92 2°47 87 
Bx 43x 8 5°24 | 17°80 1°34 9°56 3°03 "87 
ie ahaa altars 2°86 O72 Hee 4:26. 1748 78 
4X 4% 3 375 12°75 117 5°46 1°93 SHEA 
Mavic swine urs 4°61 15°67 1°22 6°56 2°36 on 
33% 33% Ve 2°09 TIL ‘97 2°39 "95 68 
3x 32% 8 2°48 8°45 1°00 2°80 1°12 68 
3hxX 3EXx 2 3'25 I1‘05 TOS ny Si 1°46 68 
34x BEX 8 3°98 13°55 109 | | 472 Lea 68 
uae ees 1°44 4°90 827 1°21 *56 “59, 
Regis ts 2°11 7718 877 1°72 3 Ot (lee 
Brenig ele 2°75 9°36 "924 2°19 1°05 +58 
EG Aue dam) 3°36 11°43 *970 2°59 1°28 58 
2akx 2kx 4 I'19 4°04, 703 677 "38 a8 
aie 28x) ay 1°46 4°98 728 “822 | "46 “48 
2K 2K 8 1°73 5°89 752 "962 55 “48 
24x 22x 3 225 7°05 799 rea yal 48 
abx 24x vb "809 2°75 "616 “378 °23 "44 
atx 2tx 4 1:06 3°61 643 "489 "30 "44 
2tx 2bx ay 1°31 4°45 “668 | "592 ‘oF “43 
atx 2tx 8 1°55 5°26 1692 * 686 “44 "43 

{ 
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BRITISH STANDARD Equa ANGLES (continued). 
Weight Section i Denst 
Sizes Area per J Ixx Modulus | Radius of 
foot about X X | Gyration 
ins, sq. ins. Ib. in. in, in, in 
BRD ae “715 2°43 “554 *260 “18 "39 
25. CNN Soa "938 3°19 “581 “336 "24. "39 
2% 2x dr nei 3°92 *605 “401 "29 Oars) 
BUD. Kae 1°36 4°62 *629 *467 “34 “38 
ax 12x fy 622 2°11 “495 “172 “t4 “34 
12x 12x } “814 2°77 “520 *220 18 °3.4 
x 1X yy ‘997 3°39 544 “204 "22 “34. 
atx 14K ir 526 1°79 “434 “105 "10 "29 
me Ik | “686 2°33 "458 "134 yt} 29 
ix bx Py 839 2°85 482 "159 16 29 
wyX EX ys "433 1°47 “371 058 ‘07 "24 
i#x 1}x } 561 Taept “396 073 “09 23 
British STANDARD TEES. 
a ec lena 
SRR bP Ih ERC 7 XX vY 
ins. sq. ins. Ib. ins. ins. ins, ins. ins. ins, ins. 
6x 4x 2 | 3°634 | 12°36 AQ NIG | A eOM NOs SA lh Uhh 2 | cL alle ae 1°32 
6x 4x4 | 4°771 | 16:22 $968!) G2071| 6502 I) 200) | 2:07.060 03 Olea 
6 x 4x € | 5°878 | 19°99 | 102 Tey MOO 2 A7 | GeO gute 1°30 
6 x 3 x 2] 3'260 | 11°08 7633 | 2°06 | 6°39 COVA eels) "795 | 1°40 
6X 3X 4 | 4272 | 14°53 1684 | 2°63 | 8°65 | 1°14 | 2°88 ‘785 | 1°42 
6 x 3.x £ | 5-256. | 17°87 | 732° | 3:14 |10°94 | w-39 | 3°65] 773 | Tae 
5 xX 4X # | 3°257 | 11'07 1998 | 4°47 | 3°69 | 149 | 1°48 | 1°17 1°06 
5x 4x4] 4°208 | 14°51 | 1105 R77, | 5102 | 0°96 | 2°01 | 1°16 108 
5B x 3x2 | 2°875.| 9°78 | t691 | 1°97 | 3°71 | “85 | tr49 |) “828 | te 
5 xX 3X4 | 3°762 || 12°79 TAD J eg Sel hROS ily leet Din ne Or 818 | 116 
AX Ae || 2i072 O77.) Dabd 4°19 | 1°90 | 1°45 Holsal cise “814 
4x4x4&| 3°758 | 12°78 | 1°16 | 5°40 | 2°59 | W'90 | 1°29 | 1°20 +830 
4x 3x @| 2°498 | 8:49 | 767 | 1°86 | 191 | *83 | *96 | 863 875 
4X 3x % | 3'262 | 11°08 “816 | 2°36 | 2°60 | £'08 | 1°30 851 893 
































Appendix II. 595 


BritisH STANDARD TREES (continued). 








Moments of 





Weight ibacanarn Section Moduli |Radii of Gyration 
Sizes Area per J | 
: foot Re aa | ae i i a Seen 
XX voy XX Way: XX We 





ins, sq. ins. lbs. ins. ins ins. ins. ins. ins. ins. 
38% 34XE | 2°496 | 8:49 | 98 | 2°79 | 1'28 | 110 | *73 | 1-05 ‘717 
34% 34X42 | 3°259 | 1108 | 104 | 3°54 | 1°75 | 1°44 | 100 | arog | 733 
Be Bix ation 721 *868 | 1°70 ASC otek fn Ley *897 | ‘620 
3 X3 x4 | 2:760 | 9°38 *OUSu eo! ajetet| TOna| | 7A, *886 | '636 
3 x2kxe | 1:929 | 6°56 | *695 “| 1'on 814] °56 | °54 ‘725 | *650 
3 x24x} | 2°506 | 8°52 742, | 1°28 | 12 I3 AN 7k: wingualn-oos 
2k X2EX4 | 1197 | Ato7 ||) "697 | '677'| ~"302))° °38" | “24 52) GOD 
24x 2h X a'p| 1474.) Scot | *724 | 2832] °387| “46 | -31 | 747 | “512 
2hx2hx8 | 1°742 | 5°92 | "750 | "959] “473| °55 | "38 | 742 J °521 
24x 2x2 | ro7t | 3°64 638 ASS) 224)" “301-1 20 675 4.57 
apx2bxe | 1554 | 5°28 | “689 | *685| *349]) “44 | “31 | “064 | “474 
2) XQ KH AQHA ES 22 579 WN) “BB 7h) SISTA eas |eeMOe Lens O7en 407 
Dy ark rae Sill sh afoul a viletoyil 628 "469 | *246) “34 | °25 "586 | 424 
TX 2 (XP | 9820.) 2979 648 $207)" SOO8r|, 1280 OO) 612 | *288 
14x2 xr] [1003 | 3°41 674 *369 | ‘088| *28 | ‘12 *607 | °296 
aire en Bzos loo) een Ten | som eeMO7 Toe t2eale S20) ic a01L 
t2xXIZXqs| °9909 | 3°40 | +544. “205 ills 7a| uae eal eel One lai, = /e3 770 
TEX IX ge] (531 | 1:81 | ‘435 | °106)] 9rO48 | ETO) | 't06) "4475 | °301 
ixXIsxg | ‘692 | 2°35 Cidoroy ill tail) Cotcya |e uy ell Role) | Deheye bewe 
































BE RCISES, 


[These Exercises should be worked by the student in addition to those worked 
tn the text. In some cases, in particular reciprocal figures, so many 
are worked in the text that none have been included here. | 


CHAPTER I, 


1, A tie rod in a roof structure has to stand a total pull of 40 tons. 
If the stress in the material is to be not greater than 5 tons per sq. in., 
find a suitable diameter. Ans. 3} ins, diam. 


2. Taking the shearing strength of mild steel to be 20 tons per 
sq. in., calculate the force necessary to punch a # in. hole in a & in, 
plate. Find also the stress in the punch. 

Ans, 29'4 tons; 66°7 tons per sq. in. 

3. A bar of mild steel } in. diam. and ro in. long stretches 
‘00816 in. when carrying a load of 5 tons. Calculate Young’s 
modulus (E) in lb. per sq. in. Ans. 30 x 10° 1b, per sq. in, 

4. If E is 29,000,000 Ib. per sq. in. for wrought iron, what decrease 
in length of a column 20 ft. high anc 12 sq. ins. sectional area takes 


place when carrying a load of 36 tons ? Ans. °0556 77. 
5. What load in Ib. is hung on an iron wire 50 ft. long and ‘1 in. 
diameter to make it stretch so\yq in.? Ans. ‘076 Lb. 


6. Plot a stress-strain diagram for the following test of a specimen 
from a mild-steel boiler plate :— 
ON ! eh | | 
16,000 20,000 24,000 28,000 


Load lb. | 4,000 | 8,000 | 12,000 





Exten™ ins. | ‘0009 | ‘0020 | ‘0033 ‘0044 ‘0056 | ‘0070 | “0082 


| 











| | | 
Load Ib. ...| 30,000 | 34,000 | 36,000 | 40,000 | 44,000 | 48,000 | 52,000 
Exten? ins. | "0103 016 | o'7 | “19 “30 ‘a7 75 
| | | 
i | ts fs | ; iyaade a? =) 115) See hi 
peep oH ‘ == 310} } 
evinces peso | 591780 | 54,900 Scales ctensions- np to yield 
p Paar 3, Rec eae ‘ point 500 times full size. 
Exten" ins. ne) Ae) pact Beyond = 4 times do. 


Orig. dimens. Length=1oins., width=1°753 ins., thickness = ‘64 in. 
Final 5 Mb 12OUNS yea | == Ae 1S, ah = 482 in, 
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Find stress at elastic limit, maximum stress, Young’s modulus, and 
percentage extension and reduction of area. 


7. Ina plate girder the maximum intensity of stress at right angles 
to the vertical cross section of the web is 5 tons per sq. in., and the 
intensity of shearing stress is 2 tons per sq. in. Find the position of 
the planes of principal stress at that point and their intensities. 
{A.M.1.C.E.) 

Ans. 19° 20' and 70° 40' to vertical; 5°7 and 0'7 tons per sq. in. 


8. The limit of elasticity of a W.1. bar was found to be 20,000 lb. 
per sq. in., the strain at that point being 00006; what was the 
resilience of the material? (A.M.1.C.E.) Ans. 6 in. lb. 


9. Two rods, one of copper and the other of steel, are fixed at their 
top ends, 24 inches from one another, and hang vertically downwards, 
They are connected at their bottom ends by a horizontal cross-bar, 
and on this bar is to be placed a weight of 2000 lbs. If each rod is 
18 inches long, and if the diameter of the copper rod is 1 inch and of 
the steel rod } inch, find where the weight must be placed so that the 
cross-bar may remain horizontal. E for copper = 16 x 10° Ibs. per 
sq. in. ; for steel = 29 x 10° lbs. per sq. in. (B.Sc. Lond.) 

Ans. 11'9 ins. from the steel rod. 

10. A load of 560 Ibs. falls through 4 in. on to a stop at the lower 
end of a vertical bar to ft. long and 1 sq. in. in section. If E = 13,000 
tons per sq. in., find the stresses produced in the bar. 

Ans. 5°45 tons per sq. tn. 

1. A bar of iron is at the same time under a direct pull of 5000, Ibs. 
per sq. in., and a shearing stress of 3500 Ibs. per sq. in. What will be 


the resultant tensile stress in the material ? ; 
Ans. 6800 lbs. per sq. in. 


12. In Question 11, find the resultant tensile stress from the strain 
consideration. Ans. 7250 lbs. her sq. tn. 


13. Find whether, in the problem of Questions 11 and 12, on the 
assumption that the shear strength of the material is $ of the tensile 
strength, the resultant shear stress is more serious than the resultant 
tensile stress or strain. 

Ans. Res. shear stress = 4300 lbs. per sg. in. Not so serious. 


CHAPTER II. 


1. Ina roof truss a certain tie has in it a pull of 3'05 tons due to 
the dead weight a/one. When the wind is on the left of the truss it 
alone causes a pull of 5°5 tons in the same tie, and when it is on the 
right side it causes a compression of 12 tons. Work out what you 
would consider a satisfactory section for the tie if it is made of mild 
steel. Ans. 3 ins. x 4 in. flat. 
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. Estimate the dead load equivalent to a tensile dead load of 
15 as and a live load of 20 tons ; if the strain is not to exceed ‘oo1,, 
find the area of section required, E being 13,500 tons per sq. in. 
Ans. 55 tons ; 4:07 Sq. tn. 
BA 3-girder bridge to carry a double line of rails has an effective: 
span of 38 ft. 6 in. Find a suitable working stress assuming that the 
weight of the girders is $5 of the weight to be carried ; that the 
flooring weighs 7 cwt. per ft. run of the “whole width of the bridge ; 
that the permanent way, &c., weighs 160 Ibs. per foot run for each line 
of rails ; and the live load is 40 cwt. per foot run per line of rail. 
Ans. 5 tons per sq. tn. 


CHAPTER IIT. 


1. Find the moment of inertia about the centroid of an Z beam 
8 ins. deep, the width of flanges being 5 ins. ‘The flanges are °575 in. 
and the web °35 in. thick. Ans. 89'1 in, units. 


2 A stanchion section consists of two standard channels. 
0 uN Sen 33 ins. placed back to back at 6} ins. apart and two 
14 ins. x 3 in. plates riveted to each flange. Find the least radius. 


of gyration. Ans. 4°12 ins 


3. A girder 7o ft. long carries a uniform load of 2 tons per lineal 
foot from one end to the middle, and a load of 20 tons at 20 ft. from 
each end. What are the reactions on the ends? (A.M.I.C.E.) 

Ans. 72°5, 37°5 tons. 


4. A cast-iron girder has an upper flange 4 ins. by 1 in.; a lower 
flange 8 ins. by 1} ins. and a web 6 ins. by 1 in. Find its moment of 
inertia and radius of gyration about an axis through the centroid 
parallel to the flanges. Ans. 195 tns.4,; 2°98 zis. 


5. A channel section has a base of 10 ins.; sides 3 ins.; the thick- 
ness of metal being # in. Find the position of the centroid and the 
moment of inertia about a line through the centroid parallel to the 
base. Ans. 726 in. from base; 6°62 ins.® 


6. A column is built up of two E beams to ins. deep and with 
flanges 5 ins. wide, the centres of the beams being Io ins. apart. The 
area of each is 8°82 sq. in., and the greatest and least moments of 
inertia are £45'7 and 9°78 in. units respectively. Riveted at the top: 
of each pair is a plate 12 ins. wide. Neglecting the rivets, find the 
thickness of the plate if the greatest and least moments of inertia are 
the same. Ans. iq 1715 


7. Acolumn is built up of two channel sections 12 x 3} x $ in., 
with a plate }in. thick riveted to the flanges at top and bottom. Find 
the distance x apart that the channels must be for the moments of 
inertia to be equal about the two axes of symmetry, the width of the 
plates being 1 + 74 ins. Ans. 9% ins. 
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8. A bending moment diagram of a beam of span / is made up of 


q i {2 a 
a triangle of height 27 and a parabola, extending from the right-hand 
end to the centre, of height a Find the position of the centroid of 


the diagram, Ans. 7 Jrom the right-hand end. 
5 s 


CHAPTER IV. 


1. Two lengths of a flat steel tie bar, which has to carry a load of 
50 tons, are connected together by a double butt joint. The thick- 
ness of the plate is # in. Find the diameter and the number of rivets. 
required, and the necessary width of the bar for both chain and zigzag 
riveting. What is the efficiency of each and the working bearing, 
pressure? Make a dimensioned sketch of the joint. 


2. A diagonal tie in a lattice girder has to carry a load of 15% tons. 
and is 4 in. thick. Using } in. rivets, find the necessary width of tie: 
and calculate the number of rivets required (in single shear) and 
sketch the arrangement. 


3. Plates 1 in. thick are connected by a treble riveted butt joint,, 
the pitch in outside rows being twice that in the others, and d= 1 in. 
Taking shear resistance in double shear = 1°75 times that in single 
shear determine # for equal shear and tearing resistance. Find also. 
the efficiency. Ans. 6% tns.; 85%. 

4. For equal strengths in tension and shear calculate the pitch 
for a butt joint, given the following data: Plates 1 in, thick ; rivets. 
14 ins. diam.; two rows of rivets on each side of joint; 6 = 54.000 ; 
fi = 65,000 |b. per sq. in. Ans. 5% tns. 


CHAPTER V. 


1. A cantilever whose weight may be neglected, carries isolated 
loads of 2 tons and 4 ton at distances of 5 ft. and 8 ft. respectively 
from its built-in end, the cantilever being 1o ft. long. Sketch shear 
and B.M. diagrams. Avs. Wax. BM. = 14 ft. tons ; shear = 2% tons. 


2, A certain joist used as a cantilever weighs 18 lb. per foot, and 
the max. B.M. which it can carry is 63°56 in. tons. ind how long 
the span may be for the cantilever to be able to safely sustain its own. 
weight. Ans. 36°3 ft. 

3. A beam of 12 ft. span carries loads of 3 and 4 tons at distances. 
of 5 and 8 ft. from the left-hand support. Draw the shear and B.M. 


curves. 
Ans, Max. BM, = 15°66 ft. tons; reaction, 3°91 and 3°09 tons. 
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4. A plate girder is built of depth = ;; span. The maximum per- 
missible B.M. in ft. tons in such girder is roughly given by formula :— 
B.M. = 7 X area of flange in “inches x depth in feet. Find the 
maximum span for such a “girder to carry its own weight: (@) neglect- 
ing its web altogether ; (6) taking its web as half the sectional area 
oft one flange. Neglect all angles, rivets, and stiffeners. ‘Take steel 
as weighing 490 lb. per cub. ft. Ans. (a) 1536 ft.; (0) 1229 ft. 


5. A beam of 25 ft. span carries a load of } ton per foot run, and 
an isolated load of 6 tons at a distance of 4 ft. from the left-hand 
support. Find the maximum bending moment, and sketch the shear 
and B.M. curves. ‘Ans. Max. BM. = 52'2 fv. tons. 


6. A beam 25 ft. long is anchored down at one end and rests over 
a support 6 ft. from the other end. It carries a load of 15 tons at the 
free end, and a uniform load of 5 cwt. per foot run. Sketch the shear 
and bending moment curves. Ans. Max. BLM, = 94°5 ft. tons. 


7. A bridge is supported on pontoons, each of which is 24 ft. long, 
and is of uniform cross section, and weighs 1000 lb. uniformly dis- 
tributed. The weight of the bridge platform is carried by the pontoons 
between } to 4, and 3 to % of their lengths. Upon these portions the 
downward pressures. are 1500 lb. per foot run, Draw the curves of 
shear and bending moments. Ans, Max. B.M, = 6000 ft, lb. 


8. A beam is laid horizontally upon two supports which are 12 ft. 
apart, and projects at each end 6 ft. beyond the support. <A load of 
2 tons is carried upon each of the projecting ends, and 1 ton at the 
centre of the span. What is the B.M. at the centre and at each 
support? Sketch the B.M. diagram. (A.M.I.C.E.) 

Ans. 9 ft. tons; 12 ft. tons. 

g. A timber beam, 25 ft. long and 15 ins. square, floats in sea- 
water. The weight of the timber is 4o lbs. per cub. ft., and of the 
water 64 Ibs. per cub. ft. Two weights, just sufficient to immerse, are 
placed upon the beam 7 ft. from each end. Draw B.M. and shear 
diagrams, and state the value of the maximum B.M. At what dis- 
tance from the ends should the weights be placed so that the greatest 
B.M. is as small as possible. (B. Sc. Lond.) 

Ans. Max. B.M. 918 ft. lbs.; 5°17 ft. from ends. 


to. A beam of 4o ft. span carries a uniformly distributed load of 

20 tons ; at points 11 ft. 3 in. from each end isolated loads of 11 tons 

are carried, and between these points and each end additional loads 
of 4°5 tons are uniformly distributed. Draw the B.M. diagram. 

Ans. Max, B.M. = 250 ft, tons nearly. 


CHAPTER VI. 


1. A 20 in. X 7} in. joist is supported at both ends. The weight 
per ft. of this section is 89 lb., and the moment of inertia = 1646 ins.* 
Find the distributed load in a 25 ft. span which will cause a max, 
flange stress of 7 tons per sq. in. Ans. 29°7 tons net. 
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2. The moment of inertia of a 12 in. x 5 in. x 32 Ib. joist is 
221 ins.* Two such joists are placed side by side, and support a water- 
tank which weighs 1 ton when empty. Effective span = 15 ft. What 
is the weight of the water in the tank when the stress in the extreme 
fibres of the joist is 6°5 tons per sq. in. Ans, 19°8 tons. 


3. Two 6 x 3 x 4 T’s are used back to back as a girder on which 
a light crane runs. Compare the safe load which such a beam would 
carry with that of a joist of same span, depth, width, and thickness of 
metal. Ans. Joist 5°36 times as good. 
4. A cast-iron beam section is 20 ins. deep ; top flange 4ins. x 1 in. ; 
bottom flange, 16 ins. x 14 ins.; web, rin. ind the safe distributed 
load which a cast-iron girder of the above section, and of 20 it. 
span, could safely carry. Take the safe stresses as 1 ton/in.? in 
tension, and 4 tons/in.? in compression. 
Ans. 10°6 tons net; 11'9 tons gross. 
5. A rolled-steel joist 16 ins. deep, with flanges 6 ins. wide and 
1 in. thick (the web being $ in. thick), is used to support a uniformly 
distributed load of 2 tons per ft. run. If the span is 12 ft. 6 ins., what 
is the maximum stress in the lower flange? (A.M.I.C.E.) 
Ans. 4°42 tons per sq. tn. 
6. A tie bar 9 ins. wide and 14 ins. thick is curved in the plane of 
its width. If there is a total tensile load on the bar of 30 tons, and 
if the mean line of pull passes 3 ins. to one side of the geometrical 
axis at the middle of the bar, find the maximum and minimum 
stresses at the centre section of the bar. (A.M.I.C.E.) 
Ans. 63 tons per sg. in. tension; 2% tons per sq. tn. compression. 
7. Either of the following sections is available for a beam which 
is required to be as strong as possible: (@) Circular, 2 in, diam. ; 
(0) rectangular, 2 in. deep, 1178 in. wide. Which would you use? 
(A.M.IL.C.E.) Ans. Circilar, 
8. A short wooden pillar is 20 ins. high, and rectangular in cross 
section, the thickness of the section is 6 ins., and the width 12 ins. 
Two vertical loads act on the top of the pillar, both loads act in the 
middle of the thickness, one of them, W,, acts at a point 14 ins. on 
one side of the centre, and the other, W., acts at a point 24 ins. on 
the other side of the centre. If the stress over the base of the pillar 
is everywhere compressive and varies uniformly, its intensity being 
twice as great at the 6 in. edge near the line of action of W, as it is 
at the 6 in. edge near the line of action of W,, what is the ratio of 
W, to W,;? (B.Sc. Lond.) AES obras 


g. An upright timber post 12 ins. in diameter supports a vertical 
load of 18 tons, 3 ins. from the vertical axis of the post. Determine 
the maximum and minimum stresses on a norinal cross-section and 
show by a diagram how the intensity of stress varies across the 
section. ANS. 477 and “159 tons per sq. in. 

10. Find the bending moment which may be resisted by a cast-iron 
pipe 6 ins. external and 4% ins. internal diameter when the greatest 
intensity of stress due to bending is 1500 lbs. per sq. in. 

Ans. 21,750 in. lbs. 
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CHAPTER Wik: 


1. A beam 80ft. span, weighing 1 ton per foot run, carries a rolling 
load of two tons per foot run. The rolling load covers a distance of 
1o ft. Draw, roughly to scale, the curves ‘of maximum, positive, and 
negative shearing force as the load crosses over ; and show also that 
the bending moment is a maximum at any section when the section 
divides the ‘oad and the beam into segments having the same ratio. 
(B.Sc. Lond.) 


Two loads, spaced 6 ft. apart, roll over a girder of 4o ft. span. 
If the leading load is 8 tons, and the other 5 tons, find: (a) The 
maximum bending moment in foot tons on the girder; (4) The 
maximum shear in tons. (B.Sc. Lond.) 


3. A train equivalent to a rolling load of 14 tons per ft. run 
traverses a girder of 150 ft. span. Draw diagrams of maximum 
possible B. M. and shear, (@) when the length “of the rolling load 
exceeds the span, (0) when it is only 75 ft. in length. (B.Sc. ‘Lond. 

Ans. Max. B.M. (a) 4220 sé. tons; (b) 3164 ft. tons. 

4. A girder crossing a span of 4oo ft. is traversed by a railway 
train of uniform weight 1 ton per ft.; and the train, whose length is. 
greater than the span, may enter from either end. Find the greatest 
positive and negative values of the resulting shearing at a section 
too ft. from either abutment, and sketch the dic sram of maxima. 
(A.M.I.C.E.) PAU LSSs ee UL Gee iliaah 07s, 


5. A girder of length 60 ft. is subjected to a uniformly distributed 
load of # ton per ft. run, and to a uniformly distributed rolling load of 
1} tons per f.. run. Construct diagrams to show for every section of 
the girder (@) the shearing stress due to the dead load; (6) the 
maximum positive and negative shearing stresses due to the rolling 
load as it crosses the girder. (A.M.I. (es E;) 

Ams. (1) 22°5 tons ; (2) 45 fons at ends.. 

6. Two rolling loads of 15 tons and 20 tons respectively, 12 ft. 
apart, pass over a bridge of 12c ft. span; determine the maximum. 
B.M. which can occur anywhere in the girder during the passage or 
these loads. Show by diagrams the greatest possible B.M. and shear’ 
which can occur at every section of the girder. 

Ans. Max, B.M. = 961 ft. lons.. 

7. A crane girder is of 4o ft. span and the carriage has two wheels 
10 ft. apart, each carrying 11 tons; for what maximum B.M. would 
you design the girder? Ans. 168'5 /t. tons. 





CHAPTER VIII. 


. If two precisely similar beams of rectangular section, one of 
ait iron and the other of wrought iron, were laid across the same 
span and loaded with the same Toad (within the elastic limit), what. 
would be the relative deflections of the two beams? (A.M.I.C.E.) 

Ans. As I6,: Ey = about 8 + 13-. 
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2. A beam is of 20 ft. span and the movement of inertia of its 
section is 300 Ins. units; what will be the central deflection for a 
uniformly distributed load of 16 tons? (A.M.I.C.E.) Ans. ‘72 in. 


3. A beam of cast iron, 1 in. broad and 2 ins. deep, is tested upon 
supports 3 ft. apart, and shows a deflection of } in. under a central 
load of 1 ton. Calculate the modulus E. (A.M.1.C.E.) 

Ans. 5832 tons per sq. in. 

4. Suppose that three beams or planks, A, B, and C, of the same 
material are laid side by side across a span L = 100 ins., and a load 
W = 600 lb. is laid across them at the centre of the span so that 
they all bend together. The beams are all 6 ins. wide, but two are 
3 ins. and one 6 ins. deep. What will be the load carried by each 
beam, and what will be the extreme fibre stress in each? (A.M.I.C.E.) 

Ans. 480 1b., 60 1b.; 1333 1b. per sq. in., 667 1b. per sq. in. 


5. An & girder, flanges 6 ins. x % in., web 3 in. thick, depth over 


all ro ins., is supported at the ends, and has a span of 15 ft. It carries 
a concentrated load of 6 tons placed at a place 5 ft. from one support. 
Calculate the deflection of the beam due to this load at a section 
immediately below it, and also the work done in bending the beam. 


(B.Sc. Lond.) 


6. A beam of uniformly rectangular section is supported freely at 
the ends and carries a uniformly distributed load. Find the ratio of 
depth of span so that when the maximum stress at the centre section 
due to bending is 4 tons per sq. in., the deflection at the centre is ¢ho 
of the span. E = 12,000 tons per sq. in. (B.Sc. Lond.) 


7. A 16 x 6 x 62 1b. R.S.J. carries a load of 12 tons at quarter 
span, the span being 24 ft. Find graphically the maximum deflection 
and compare that calculated for the same beam with the load at the 
centre, (I for this section = 7257 in. units, E = 12,500 tons/in.?) 

Ans. 46 in. 66 tn. at centre. 

& A vertical post, 24 ft. in height, supports at its upper end a 
horizontal arm projecting 6 ft. from the post. Find the horizontal and 
vertical displacements of the free end of the horizontal arm when 
& load of 6000 lbs. is suspended from it. FE for post and arm 
= 28 x 10° Ibs. per sq. in.; I for post = 412, for arm = 360 (inch 
units). Neglect direct compression of the post (B.Sc. Lond.), 

Ans. Horizontal 1°55 ; vertical 85 ins. 

g. A cantilever of circular section is of constant diameter from the 
fixed end to the middle, and of half that diameter from the middle to 
the free end. Estimate the deflection at the free end due to a weight 

% a7 Jt 
W ‘there, Ans, 73 Mes , where 1 ts that at fixed end. 
DAG: 

to. Find the greatest deflection in inches of a rectangular wooden 
beam carrying a load of 2 tons at the centre of a span of 20 ft., with a 
limiting intensity of stress of 10co lbs. per sq. in. The depth of the 
beam is t4in. Calculate the breadth. E = 6000 tons per sq. in 
(A. M.C.E.). Ans. 3-in. nearly ; 8:2 ins. wide 
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CHAPTER IX. 


1. A girder 100 ft. long is supported at each end and in the middle, 
and carries a uniform load of 2 tons per ft. run. Draw the B.M. and 
shear diagrams, and find the pressure on each support. (A.M.I.C.E.) 

Ans. Max. BM. 625 ft. tons» reaction 37°53 1253 37°5 tons. 

2. A continuous girder consists of four spans, the two outer spans 
are each 20 ft. long, and the two inner spans are each 4o ft. long ; the 
girder carries a uniformly distributed load of 13 tons per ft. run. Find 
(a) The reactions at each of the piers ; (6) The bending moment and 
shear at each of the piers; (c) The position of the points of zero 
bending moment. Sketch complete bending moment and shear 
diagrams for the girder. (B.Sc. Lond.) 


3. A balk of timber, 30 ft. long, rests on two end supports, and is 
supported also by a prop which acts at a point 12 ft. from the left-hand 
end. If the balk of timber carries (including its own weight) a load 
of 2 cwt. per ft. run, and if the tops of the three supports are level, 
determine the reactions at the three supports, and the bending moment 
at the point at which the prop is applied. Draw complete bending 
moment and shear diagram. (B.Sc. Lond.) ; 


4. A horizontal girder of uniform section 25 ft. long is firmly fixed 
at one end, and supported by a column at 18 ft. from the fixed end. 
The girder carries a uniform load of 2 tons per ft. run of its length, 
and, in addition, a concentrated load of 30 tons at 14 ft. from the fixed 
end. When unloaded, the girder just touches, but’does not exert any 
pressure on the supporting column. Find the pressure on the column, 
and draw bending moment and shearing force diagrams for the girder. 
(B.Se. Lond.) 


5. A beam of 20 ft. span is built-in at one end 4, and is freely 
supported at other end 8. It carries a uniform load of 4 ton per ft. 
run, and a central isolated load of 1o tons. Draw the bending moment 
diagram, first finding the bending at end a, and show where the 
maximum intermediate bending moment occurs. Draw also the shear 
diagram. 

6. A continued girder of 2 spans, 20 ft. and ro ft., has an over- 
hang of 5 ft. from the smaller span. It carries a uniformly distributed 
load of $ ton per ft. run, and an isolated load of 14 tons at the free 
end (D). Find the support moments, and draw the shear and B.M. 
diagrams. Determine whether this arrangement is stronger than that 
in which the support C comes below the point D. 

Ans. Max. BM. 16°77 ft. tons; not so strong. 

7. A beam of span / is fixed horizontally at both ends. Two equal 
loads W are placed at equal distance / from the ends of the beam. 


~ 2 
Prove that the greatest deflection of the beam is equal to aa I 
(3¢— 4%), and that the bending moment at the centre of the beam is 


equal to we. (B.Sc. Lond.) 
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8. A beam of 20 ft. span is fixed at the end and carries a uniformly- 
distributed load of 1 ton per ft. run from one abutment to the centre, 
Find the end B.Ms. Ans. 10'4, 229 ft. fons, 


g. In a continuous beam of three spans, the centre span is~72 ft. 
and the end spans 36 ft.each. A dead load of $ ton per ft. run covers 
the whole span. Determine the support moments when a live load of 
1 ton per ft. run covers (a) the first span ; (4) the first two spans ; 
(c) the whole beam. 

Ans. (a) 243 ; 162 (6) 567 ; 486 (c) 547 /¥. tons. 


CHAPTER X., 


1, AC. 1. beam has the following section: top flange, 4 X 14 ins. ;. 
web, 12 x 1% ins, ; bottom flange, 12 x 2 ins. The centroid of the 
section is 5°5 in. from the base of the bottom flange, and the moment 
of inertia of the section about a line through its centroid, at right 
angles to the depth, is 1200 ins.’ Draw a curve showing the intensity 
of shear at all points of the section, and find the ratio of maximum to 
mean shear stress. What proportion of shearing force is carried by 
the web? (B.Sc. Lond.) 


2. Find the greatest intensity of shear stress at a section of an 
I beam at which the total shear is 15 tons ; the overall depth is 8 ins. ; 
flanges, 6 ins. x ‘61 in.; web, ‘44 in. thick; I = 1116in.. (B.Sc. 
Lond.) 

3. Find the ratio of the maximum to the mean shear stress on the 
section of a cast-iron beam of the following dimensions :—Top flange, 
2 x Id ins.; bottom flange, 6 x 1}ins.; web, 7 x 1 ins, Ans. 2°40. 

4. A beam of uniform rectangular section, 6 ins. broad by 12 ins. 
deep, is supported at the ends, and has a span of 12 feet. It carries a 
uniformly distributed load of 20 tons. At a point in the cross-section, 
4 feet from one end and 3 ins. vertically above the neutral axis, calcu- 


late the maximum intensity of compressive stress. 
Ans. 11 tons per sq. in. 


CHAPTER, XI 
1. A pair of shear legs make an angle of 20° with each other, and 
their plane is at 60° to the horizontal ; the backstay 1s at 30° to the 


plane of the legs. Find the forces in legs and stay for a load of 
1o tons. Ans. to tons stay; 8°75 tons each lee. 


2. A Bollman truss of 50 ft. span and 1o ft. depth carries a uni- 
formly distributed load of 1 ton per foot run, and a single concentrated 
load of ro tons at a point 20 ft. from the left-hand end of the truss. 


Determive the stresses in all the bars of the truss. (B.Sc. Lond.) 

3. A Fink truss has a span of 30 ft., the depth is 4% ft., and the 
four bays are equal. It is loaded with 2 tons per foot run over the 
whole span. Find the forces in the members, stating the assumptions 
that you make. (B.Sc. Lond.) 
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4. If an N girder, 120 ft. long and 12 ft. deep, with 10 bays, has to 
support a moving uniform load of 2 tons per foot run, find, approxi- 
mately, the maximum stresses in the verticals due to this load. 
(A.M.1.C.E.) 


CHAPTER Xil. 


A cast-iron column has its ends securely built-in. It is 12 ins. 
in external diameter, and 18 ft. long. What total load could you 
place on it if the factor of safety is 10, and the thickness of metal 
12 ins.? The constant for the Gordon formula is gy. (B.Sc. Lond.) 

Ans. 163 tons. 

2. A mild steel strut, rectangular in cross section, the breadth being 

four times its thickness, is 9 ft. long, and has pin ends. Determine 

the cross section for 24 tons, anda factor of safety of 5. Use Rankine’s 

formula, and take /; = 67,000 |b. per sq. in., and the constant <@\yq. 
(B.Sc. Lond.) 


3. Which would carry the heavier load for fixed ends: (a) a solid 
mild-steel column 9 ins. diam.; (4) a built-up mild-steel stanchion 
consisting of two 14 x 6 EZ beams, at 8} ins. centres, with two 
16 x 4 in. plates each side? Length in each case 14 ft. 

Ans. The built-up one. 

4. Discuss the formula of Gordon and Rankine in connection with 
the buckling of struts of moderate lengths, and state its limiting con- 
ditions. Four wrought-iron struts, rigidly held at the ends, all of 
section I in. x I in., and of lengths 15°0, 30'0, 60'0, and go’o ins. 
respectively, are found to buckle under loads of 15°9, 11°3, 77, and 
4°35 tons. Test whether these satisfy the formula quoted, and, if so, 
find average values of the two empirical constants involved. (B asics 
Lond.) 


5. A stanchion for a workshop has to carry a small stanchion 
10 ft. long from the roof which carries 5 tons, and also the girder for 
a 15-ton crane. If the centre line of the roof load and crane girder 
.aré 13 ins. apart, design a suitable section for the stanchion. 
Ans. Two 10 ins. X 5 ins. X 30K beams 13 ins. apart. 
6. A hollow cylindrical steel strut has to be designed for the follow- 
ing conditions. Length 6 ft., axial load 12 tons, ratio of internal to 
external diameter = ‘8, factor of safety, 10. Determine the necessary 
external diameter of the strut and thickness of the metal if the ends 
are securely fixed in. Use Rankine’s formula, taking f= 21 tons per 
sq. in., constant for rounded ends = 7\55. 
yi} ns. 43 ins. diam. ; 4 in. thick. 
7. A steel column is built up of two 10 x 34 ins. x 28:21 Ibs. 
channel sections placed 4% ins. apart, and two 12 x 4 in. plates at each 
end. If the ends are pin-jointed, what would you consider a safe load 
on a length of 22 ft. ? Ans. 122 tons. 


8. What would be the safe load on the column Question 7 if the 
load were 3 ins. out of centre? Ans. 48°8 tons. 
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CHAPTER: X1Ii. 


1. Find the permissible span for a steel wire suspended between 
supports, the dip of the wire being 3'y of the span, and the permissible 
stress in the wire being 7 tons per sq. in. You may assume that the 
wire will hang in a parabolic curve, although this is not absolutely 
true. 7 Ans. 3400 ft. nearly 


2. Find the weight of a wire rope of Ioo ft. span necessary to 
carry a man weighing 12 stone, taking dip as being to ft. 
Ans, 9°25, lbs. 
3. A foot bridge 1o ft. in width is carried over a river too ft. in: 
width by two cables of uniform section, with a dip of to ft. at the 
centre. Find the greatest pull on the cables, their cross-sectional 
area, length, and weight for the following data: Maximum load on 
platform 120 |b. per sq. ft. ; working stress in metal of cables 4 tons 
per sq. in.; weight of cable material 484 1b. per cub. ft. (A.M.1.C.E,) 
Ans. Length, 102°6 ft. ; area, 9°54 sg. in.,; weight, 1°47 tons : 
max, pull, 38 tons, 
4. A suspension bridge, span 200 ft., dip 15 ft., is strengthened by 
centrally hinged stiffening girders. Assuming the curve of the cable 
to remain parabolic, calculate the maximum, positive, and negative 
B.M.s in the stiffening girders when a live load of 13 tons per ft. run 
is carried. State also the position of the live loading when the 
maximum moments occur. (B.Sc. Lond.) 
: Ans. # 1134 ft. tons; *4 span covered. 


5. A bridge has 8 three-pinned arches at 6 ft. 8 ins. apart, the span 
being 150 ft. The dead load is 200 Ib. per sq. ft. and the live load 
equivalent to 4oo lb. per sq. ft. What is the horizontal thrust when 
the span is half covered by the live load and if the plate-girder ribs 
are 4 ft. deep over angles; flange plates 18 in. x I in.; angles 
4ins. X 4 ins. X 4in.? Calculate approximately the maximum stress 
in the rib. Ans. 331 tons; about 9°4 tons per sg. in. 


CHAPTER XIV. 


1. An earth-retaining wall is 10 ft. high and 3 ft. thick at the top, 
and 4 ft. 6ins. at the bottom. It is surcharged at a slope of 28°, and 
the masonry weighs 112 Ibs. per cub. ft. The earth has an angle of 
repose of 30°, and weighs 112 Ibs. per cub. ft. Consider the stability 
‘on the ‘Wedge’ and ‘Scheffler’ theories. Ans. Unstable on both. 


2. Find, from first principles, the limiting height of a reservoir 
wall of triangular section, with a vertical water face, so that the 
maximum intensity of compressive stress on the base shall not exceed 
8 tons per sq. ft. Specific gravity of masonry 2}, weight of a cubic 
foot of water sl ton. State what assumptions you make regarding 
the distribution of stress on the base. (B.Sc. Lond.) 
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3. A retaining wall is 15 ft. high, and has a thickness of 6 ft. at 
the base and 3 ft. at the top. The angle of repose of the earth behind 
the wall is 45 degrees, and the face on which the earth pressure acts 
nay be taken as vertical. The surface of the earth filling behind the 
wall is horizontal and level with the top of the wall. Determine the 
distribution of normal stress on the base of the wall, and write down 
the stresses per square foot at both edges of the base. (Weight 
of earth, 120 lb. per cub. ft.; weight of wall, 144 lb. per cub. ft.) 
(B.Sc. Lond.) 

4. A wall is 2 ft. 6 ins. thick, and it imposes a load upon the 
concrete footing at the ground-level of 15 tons per lineal foot. If 
the width of the concrete is 3 ft. 6 ins., find what its depth should be, 
if the specific gravities of the earth and concrete are 1°75 and 2 
respectively, and the tangent of the angle of friction of the earth 
(tan ») = 0'7, the ratio of the lateral to the vertical stress at the 


See WAC EN) 


HSE A a 
oundation being 73 G) $ 

5. If the intensity of normal stress on the base of a triangular 
masonry-dam, 1oo ft. high, with vertical face subjected to water 
pressure for its full height, is assumed to be uniformly varying from 
zero at the inner toe to a maximum at the outer toe, and the width of 
the base is 70 ft., find the average shearing stress on a vertical plane 
10 ft. from the outer toe. The specific gravity of the masonry is 2. 
(A.M.1.C.E.) 

6. A circular concrete tower is built in a reservoir for drawing off 
the water, its external diameter is 20 ft. and the maximum difference 
in level of the water between the outside and the inside is 50 ft. ; find 
what thickness the concrete wall must be made at the bottom if the 
maximum compressive stress in the concrete is to be 5 tons per sq. ft. 
Given that the ratio of the maximum intensity of compression to the 
maximum radial pressure equals twice the square of the outside radius 
divided by the difference of the squares of the outside and inside 
radii, (A.M.I.C.E.) : 

7. A retaining wall, vertical at the back, is 20 ft. high, 7 ft. wide at 
the base, tapering to 4 ft. at the top; if the sine of the angle of 
friction of the earth is 0°65, its weight per cub. ft. 110 lb., and that 
of the wall 150 lb. per cub. ft, would there be any tension at the 
base? What is the maximum intensity of compression there? 
(A.M.1.C.E.) 

8. A wall of rectangular cross section stands upon a concrete 
footing extending 2 ft. beyond it on both sides, the pressure on the 
foundation being 2 tons per sq. ft. What should the thickness of 
the footing be to limit the intensity of vertical shearing stress in the 
footing to 4o lb, per sq. in.? (A.M.I.C.E.) 

g. A circular masonry arch has a 4o ft. span and a Io ft. rise, the 
thickness of the arch being 2 ft. 9 ins., and the filling 3 ft. deep from» 
the crown. If the masonry weighs 112 lb. per cub. ft., the filling 
weighs 110 lb. per cub. ft., and the equivalent dead load is 80 lb. per 
sq. ft., investigate the stability of the arch. 
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ro. Find, on Rankine’s theory of earth pressure, the necessary 
depth of foundation for a column carrying 200 tons on a base Io ft. 
square, the angle of repose being 29°, and the weight of earth 120 lbs. 
per cub. ft. Ans. 4°48 ft. 


CHAPTER XV. 


1. Find what uniform load a concrete beam, reinforced with four 
& in. square steel bars, will carry, if it is 12 ft. long between supports, 
to ins. broad, and 12 ins. deep, the centres of the rods being 14 ins. 
above the underside of the beam, and 23 ins. apart horizontally. The 
elastic limit of the steel is 18 tons per sq. in., the ultimate compressive 
strength of the concrete 1 ton per sq. in., and the factor of safety to 
be used, 4. Take the neutral axis at the centre of the beam, and 
assume that the steel takes all the tension. (A.M.I.C.E.) 

2. Explain, with the help of sketches, the ordinary methods of 
constructing reinforced concrete beams. Obtain an expression for the 
modulus of resistance of such a reinforced beam, explaining carefully 
all the assumptions you make. (B.Sc. Lond.) 


3. A reinforced concrete beam, 8 ins. x 11 ins. deep, has four $ in. 
bars, with centres at 1 in. from the bottom. Calculate for a span of 
12 ft. the safe load (a) on the modified beam formule ; (4) on the 
no-tension, straight-line formulee.. Take ¢, = 15,000, ¢, = 100, / = 500, 
in = 15. Ans. (@) 1208 1b.; (b) 3920 1b., including weight.of beam. 

4. A reinforced concrete T-beam has 4 ft. x 33 ins. flange, the 
width of web being ro ins. If the centre of reinforcement is 15 ins. 
below the top, calculate its necessary area, using the above figures. 

Ans. 7°94 Sq. ins. 

5. Find the relation between the depth of slab and effective depth 

of a T-beam in terms of the stresses and reinforcement for the neutral 


; as 2h 
axis to curve at the bottom of the slab. Ans. a > aoe 


6. A T-beam is required to carry a B.M. of 320,000 in.-lb. The 
depth to centre of reimforcement is 16 ins., and the depth of slab. 
is gins. If c= 600 and ¢= 16,000, what area of reinforcement and 
effective breadth of slab would you use ? Ans, 1°39 Sg. in. ; 12} ins. 

7. A reinforced concrete floor is 9 ins. thick, the centre of the 
reinforcement being 2 ins. from the bottom edge. If ¢ = 600, 
Z= 15,000, and m = 15, calculate the reinforcement necessary, and 


the load that can be safely carried. 
Ans. 63 sq. in. per ft. width; 386 lbs. per sq. ft. 


CHAPTER XVIII. 


1. A box girder of 20 ft. span carries a distributed load of 65 tons, 

It is built of two 14 1n. xX 61n. X 57 R.S.J. and steel flange plates. 

Allowing a stress of 7 tons per sq. in., and taking I, of each joist 
RR 
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= 533 inch units, find suitable series of flange plates. Calculate 
exact weight per foot of the finished section, and express it as 


_ Load carried in tons x span in feet 


Constant. 
Ans. Plates 15 ins. x $in.; constant = 760. 


2. Design a box girder of 35 ft. span to carry a uniformly dis- 
tributed load of 75 tons. First calculate a suitable section, taking 
convenient values for the width of plates and effective depth of girder. 
Draw the proposed section, and show a plan of the flange of the 
‘girder, indicating how you would propose to arrange the flange plates. 
You may adopt # in. rivets at 4 in. pitch. 

Ans. 44 in. x 4¥in. x 4 in. angles, 3 plates 18 ins. x 4 in. 


3. Asteel-plate web girder with parallel booms is required to carry 
a uniformly distributed load of 2 tons per foot run over a span of 
too ft. Design the centre section ; show how to design the longitu- 
‘dinal section of the boom; and determine the pitch of the rivets 
uniting the booms to the web. Explain generally how you would 
design the web. (B.Sc. Lond.) 


4. The cross girders of a railway bridge carrying the two lines of 
road have a span of 25 ft. “Two locomotives may pass over the bridge 
at the same time ; the maximum weight on a pair of wheels is 18 tons, 
and the load per foot run due to the weight of the cross girder and 
flooring may be taken as $ ton. ‘The distance apart of the inner rails 
is 6 ft., and the distance from centre to centre of the rails of each track 
is 5 ft. The depth of the girder is 2 ft. 3 ins., and the width of the 
flanges 1 ft. 1 in. Find suitable dimensions for the central section of 
one of the cross girders. (B.Sc. Lond.) 


5. A plate girder of 60 ft. span has a depth of 6 ft., and carries a 
uniformly distributed load of 24 tons per foot run. The web is 4 in. 
thick, and is connected to the flanges by angles, the pitch of the rivets 
through the web being 4 ins. Determine the diameter of the rivets, 
assuming a shearing stress of 4 tons per sq. in., and a bearing stress 
of 8 tons per sq. in. Find also the point in the girder at which it will 
be safe to make the rivets # in. diameter. (B.Sc. Lond.) 


6. A plate-web girder of 4o ft. span and 4 feet deep is required to 
carry a uniformly distributed load of 3 tons per foot. of its length. 
Estimate the weight of the girder, and design a suitable central 
section. Show clearly how to determine the necessary pitch and 
diameter of the rivets uniting the web and angles at the ends, and 
how to find the necessary length of the flange plates. (B.Sc. Lond.) 


7. A plate girder, 30 ft. long and 4 ft. deep, carries the equivalent 
of a uniformly distributed dead load of 6 tons per foot run; find 
the necessary thickness of the flanges at the centre, the breadth 
being 16 ins. The flanges are connected to the web by angles 
43 ins. x 43 ins, x 4in. Show how you allow for the material cut 
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away for the rivet holes, and how to determine the length of the 
individual plates in the flanges. Take the working intensity of stress 
for tension 9 tons per sq. in., and for compression 7 tons per sq. in., 
cand the rivets as Z in. in diameter. (A.M.1.C.E.) - 


8. A wrought-iron girder is 20 ft. long and 2 ft. deep, with flanges 
9 ins. broad and fin. thick, the web being gin. thick. What uniformly 
distributed load will the girder carry with a maximum intensity of 
stress of 5 tons per sq. in. in the flanges? What is the total horizontal 
shear between the web and flange from the centre to the end? 
(A.M.I.C.E.) 


9. In designing a plate girder it is found that the shearing force 
acting on a particular section is 212 tons> If the mean depth of the 
girder at that point is 12 ft., find (@) the thickness of web ; (0) the 
pitch of rivets uniting the web plate to the flanges. Assume a working 
shear stress of 9000 lb. per sq. in., and a diameter of 14 ins. for the 
rivets. (A.M.I.C.E.) Ans, (a) 2 in. ; (6) 5 zns. 
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number of engineering, building, and architectural students who do not require 
to extend their study of the subject to a very advanced stage. 
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EXTRACTS FROM PRESS OPINIONS. 
ENGINEERING,—“ Mr. Andrews’ book is admirable both in execution and design. The 
author suggests quite correctly that the same consecutive and methodical plans that have won 
for Graphic Statics a recognised place in the educational curriculum, have not been pursued’ 
with equal vigour in dynamical problems, and in this book he makes a serious attempt to 


remove the defect.” 

Tur Draucursman.— Mr, Andrews has written considerably on technical matters and 
this latest product of his pen will add to his reputation as an able and clear expositor of 
problems in the field of applied mathematics. It is a book no engineering designer's 
library is complete without, as many intricate problems will be found capable of an 
apparently simple and more variable solution by Mr. Andrews’ method than is obtainable 


by algebraic integration,” 
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